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PREFACE 


THIS book represents an attempt to meet the growing demand 
for a School Algebra which contains a logical development of 
the subject in accordance with modern views. 

The chief difficulty has been to produce a book which satisfies 
this condition and is at the same time practically useful for 
school purposes. After many arrangements and re-arrangements 
of the material, the book has taken a form which may be 
described briefly as follows: 

This first volume is divided into three parts. Part 1 is a 
generalized Arithmetic in which letters are employed to repre- 
sent Natural Numbers, ‘and the idea of Algebraic Form is 
introduced. In Parts 2 and 3, Zero and Negative Numbers 
and Fractions are considered. These two new classes of 
numbers are defined so that the expressions a—b and a/b 
may always have a meaning. For each of the new classes of 
numbers : 

(i) Definitions are given relating to equality and inequality. 

(ii) The fundamental operations are defined in accordance 

with the principle of Permanence of Form. 

(iii) The meaning of the numbers in relation to measurement 

is considered. 

Negative Numbers appear for the first time on p. 149. An 
attempt was made to follow the recommendations of the Mathe- 
matical Association and to introduce Negative Numbers at a 
much earlier stage, but with this arrangement it was found 
that the exercises possessed little variety, and that the ex- 
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planations were unsatisfactory. ‘Similar considerations led to 
the appearance of the Distributive Law in Chapter II. as well 
as in Chapter V. 

An effort has been made to improve upon the loose and 
unsatisfactory treatment usually accorded to Equations; easy 
problems and equations on which they depend have been 
introduced at the very beginning. 

By relegating “Long Division” to Chapters XVI. and XIX., 
it has been possible to point out the true significance of the 
Division Transformation. ; 

The present volume will be followed by a second, which will 
complete the usual school course up to the Binomial Theorem. 

It was considered undesirable for the student to be intro- 
duced to any process until he is able to understand the 
justification for it; the “long rule for H.¢.F.” and the historic 
method of finding square root are therefore deferred to Vol. II. 

It is not proposed that the beginner should memorize the 
bookwork in such a way as to be able to reproduce set pieces, 
but that he should learn to answer questions on the subject 
matter. The pupil who desires mere dexterity in manipulation 
will be able to acquire it by working through the exercises. 

The authors have derived their ideas as to Number from 
the writings of Cantor, Chrystal, Clifford, Dedekind, Hobson 
and Tannery; and they are glad to acknowledge their deep 
obligation to Mr. R. B. Henderson and the Rev. D. E. Shorto 
(both of Rugby School) for many valuable suggestions, and 
particularly to Mr. Henderson for his careful reading of the 
proof sheets and for his very able criticism. Thanks are also 
gladly expressed to Professor R. A. Gregory and Mr. A. T. 
Simmons for much valuable advice throughout the preparation 
of the book, and for assistance in reading the proof sheets. 

A large number of the examples are original: the others 
have been taken from recent papers set in examinations for 
the certificates of the College of Preceptors, Oxford and 
Cambridge Locals, London University Matriculation, Board of 
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Education, Intermediate Board for Ireland, and Scotch Leaving 
Certificates. For permission to publish these questions, thanks 
are due to the Controller of His Majesty’s Stationery Office, 
the Senate of the University of London, the Delegates of the 
Oxford Local Examinations, the Cambridge Local Examinations 


Syndicate, the College of Preceptors, and the Intermediate 
Board for Ireland. 


8. BARNARD. 
J. M. CHILD. 


August 1908. 
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VOLUME I. 


CONTAINING PARTS I. IJ. AND III. 


A NEW ALGEBRA 


PART I. NATURAL NUMBERS 


CHAPTER I. 
THE LAWS OF COUNTING. 
1. Arithmetic and Algebra are both parts of the Science 


of Number. The signs denoting the fundamental operations of 
Arithmetic are 


aa read plus, and called the sign of addition ; 
- read minus, and called the sign of subtraction ; 
x and + called respectively the signs of multiplication 


and division. 

In Algebra, these signs’ receive an extended meaning and, in 
consequence, we are led to new classes of numbers, not considered 
in Arithmetic; we therefore begin by considering the exact 
nature of the fundamental operations. 


Notre. ‘ Fundamental’ means at the bottom. 


2. Counting. To find the number of things in a group, or 
collection of things, we count them. Taking the things, one by 
one, in any order we choose, we count one, two, three, ... ; or we 
label the things with the symbols 1, 2, 3, ..., which in this 
process are always used in the same order. 

Finally, we say that the last of the symbols used denotes the 
number of things in the group. 


INOUE vases is an abbreviation for and so on. 
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In this process, it is important to observe two points: 

(1) The result has nothing whatever to do with the character 
of the things counted ; 

(2) The order in which the things are counted does not affect 
the result: thus, 


Number is independent of the character of the things counted 
and of the order of counting. 


On this Law of Counting the whole Science of Number is 
based. 


Notes (i). A ‘symbol’ is that which represents something. 
(ii) In Mathematics a Law lays down some essential principle of universal 
application. 


The symbols 1, 2, 3, 4, 5, ... are called numbers or integers ; 
they are also called the natural numbers or whole numbers. 
The number | is often called unity. The symbols, standing in 
the above order, form the natural scale. 


The sign = , called the sign of equality, means stands for, 
or is the same number as, or is equal to. 


ABBREVIATIONS. .. means therefore; ~. means because. 


3. Addition. The result of adding 3 to 4 is denoted 
symbolically by 4+ 3, and is defined as the number which occupies 
the third place after 4 in the natural scale. 

Thus to find the number denoted by 4+ 3, we start with the 
number 4 on the natural scale, and count three more (5, 6, 7); 
the last number (7) used in this process is the number denoted 
by 443. 

Again 2+3+4 denotes the number obtained by adding 3 to 2 
and then adding 4 to the result, the operations being performed 
in order from left to right. 


The process of counting by which the number denoted by 
2+3-+44 is obtained may be represented as follows: 


Te sd, Ap oO sth Onl ntOne Oy 
The last symbol used is 9, and we write 2+3+4=9. 


EQUALITY AND INEQUALITY 5 


Ex. 1. Prove that 4+3=3+4. 


By definition, 4+3 is the third number after 4 in the scale, 
and denotes the last number reached in the following process of 


counting : (Wore rr ao Pare 


Again, 3+4 denotes the last number used in the process of 
counting represented by 


eos Oru ED On 
The last number is the same in both cases ; 
. 443=344 


Ex. 2. Prove that 2+3+4=44+3+2. 
[A similar method to that used in Ex. 1 applies. | 


The process of finding the number denoted by 2+3+4 is 
called adding 2, 3 and 4 together. 


Der. The result of adding several numbers together is called 
their sum. 


4. Representation of Numbers by Letters. In Algebra, 
numbers are often represented by letters: reasons for this mode 
of representation will be given later. 

The value of a letter, used to represent number, is the number 
for which the letter stands. To say “Let s=4” means that, 
in some particular piece of work, w is to stand for 4. To say 
“aq=—b” is to assert that a and b stand for the same number; 
in this case, it is convenient to call a and 6 equal numbers. 

The statement “‘“a=b” is called an equality or equation: a is 
called the left hand side and b the right hand side of the equality. 

If a and 0 stand for two numbers, @ is said to be greater than 
b or less than ¢ according as @ follows } or as a precedes b on the 
natural scale. 

Other ways of stating the equality 4+3=7 are as follows: 

(1) 7 is greater than (or exceeds) 4 by 3 ; 


(2) 4 is less than 7 by 3. 
ABBREVIATIONS. > means is greater than; < means 78 Jess than. 


The statements, “a>,” “#<y” are called inequalities. 
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DEF. The symbol 3z is an abbreviation for 7+ “+2. 


Thus, if 7=4, then 3x stands for 4+4+4, that is for 3 times 
4, or 12. 

Ex. 1. Jf «=6a4+b, find the value of « when a=1 and b=, 

Here, = (6 times 1) + (3 times 5) =6+4+15=21. 

This example shows that, if the values of w and } are known, 
the equation «=6a+ 3d enables us to find the value of « This 
equation is therefore said to determine the value of a in terms 
of the values of a and D. 


An equation which determines the value of one letter in terms 
of the values of other letters is often called a formula. 


Ex. 2. A purse contains » pounds, y shillings and 2 pence. 
Express, in pence, the value of the contents of the purse. 
£1 =240 pence, £x = (240 times x) pence = 240z pence. 
In the same way, y shillings = 12y pence. 
Hence the value in pence of the contents of the purse 


= 2400+ l2y +2. 


Ex. 3. Name the three consecutive numbers of which x is the least. 
If a stands for any number, the number next to # and greater 
than zis v+1. The required numbers are, therefore, 


oe aire pede esas 


Der. A collection of symbols denoting numbers and opera- 
tions to be performed on them is called an algebraical expression. 


Ta, 8b and 5e are called the terms of the expression 
7a+8b+5c, and 7, 8 and 5 are called the coefficients of a, b, c 
respectively in the expression. 


EXERCISE I. MENTAL. 


Notz. Jn exercises called ‘Mental’ the answers may be given viva-voce, 
or they may be written down (no actual work on paper being necessary). 
The student is advised to work through the whole of these mental exercises. 


If w=7, find the value of 
5x. res Gea Cley 3. 5+. , 4, 27+3. 
5. 24382. 6. 27+382. 


10. 
12. 


16. 
Ly: 
18. 


19. 
20. 
21. 

22, 


23. 
24. 
25. 


26. 


27. 


28. 
29. 
30. 


31. 
33. 


34. 
35. 


EXERCISES 7 


If «=1 and y=2, find the value of 

B+Y. 8. 2r+y. 9, w+2y. 

Find the value of +y when 

a=3 and y=4. iT, 4=4 and y=38. 

Find the number which exceeds : 

20 by 7. 13. 320 by 2. 14. w by 20. bee bya, 
In the equation s=a+, 

If w=5 and 6=8, what is the value of s? 

If a=2 and s=6, what is the value of b ? 

If 6=3 and s=7, what is the value of a? 

What is the total day’s walk if the distances covered in the 


morning, afternoon and evening are as follows : 
Morning 10 miles, afternoon 6 miles, evening wv miles ? 


Morning w miles, afternoon ¥ miles, evening 4 miles ? 
Morning « miles, afternoon y miles, evening z miles ? 


Morning 3z miles, afternoon 27 miles, evening wv miles ? 


If six times a certain number is 30, what is the number ? 

If 6v=30, what is v? 

Tf in Ex. 22, the total day’s walk was 30 miles, how far was 
walked in the evening ? 

Express symbolically (Ze. by using signs) the statement “20 is 
the sum of 17 and 3.” 

If s is the sum of a and 6, what is the formula giving s in terms ° 
of a and b? 

Express @ yards (i) in feet, (ii) in inches. 

Express miles in yards. 

Express £v in (i) half-crowns, (ii) florins, (iii) sixpences. 

How many pence are there in a purse containing 

# shillings and y sixpences? 32, & half-crowns and 2 shillings ? 

A man has three boxes of eggs and each box contains @ eggs : 

How many eggs has he altogether ? 

If a=12, how many eggs has he? 


If the total number of eggs is 48, what is the value of a? 
2 


46. 


47. 


48. 


49. 


51. 
52. 


53. 
54. 


55. 


56. 
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Two bags contain apples; the first has @ apples, the second has 
6 apples more than the first. 


. How many apples are there in the second bag ? 


. How many apples are there altogether ? 


If x is the total number of apples, what is the equation connecting 
a, b and x? Da: 


A’s age is now a@ years. 


. How old will he be 6 years hence ? 
. How old will he be y years hence ? 


. In how many years will his age be a+ years? 


Seven years ago A’s ave was x years. 
fo) fo) 


. What is his present age ? 


What will his age be in 3 years ? 


. What will his age be in y years? 


. A is twice as old as 5, and B’s age is now x years. How old will 


A be in y years ? 
What are the three consecutive numbers of which #+2 is the 
least ? 


Find the sum of the two consecutive numbers of which z is the 
least. 


What is the even number next above 20 ? 


If m stands for any number, 
What kind of number is 27? 50. What kind of number is 27+1 ? 


Name three consecutive even numbers of which 22 is the least. 


Name three consecutive odd numbers of which 27-+1 is the least. 


If 5n+2=22, what is the value of 52? What is the value of n? 


If m stands for a certain number, state in words the problem the 
solution of which is contained in Ex. 53. 


A clerk’s salary is £50 for the first year, and for every subsequent 
year he gets a rise of £7. What is his salary for the second 
year? What for the eleventh year ? 


If in Ex. 55 the clerk’s salary is £145 for the twentieth year 
of his service, what is the value of x? 
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5. Multiplication. The process of adding several equal 
numbers together is called multiplication. The number 4+4+44 
is called the product of 4 by 3 or 4 multiplied by 3, and is 
written in either of the forms 4x3 or 4.3. Here 4 is called 
the multiplicand and 3 is called the multiplier. 


_Norr. To avoid confusion, the dot, when used as a sign of multiplica- 
tion, is placed as low as possible. Thus 3.4 means 3x4 and 3:4 means 


3 point 4, 3 decimal 4 or 33'5- 


Ex. 1. Prove that 4x3=3~x 4. 


Take 3 rows of stars, each row contain- Rtg ia) Ale 
ing 4 stars, and arrange them so that the 
stars are in 4 vertical columns. (Fig. 1.) (eves koa icant iy 


The number of stars in the 3 rows of 
4 stars each is 4 x 3, 
and the number of stars in the 4 


aay Fic. 1. 
columns of 3 stars each is 3 x 4. 


Since number is independent of the nature of the things 
counted and of the order of counting, it follows that 4 x 3=3 x 4. 


Der. The sum of / equal numbers, each of which is represented 
by a, is called the product of a by } or « multiplied by 0, and is 
denoted by any of the expressions ab, a., or a x b. 


Thus ab=a.b=axb=a+a+a+... until there are d a’s. 

When one number is multiplied by another, the numbers are 
said to be “multiplied together,” and the result is often called 
“the product of the numbers.” 


Der. The numbers a and bare called factors of the product ab. 


In the last example it has been shown that 4x 3=3 x 4, and 
the argument does not depend on the particular numbers chosen, 
hence we conclude that 


The product of two factors is independent of the order of the 
factors. 


In other words, if a and / stand for any two of the natural 


numbers, then Pee ny 


10 NATURAL NUMBERS 


We shall nevertheless find it necessary sometimes to mark the 
order of the factors of a product. When this is the case, the 
definitions already given will be adhered to, so that 

(1) in the case of a product like ab, where both the factors are 
represented by Jetters, wb will mean the same as a x 0; 

(2) in the case of a product like 3z, where one factor is expressed 
numerically, 3% will mean 3 times w or a x 3. 


Der. The expressions abe, a.b.c, axbxe all stand for the 
same number. This number is obtained by multiplying @ by } 
and then multiplying the result by ¢, and is called the continued 
product or simply the product of the numbers a, 0, ¢. The 
numbers a, , ¢ are called factors of the product abe. 


In the case of a product like 3a), where one of the factors is 
expressed numerically, 3a) will stand for 3 times ab, that is for 
ab + ab+ab. 


DEF. «xis called the square of 7 or 7 squared, and is written 
x2; 7xax x 1s called the cube of a or a cubed, and is written x3. 

The expression ay’ stands for “the square of « multiplied 
by the cube of y.” 

Ex. 2. If «=3 and y=2, find the value of 2?y?. 


ay? = 32, 98=9.8=72. 


Ex. 3. If 2=8, find the value of 222 + 2? + 5a. 
23 + a? + 5a = 2.39 + 324+5.3 
2.27 -+9+ 15 


6. Representation of Numbers by Letters. The follow- 
ing are illustrations of the different ways in which letters are 
used to represent numbers : 

(1) The general theorem of which the equality 4+3=3+4 is 
an instance is as follows: “If a and b stand for any two numbers, 
then a+b=b +a.” 

(2) In a piece of work where frequent use is made of some 
particular number, say of 1728, it may be convenient to give this 
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number another name and to call it a. In this case we should 
oh “Let a= 1728,” meaning that a is to stand for the number 
172 

& The equation 7+3=7 is an algebraical statement of the 
question, “To what number must 3 be added that the result may 
bet” 

Here, # stands for a number which is said to be unknown, 
although its value (namely 4) is determined by the given 
equation. 


7. Equations and Identities. When = stands for 4, the 
two sides of the equation z+ 3=7 are equal ; the equation is there- 
fore said to be satisfied, and the value 4 of a is called a solution. 

In this case, 4 is the only solution, because 4 is the only number 
to which if 3 is added, the result is 7. 

Again, if 32=6, then 2 must stand for 2, for 2 is the only 
number which, if multiplied by 3, produces 6. Hence 2 is the 
solution of the equation 3 =6, and there is no other solution. 


Der. A statement of equality which is true for all values of 
the letters concerned is called an identity. 

Thus, a+b=b+4a is an identity, for it is true for all values 
of a and b. 


Der. A statement of equality which is true only when the 
letter or letters concerned have some particular value or values is 
called an equation. 


Ex. 1. Show that the values 5 and 6 of « are solutions of the 
equation «? +350 = 11x. 
(i) When x=5, 
a + 30 =5? + 30 =25 + 30=55 
and llg=11x5=55; 
x? + 30= 112. 
Gi) When, z=, 
a? + 30 = 6? + 30 = 36 + 30 = 66 
ang Wile — ex 6= 66 ; 
a +30=112. 
Hence the given equation is satisfied if x=5 or if = 6, so that 
the values 5 and 6 of « are solutions of the given equation. 


12 


26. 


27. 


28. 
29. 
30. 


3l. 
35. 
39. 
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EXERCISE II. MENTAL 1-30. 


For what do the following stand (when written at full length) ? 
Qa. Oh aie Bh She 4, x’. Bi 6. 3x. 


State the values of the following (i) when #=1, (ii) when 7=2. 
22. Sa: 9. 32. A ee It) 278: 12. 327. 


Express 2a) as.a sum. 


. How is the number denoted by abe to be found ? 


If a=1, b=2, c=3, find the values of 
abe. 16. dca. 17. cab. 18. abc+bea+cab 


. abce+2bea. 


State the cost of the following : 


. 20 lbs. of tea at w pence per Ib. 


. a lbs. of tea at w pence per Ib. 


1 cwt. of tea at » pence per Ib. 


. a cwts. of tea at x pence per lb. 


. @ lbs. of tea at 2 pence per lb. and 6 lbs. of sugar at y pence per Jb. 


. A train travels at the rate of v miles an hour. How far does it 


go (i) in 3 hours? (i1) in ¢ hours ? 

Running at the uniform rate of v feet per second, a man covers s 
feet in ¢ seconds. What is the formula giving s in terms of 
vand t? 


State algebraically the general theorem of which the equality 
4x3=8.x 4 is an instance. 

If 5+. stands for 11, what number is represented by x ? 

If 12=2+4+2+%+2, for what number does x stand ? 

If 15=47+3, what is x? 


If #=1, y=3, z=5, find the values of 


+ cy + y?. 32. 22+ 4/2 +27, 33. xyz. 34. xyz. 
eyes 36. 7° +2024 397+4. 37. v+7°. 38, 2. 
y. 40, 3*+2". alien. 42. xz. 


EXERCISES 13 


43, Walking at the rate of 4 miles an hour, 
(i) how far do I go in z hours ? 
(ii) if I walk 28 miles in x hours, what is the value of x? 


44, It takes # hours to walk from A to B at 4 miles an hour, and ¥ 
hours to walk back from B to A, by the same road, at 3 miles 
an hour. 

(i) What is the equation connecting wv and 7? 
Gi) If y=8, what is the value of x? 
(iii) If v=9, what is the value of y? 


45. Taking the formula s=vt (see Ex. 26): 
(i) Find the value of s when v=88 and t=10. 
(ii) Find the value of » when s=220 and t=5. 
(ii) Find the value of ¢t when s=132 and v=22. 


46. A stone falls from rest and moves through s feet in ¢ seconds. It 
is found that (neglecting the resistance of the air) s and ¢ are 
connected by the formula s=16??. 

(i) How far does the stone fall in 1, 3, 10 seconds ? 
(ii) If s=64, what is the value of ¢?? What is the value of ¢? 
(iii) How long does the stone take to fall 400 feet ? 


47, The length of a rectangle is / feet and its breadth is b feet. If 
the area of the rectangle is A square feet, it is found that 
A, l, b are connected by the formula A =/b. 
(i) Find A when /=17, b=19. 
(ii) Find 6 when A =288, /=18. 
(iii) Find 7 when 4 =575, b=23. 


48. Express in square feet the areas of the following : 
(i) A square whose side is « feet. 

(ii) A board w feet long and 1 foot wide. 

(iii) A floor x feet long and 7 yards wide. 

(iv) The walls of a room whose height is A feet and perimeter 
(distance round) p feet. 

(v) The walls of a room 20 ft. long, 15 feet wide and / ft. high. 

(vi) The walls of a room whose length is / feet, breadth b feet, 
height / feet. 
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49. If 3ve+y=10, what are the values of y when wv has the values 
1, 2, 3 in succession ? 

50. If 3v+2y=21, what are the values of « when y has the values 
3, 6, 9 in succession ? 


51. Prove that (i) the values 10 and 11 of w are solutions of the 
equation v+110=21~. 
(ii) The values 7 and 8 of w are solutions of #?+56=15z. 
(iii) The values 1, 2, 3 of w are solutions of a°+1lv=6x?+6. 
(iv) The values 2, 5, 7 of x are solutions of v°+59a”=1427+70. 


52. Prove that 2.?+ 15y?+ 13y=1lvy+6zv-+ 20 in the following cases : 
@Q) shy = 3} Draws (i) 1 rete pestle (Gi) ihe SE, Qaetby 
Gynt =i y= 2: 


53. If wand vy are two whole numbers such that wy=12, write down 
all the possible values of 7 and the corresponding values of y. 


54, vw and y are two numbers such that wy=12 and «+y=7. Find 
the possible values of v and the corresponding: values of y. 


55. If 3ab=24, (i) what is the value of ab? 
(ii) If in addition to the equation 8ab=24 it is known that a=2, 
what is the value of b? 


56. If 52y+3=138, what is the value of vy? If it is also known that 
the sum of the numbers a and y is 12, what are the possible 
values of , and what are the corresponding values of y? 


Find two numbers which satisfy the following conditions : 
57. Their sum is 11, their product is 30. 
58. Their sum is 11, their product is 24. 


59. Their sum is 11, their product is 18. 


60. If « and y are two natural numbers such that 27+2y=18 and 
ay=12, prove that 3v7+2y may have either of the values 
22 or 17. 


CHAPTER II. 
LAWS OF ADDITION. 


8. Laws of Addition. When large numbers are to be 
added, the process of counting is tedious: we therefore commit 
to memory the sums of pairs of small numbers and apply the 
Laws of Addition. These are the Commutative and the Associ- 
ative Laws, and on them all processes of addition depend. 


Ex. 1. Prove that 2+3+4=44+2+3. 
24+3+4 stands for the number obtained by adding 3 to 2 and 
then adding 4 to the result; thus 2+3+44 is the last number 
used in the process of counting represented by 
Ted AOS One iO, aos 
In the same way 4+2+43 is the last number used in the 
process of counting represented by 
WS Ae A G27. -8y-9, 
The last number is the same in both cases, 
24+34+4=442+43. 


This example is an instance of the Commutative Law for 
Addition, which is as follows : 


The sum of a series of numbers is independent of the order 
in which the additions are performed. 


This law is an extension of the Law of Counting (p. 4): for 

(i) to count a collection of things by groups is merely to count 
the individual members of one group before or after those of 
another group ; 

(ii) if we may count single things in any order without 
affecting the result, we may also count groups of things in any 
order of groups. 

(iii) To add several numbers is equivalent to counting a 
collection of things by groups. 
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9, Meaning of a Bracket. When an expression is placed 
within a bracket, the meaning is that the operations necessary for 
finding the value of the expression are supposed to have been 
performed, and the expression is supposed to be replaced by the 
number which denotes its value. 

Thus, in the expression 2+(3+4), the following order of 
operations is indicated:—Find the value of 3+4, add this 
number to 2. 


Ex. 1. Prove that 2+(3+4)=24+3+4. 


The number 2+(3+4) is obtained by adding 3+4 to 2, and 
is therefore the last number used in the following process of 


counting : ROR eRe be GRE oO 


The number 2+3 +4 is obtained by adding 3 to 2 and then 
adding 4 to the result, and is therefore the last number used in 
the process of counting represented by 


Uae ee cesiey Ss Malad Wiemtone YO 
The last number is the same in both cases, 
J. 24+(384+4)=24344. 


The brackets in (2+3)+(4+5+46) denote that the numbers 
are to be added in groups, and the last example is an instance of 
the Associative Law of Addition, which asserts that 


The sum of a series of numbers may be found by associating 
the numbers in groups, adding the numbers in the separate 
groups and finally adding the results. 


This law is a further extension of the Law of Counting; for 
just as, in counting a collection of things, we may place any 
number of individuals in a group without affecting the result, 
so we may form one larger group out of two or more smaller 
groups. 


Illustration. 1 shall have walked the same distance in the 
day if I walk 3 miles before breakfast, 4 miles between breakfast 
and lunch, 5 miles in the afternoon and 6 miles in the evening, 
or if I walk (3+4) miles before breakfast and (5+6) miles in 
the afternoon. 
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10. Arithmetical Progressions, Let a “sequence” of 
numbers be formed in the following manner : 

Take any number @ as the first number or “term” of the 
sequence, form a second term by adding any number d to the 
first term, form the third term by adding the same number d to 
the second term; continue this process indefinitely, the terms 
being formed in succession, each by adding the number d to the 
preceding term. 

The resulting sequence is 

a, (a+d), (a+2d), (4+ 3d), ... continued indefinitely. 

This collection of numbers, standing in the above order, is 
called the Arithmetical Progression, whose “first term” is a and 
“common difference” d. 


Der. A sequence is a collection of numbers which always 
stand in the same order: the numbers are called the terms of the 
sequence, and the terms are formed in succession according to 
some definite law. 


Der. An Arithmetical Progression is a sequence whose first 
term is any number (a), and whose subsequent terms are formed 
in succession, each by adding the same number (d) to the 
preceding term. 


Ex. 1. Find the 100th term of the arithmetical progression 
a, (a+d), (a+2d), .... 
The 100th term is obtained by adding 99d to a, and is there- 
fore (a+ 99d). 


Ex. 2. Find the 100th odd number. 

The odd numbers 1, 3, 5, 7,... form an arithmetical progression 
whose first term is 1 and whose common difference is 2. 

The 100th odd number is therefore to be found by adding 
2 x 99 to 1. 


*, the 100th odd number = 1 + 2*99 = 14 198 = 199. 


Ex. 3. If the first term of an arithmetical progression is 2 and the 
10th term is 29, what is the common difference ? 
Let d stand for the common difference. 
10th term = 2 + 9d = 29. 
*, 9d=27 and d=3. 


N.A. I. B 
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EXERCISE III. 
If a=4, b=3, c=2, find the value of 

1. a+2b+e. 2. 2a+36+ 5c. 3. 2a+642ec. 

4, 5a+6b4+3c¢. 5. at+6+7e. 6. a+20. 

7. 64+3c+5a. 8, c+2b4+8a. 9, 18c+a. 
10. 3c+6+4a. ll. 5a?+3a+2. 12. 6°+26+1. 
13. 5c?+4c?+3c+2. 14. a?+0?4+c?. 
15. a24+0?+c?+be+ca+ab. 
16. Show that (i) the value 2 of x is a solution of the equation 


20. 


21. 


22. 


5a3 + 4a? + 3x =62, 
(ii) the value 5 of x is a solution of 
808 +62? +4¢=1155. 
Show that the equation #?+35=4y?+12r+4y is satisfied (1) if 
x=9 and y=1, (ii) if v=11 and y=2, (iii) if y=13 and y=3. 


. If w is the sum of the numbers 2a, 3), 4c, write down the 


formula for v in terms of a, }, ¢. 


. From the formula obtained in Ex. 18, find the values of x in the 


following cases :—(i) when a=1, b=3, c=5, (i1) when a=3, 
d=) C= 

On a week’s walking tour, the distances walked are as follows :— 
First day, a miles; second day, four miles more than the first ; 
third day, twice as far as the first ; next three days, 6 miles 
each day ; last day, 22 miles. If the total distance walked was 


a miles, find a formula for 7 Also find the value of a if 
a=12, b=17. 


Of a boat’s crew, two men weigh a pounds each, four weigh 
b pounds each, two weigh ¢ pounds each and the coxswain 
weighs d pounds. If the total weight of the crew is v pounds, 
find a formula for 2. 

From the formula, obtain the total weight of the crew when 
a=145, b=170, c=185, d=110. 


In an innings of an eleven, one man made a runs, two made 
b apiece, three made e apiece, one made d, the rest did not 
score, and there were 5 extras. If the total score was x, write 


down the equation giving the value of 2, and find the total 
score when a=23, b=18, c=9; d=4. 
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23. A is 6 years older than B, B is 6 years older than C, and in 
10 years the sum of their ages will amount to 138. What is 
A’s present age ? 

24, A man opens a shop on Monday. On Monday his profit is 
w shillings, on Tuesday it is 27 shillings. On each succeeding 
day for the week the profit is equal to the sum of the profits 
on all the preceding days. What is his total profit on 
Saturday night ? 

If his total profit is £4. 16s., how much did he make on Monday ? 


25, A party of six men pass through a turnstile, one by one. The 
first man has y shillings in his pocket, the second has 5 shillings 
more than the first, the third 5 shillings more than the second, 
and so on to the sixth. How much have they altogether ? 

If they have £5. 5s. between them, how much has the sixth man ? 


26. A road between two towns, A and Z£, forty miles apart, passes 
through three other towns B, C, D. From A to B (10 miles) 
the road falls at the rate of a feet per mile; from B to C (15 
miles) there is a fall of b feet per mile, and from C to D 
(5 miles) a fall of ¢ feet per mile. The rest of the road is leve) 
How high is A above 2? 
If b=4, c=3, and A is 125 feet above ZF, what is the value of a? 
27. A runs 17 feet per second and GB runs 16 feet per second. How 
far does each run in ¢ seconds? If they start a mile apart and 
run straight towards one another, in how many seconds do 
they meet ? 
28. Find the 12th and the 20th terms of each of the following 
arithmetical progressions : 
(i) a, (a+d), (a+2d), .... (ii) 1 
(Glin) 4h 2 GRMN ae (iv) 2, 
29. Find the 1000th odd number. 
30. (i) If a+6d=29, what is the value of d when a=5 ? 
(ii) If the first and seventh terms of an arithmetical progression 
_ are respectively 5 and 29, find the second term. 


31. Find the 21st term of the arithmetical progressions in which 
(i) the 2nd term is 4 and the 5th term is 13, 
(ii) the 4th term is 9 and the 6th term is 13, 
(iii) the 3rd term is 12 and the 8th term is 37. 
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11. Use of Brackets. From the explanation given in Art. 9, 
with regard to the meaning of a bracket, it will be understood 
that 

(1) a(b+¢) stands for the number obtained by multiplying 
a by the sum of 0 and ¢; 

(2) (a+b)(w+y) stands for the product of the numbers a+b 
and «+4; 

(3) (4+6)? stands for the square of a +b, that is for (a+0)(a+ 0). 

Note also that the number a+0c is obtained by adding the 
product be to a. 

Thus, if ¢=3; y= 4) 7=9, then 

(i) ey+2=3.445=1245=17. 
(il) e(yt+2)=3(445)=3.9=27. 
(ill) (y+2)a=(445)38=9.3 =27. 
(iv) ytem=445.3=4415=19. 
(v) W(a+y)?=2.(3 44) =2.72=2.49=98. 


Ex. 1. Verify the identity 
(atytePr=a+y+24+2(ye+ 20+ xy), 
im the case when'x=1, y=2, z=8. 


When «=1, y=2, z=3, we have 
(a+yt+z2P?=(14+24+3) 
OFS 0) 

a? + 9? + 22 + 2 (ye + 20 + vy) = 1? + 2? + 324 2(2.343.141.2) 
=14+4+4+9+2(64+3+42) 
=14+2.11 
= 14422 =36. 

Hence, in this case, 

(atyt+2r=e+yP+2+2 (yet eut+ay). 


Norn. In the verification of an identity by substituting special values for 
the letters, each side should be worked out separately as in Ex. 1. 


12. The Distributive Law. The following examples are 
instances of a fundamental law of Multiplication called the 
Distributive Law. 
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Ex. 1. Prove that 2x (3+4)=2x3 +2xX4, 
2x3 4+ 2x4=(24+242)4+(2424242) (Def. of Multiplication) 
=242424242424+2 (Associative Law) 
=2x(3+4). (Def. of Multiplication) 


Ex. 2. Prove that (3+4)x2=3x2+4x2. 
[Since ab = ba, this follows from Ex. 1.] 
The argument in the proofs of the last two equalities is 
general, and holds good if the numbers 3, 4 and 2 are replaced 


by any three numbers denoted by a, 6 and c. We therefore 
conclude that if a, b, ¢ stand for any three numbers, then 


(BF D) OCS ACEC ii rsccncsonssmees esccatees (1) 
and. 6(a +R) = Ca++ chy. Sires ks (2) 


In the same way it can be shown that if a, 0, ¢, # stand for any 
numbers, then 
(at+tb+c)K=Aaxt+DK+F CX, oo. (3) 


so that to multiply (a2+4+c) by z, we multiply each of the 
numbers a, }, ¢ by # and add the results. 


The identities (1), (2), (5) are cases of the Distributive Law, 
and (3) may be stated as follows : 


The expression ax+ba+cx, whose terms contain the common factor 
a, is the product of the factors (a+b+c) and a. 


To factorize an algebraical expression is to express it as the 
product of factors. 


Ex. 1. Factorize the following expressions: (1) 3a + 3y; (ii) a +42; 
(ili) a? (@+2)+a%+2. 
(i) Here 3 is a factor of each term, hence 
30+ 3y—3(0+4) 
(ii) e+ 5e=2.0+50=(e+5)a; 
(iii) 2(w+2)+a4+2=a%(x+2)4+ (a+ 2) 
= (a? +1)(% + 2). 

Ex. 2. Find the value of 33? + 83 x 67. 

332 + 33 x 67 = 33(33 +67) =33 x 100 = 3300. 
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13. Addition of Algebraical Expressions. 


The method of adding algebraical expressions will be under- 
stood from the following examples : 


Ex. 1. Prove that 2a+ 8a= 6a. 


2a+ 3a=(a+a) + (4+a+4+4) (Def.) 
=at+a+a+at+a (Associative Law) 
= 5a. (Def.) 
Ex. 2. Prove that 8a x 2=6a. 
3a x 2=3a+ 3a (Def.) 
=(a+at+a)+(a+at+a) (Def.) 
=d+a+a+a+at+a (Associative Law) 
= 6. 


Ex. 3. Find the sum of 2a, 6b, 3c, 4b, ¢, 7a. 
The sum =2a+6b+3¢+4b+¢64+7a 
2 


=2a+7a+6b+4b+ 3ce+¢ (Commutative Law) 
= (2a+ Ta) + (6b4+ 4b) +(3¢+¢) (Associative Law) 
= 9a+105 + 4c. 


Note 1. When the meaning of the brackets in the third step of the 
work in Ex. 3 is understood thoroughly, this step may be omitted in 
practice. 


Notrr 2. The expression 94+10b+4c cannot be simplified, unless we 
know the numbers for which a, 6, c stand. 


Ex. 4. Find the swm of 2a+3b, 4b+ 2c, 6a4+6 + 8e. 
The sum = (2a + 3b) + (40 + 2c) + (5a 4-b + 3c) 


= 2a + 3b+ 4b+2¢4+5a+b+4 3¢ (Associative Law) 
=2a+54+3b4+4b +) + 264 3¢ (Commutative Law) 
= (2a + 5a) + (3b + 4b +b) + (2¢4 3c) (Associative Law) 
=Ta+ 8b + 5e. 


Nort. When the meaning of the brackets is understood, the first and 
fourth lines of the work in Ex. 4 may be omitted. 


In practice it is sometimes convenient to arrange the work 
of additions as 7S: 
0 follows Qa + 3b 


4h + Ye 
bye. es By 
Ta+8b+5e 
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In the expressions 2a+ 3b, 4b+2c, 5a+b, the terms 3b, 4) 


and 6, which contain the same letter, are called like terms: 
the numbers 3, 4 and 1 (understood) are called the coefficients 
of these terms. 


The process exhibited in examples 3, and 4, consists in 


collecting the like terms of the expressions to be added, and adding 
their coefficients. 


EXERCISE IV. 


State the values of 
2+(3+4+4). 2. 2(3+4). On no re. 4. 243.4. 


5. 3.98°'4-3.2. 6. 5.11 + 29.5. 7. 17.3 + 32 8. 23? + 23.77. 
When w=4, y=2, z=3, state the values of 
9. v(y+2). 10. xy+z. ll. @+2)z. 12. y+2u0. 
13. v+y’. 14. (a@+y)’. 15. 2(¢+y). 16. (2e+ 7). 
Factorize the following expressions : 
Wien a -4- 2, 18. «y+ 2y. 19. bc+ca+e. 
20. «+2? +2. 21. abe+c’. 22. w(at+y)+y(w+y). 
23. (7+yP+(e+y). 24, (7+1)?+2(#+1). 
25. w(v+2y)+y(a+2y). 26, «(uv +2y)+2y(x+2y). 
Simplify 
27. 7a+8a. 28, at+3a. 29. a+5a+10a. 30. a+2a+0b. 
31, a+b4+2a+3b. 32. a+2b+3c+4a+5c+6b. 33. (7+2y)+2y. 
34; (w7+2y432)+(y+3e4+5z)+(2+3y+4+ 22). 
Find the sum of 
Sih lao rhs SOimodas OF (a 
37. x, 2x, 3x, 4x. 38. 8a+2y and 2v+3y. 
39. 3a+4y+5z2 and w+y+z. 40. «+yt+z and z+a+y. 
41. xt+y42z, y+24+2u and z+ax4+2y. 42. (7+2y)+z2 and 2+(z+2y) 


Add together 5v+6y+z, 2+3y, y+6. 


24 


44, 


46. 
48, 
50. 
dl. 
52. 
53. 
54. 
55. 


56. 


57. 


58. 


59. 


60. 
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If z=x+y, find z in terms of a, b, e when 
L=a+2b, y=6a+7b+ Le. 45, y=a+bt+e, x=8a+ 4b+5e. 


When v=2, y=3, z=1, verify the following identities : 

ay +2) say +22. AT. (y+2)x=yx+ 2x. 

ay +eP=ax(y+2). 49. w(y+1)+(yt+)=(e?+)Dy+1). 
#4+249(7+2)=(e+4)(e+5). 

2(1+3y*) + 7y=(2+3y)(2y + 1). 

w+al(y+2)+y2=(a@+y)(e+2). 
(ytePtetaPt(aety~a(t+ytzPre ry te. 
a(yt+2yr+y(etayPrte(atyyr=(et+yt+2) (yet eu + ay) + d3xyZ. 
(@+1)(v@+2)+(@+2)(27+3)+(@+3)(7+1)4+1=3(7+2). 


Express symbolically (ze. by using signs) 


(i) The result of adding a to the product of 6 and e. 


(ii) The product of the sum of a@ and 6 and the sum of ¢ and d. 


If 3(v+y)=15, what is the value of x+y? Also, if e=2, what 
is y? 

Find # from the equation 6(7+1)= 42. 

If 3(@+2y)=27 and v=7y, find the values of # and y. 


A stone is thrown vertically downwards with a velocity of wu feet 
per second: at the end of ¢ seconds, its velocity is v feet per 
second and it has fallen through s feet. It is found that w, », 
f, s are connected by the formulae 

v=u4 321, s=ut+162?. 


(i) Ifw=15 and ¢=5, find v and s. 
(i) If v=106 and ¢=3, find w and s. 


Gi) If v=76 and w=12, find ¢ and s. 
(iv) A stone is thrown downwards with a velocity of 5 feet per 


61. 


second ; how far must it fall to acquire a velocity of 133 feet 
per sccond ? 


I spend z pence in buying a@ apples at x farthings each and 6 pears 
at y farthings each. 


(i) What formula connects a, b, x, y, 2? 
Gi) If b=17, y¥=2, z=10, what is the value of ax? 


(iii) Find all the possible prices of an apple, if aa has this value. 
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62. A walks w miles an hour, B walks y miles an hour. They start 
at 1 p.m. from two places 24 miles apart and, walking towards 
one another, meet in ¢ hours. 

(i) What is the formula connecting a, y and ¢? 
(ii) If v=5 and y=3, at what hour do they meet ? 


14. Subtraction. The equation 7+3=7 is the algebraical 
statement of the question, “lo what number must 3 be added 
that the sum may be 7?” To answer this question is ‘to subtract 
3 from 7”: the answer is written symbolically 7 — 3. 

Here, 7 is called the minuend, 3 the subtrahend and 4 the 
remainder. 

In order to find the number 7 — 3, start with the number 7 on 
the natural scale and count three backward (6, 5, 4). The last 
number used in this process of counting is 4, and we write 7-3 =4 

If we start with 7 and count three backward and then 
three forward, or if we count three forward and then three 
backward, in each case the result is 7. This is expressed 
symbolically as follows: 

7-34+3=7 
and 7+3-3=7. 


Thus, to subtract 3 from any number and then to add 3 to the 
remainder, or to add 3 to the number and then to subtract 3 from 
the sum, is to leave the number unaltered. On this account, 
addition and subtraction are called inverse operations. 


Der. The expression a— denotes the number to which, if 6 
is added, the result is a. In other words, a-0 is defined by the 


equation (Ab) Fh=a. 


' At present, the expression a—b is meaningless unless a 1s 
greater than b. 


When a series of operations, which are either additions or 
subtractions, is to be performed, it is at present assumed that the 
operations are conducted im order from left to right; thus, the 
expression a —-—c denotes the number obtained by subtracting 6 
from a, and then subtracting ¢ from the remainder. 


Ex. Prove by counting that 9-3-2=9-2-8. 
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15. Division. The equation 3e=6 is the algebraical state- 
ment of the question, “What is the number which, if multiplied 
by 3, produces 6%” To answer this question is “to divide 6 by 
one and the answer is written symbolically in any of the forms 
6+ 3, §, 6/3. 

From the multiplication table, it gees that 6+3=2. Here, 
6 is called the dividend, 3 the divisor and 2 the quotient 

The expression 7+3 is at present meaningless, for no number 
(that is to say no whole number) can be found which, if multiplied 
by 3, produces 7. 

If a and b stand for two natural numbers, and if a natural 
number « can be found such that «x b=a, then a is said to be 
(exactly) divisible by J, or to be a multiple of 0. 


Der. The expressions a+b a/b all denote the number 


a 
? he 
which, if multiplied by 0, produces a. 

When a series of operations, which are either multiplications or 
divisions, is to be performed, it is at present assumed that the 
operations are conducted in order from left to right; thus, the 
expression @+b+c stands for the number obtained by dividing 
a by b, and then dividing the quotient by c. 

It will be proved later that multiplication and division are 
inverse operations. 


Ex. Verify that 24+2+8=24+3+ 


aS 


16. Use of Brackets. In the following cases, the bracket 
has the meaning assigned to it in Art. 9. 

(1) The number a —(b+c) is obtained by subtracting the sum 
of b and ¢ from a. 

(2) (a+b)+(c+d) stands for the quotient obtained by dividing 


the sum of a and b by the sum of ¢ and d, and means exactly 
the same as 


a+b 
bore aes / 
meee (a+b)/(¢+d). 
(3) a—be+b+c means the same as a — (be) + (+c). In finding 


the value of such an expression as this, the multiplications and 
divisions must be performed first (as indicated by the brackets), 
and then the additions and subtractions. 
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In the algebraical expression of number one bracket is often 
placed within another; in such a case it is necessary to make 
the brackets of different shapes. The forms commonly used 
are (), {}, CI 

Thus {a—(b—c)}* means the square of the number denoted 
by a—(b-c). 


17. Terms of an Expression. In the expression 
2a — 3b —4e, 
although — 3h and — 4c, standing by themselves, have no mean- 
ing at present, yet as forming parts of the expression they have a 
meaning, and it is convenient to call 2a, —3b and —4c terms 
of the expression 2a — 3b — 4c. 


EXERCISE V. MENTAL 1-27. 


State the values of 


Dero 4=9. 2. 9-(442). CNR eee 4. 9-(4-2). 
5. 9-4,2. 6. (9—4)2. 7 G42. 
When v=1, state the values of 
8. 2?+7-1. 9. 10x?—3x—-2. 10. 32?-(v+1). 
If 7=3, state the values of 
11. 10-2e. 12. 10-2. 13, 10-(12—.2”). 
14. 20-7? —(10—2?). 15. (w-1)?-(7-2). 


If a=5 and b=2, state the values of 


16. 2a~b. 17. @+a?, 18. (a+b)b. 19. (ab)+0. 


If a=24, b6=6, c=2, state the values of 
20, azbxe. 21. az(bxc). 22 (a+b)xe. 23. “+b, 


a+b b a aa 
94, = 25, a+ 26. tee a7. Meee 


28. Describe the operations indicated in Examples 20-27, using words 
instead of signs. 
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29. Express with signs the following operations, arranging the results 
in the order described in the preceding definitions ; use + to 
denote division : 

(i) Multiply a by the quotient of 6 divided by c. (ii) Multiply by 
a the remainder when 0 is subtracted from ¢. (iil) Divide a 
by 6 and divide the result by ¢. (iv) Divide a by the product 
of c by b. (v) Divide a by the result of adding 6 to e. 


30. By substituting 24 for c, 6 for b and 2 for a, verify that 
ex (a+b)=ca+cb, 


but that c+(a@+) is not equal to e+a+ce+b. 


By substituting 7 for v, 2 for y and 1 for z, verify the identities 


31. x—(y+2)=2-y-z. 32. x—(y—z)=x"-yH2. 
33. w—2(y+2)=a2 —2y —2z. 34, v—2(y—2z)=uv—Qy +2. 
3D. (@ +4)? =27 + 2ay ey? 36. (w—y)P =x? — Qay+y?. 
37. 2 -y?=(4+y)(7-y). 38. (v+y)?-(@—-y)=4ay. 


39. (e9ty+2?=(wt+y)?+2(at+y)e+2. 

40. (a@t+y—2P=2? +y? +2 4+ Quy — 2x2 — Qyz. 

41. {o+(y-)Ha—(y—a}=a2—(y —2) 

42. {30+2(y—z2)} {3x —2(y —2)}=9a? —4(y —2)?. 


43. In 20 years I shall be « years old ; what is my present age ? 
44, What is A’s present age if in w years he will be 40 years old? 
45. What is A’s present age if in # years he will be y years old ? 


46. From a stick a yard long five lengths each of w inches are cut 
and a length of 11 inches remains. What is a ? 


47, I have to make a journey of 100 miles; after travelling for a 
hours at 2 miles an hour, how far am I from my destination ? 
If I still have 58 miles to go and a=3, how fast did I travel ? 


48. Starting with v pounds and y shillings, I spend z pence. Express 
the remaining sum in pence. 


49. A runs at the rate of w yards per second, B runs at the rate of v 
yards per second. A gives B a start of v yards and catches 
him in ¢ seconds. Express w in terms of w, 2, ¢. 

If w=10, v=8 and ¢=20, how much start does A give B? 
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50. A bullet is fired vertically upwards with a velocity of w feet per 
second : at the end of ¢ seconds its velocity is v feet per second 
and it has risen s feet. It is found that w, v, ¢, s are connected 
by the formulae 

V=U-—32t, s=ut—162. 
(i) If w=3000 and ¢=10, find v and s. 

(ii) If w=2000 and v=16, find ¢ and s. 

Gii) If v=5 and ¢=7], find wu and s. 

(iv) A shot is fired vertically upwards with a velocity of 3000 feet 
per second ; after how many seconds will its velocity have 
been reduced to 280 feet per second? How far does it rise 
during this interval ? 


51, x andy are natural numbers connected by the equation y=4” —21. 
(i) What are the values of y when « has the values 8, 9, 10 in 
succession ? 
(ii) What are the values of z when v has the values 31, 35, 39 in 
succession ? 
(iii) What is the least possible value of x? 
(iv) What is the least possible value of y ? 


52. A and B walk at the rates of 3 and 4 miles an hour respectively. 
A walks for # hours and B for y hours. 


(i) How much further has A gone than B? 
(ii) If A has walked 5 miles further than £4, what equation 
connects wand y? 
(iii) From the equation obtained in (ii) find the values of a when y 
has in succession the values 7, 10, 13. 
(iv) Find the values of y when # has successively the values 23, 


27, 31. 
2 (v) If in the equation obtained in (ii) # and y stand for natural 
¢ numbers, what is the least possible value of « ? 


53. In a race, A gives B a start of a yards and catches him in 
t seconds. 
If A runs ~ feet per second and B runs y feet per second, 
(i) find a formula connecting 7, y, t and a. 
(ii) If a=20, v=19 and ¢=15, find the value of y. 
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18. The Laws of Subtraction. In such expressions as 
a—b+c-—d, where a series of operations, which may be either 
additions or subtractions, is to be performed, it will be assumed 
that 

(1) the operations are performed in order, from left to right, 
unless it has been shown that the result is not affected by the 
order of the operations ; 

(2) that the letters have such values that all the operations 
indicated are possible. 


Ex. 1. Explain why an impossible order of operations is indicated 
im 2-5+6. 

Here we are directed to begin by subtracting 5 from 2, which 
at present is impossible. 


Ex. 2. Prove that 9—4—3+2=9—3+42—4. ‘ 

The number denoted by 9-4-—3+42 is the last number used 
in the following process : 

Start with the number 9 on the natural scale and count 
4 numbers backward, 3 backward and 2 forward. 

The number denoted by 9-3+4+2-4 is the last number used 
in the following process : 

Start with the number 9 and count 3 numbers backward, 
2 forward and 4 backward. 

In each case, the same number of symbols is counted, 
whether forward or backward, and the same number (4) is 
finally reached. 


*. 9-4-342=9-342-4. 


Experiments in counting like that described in the last 
example justify the following extension of the Law of Counting : 


In counting backward or forward along the scale, the number finally 
reached is independent of the order of counting. 


On this fact depends the truth of the Commutative Law for 
Additions and Subtractions, which is as follows: 


In performing a series of operations, which may be either 
additions or subtractions, the result is not affected by the order 
of the operations, provided that these are conducted in an order 
which is possible. 
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19. Associative Law for Additions and Subtractions. 
This law asserts that 


“Tf a, b, e stand for any numbers, then 
a+(b+c)=a+b+e, 
a-—(b+c)=a—b-—e, 
at+(b-—c)=a+b—e, 
a-(b-—c)=a—b-+ec.” 


(Here it is assumed that a, b, ¢ have such values that all the 
operations indicated are possible.) 


These identities depend on the fact that Number is in- 
dependent of the order of counting. We will prove the last, and 
leave the others as an exercise for the student. 


Ex. 1. Using natural numbers only, (1) explain the circumstances 
under which it is possible to prove the identity 


a—(b—c)=a—b+e. 


(2) Prove this identity, when it 1s possible to do so. 


Proof. (1) To find the number denoted by a —(b—c), we are to 
subtract (b—c) from a. Now ()—c) is meaningless unless b > ¢ ; 
moreover a —(b—c) is meaningless unless a > (b —¢). 

Again, to find the number w—b+c, we are to begin by 
subtracting 4 from a: this is impossible unless a>); if this is 
the case, it follows that a>(b-—c). Hence the necessary and 
sufficient conditions are a >h> ce. 

(2) The number denoted by a — (b-c) is the last number used 
in the following process: Start with the number « on the scale 
and count (b- ¢) numbers backward. ‘This process is the same 
as the following: Start with the number a, count ) backward 
and then ¢ forward. The last number is therefore also denoted 
by a-b+e; 

A : . a-(b-¢)=a-bt+e. 

Ex. 2. Stmplify (5x - 4y) — (8a - 27). 

_ (5a - 4y) - (3a — 2y) = 5a — 4y — 8a + 2y (Associative Law) 
= 5x — 3x -—4y + 2y (Commutative Law) 
= (5% -3x)-(4y-2y) (Associative Law) 
= 20 - 2y. 
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EXERCISE VI. MENTAL. 


Note. Letters, the values of which are not given, are supposed to have 
such values that the operations indicated wre possible. 


$2) GSI Sal EO 


10. 
12. 
14. 
16. 


Whe 
19. 
21. 
23. 


25. 


26, 


27. 


28. 


Simplify 

5a —4a+3a— 2a. Qu + 3y —(v7+3y). 
97a —(45a+ 50a). 
. a—ab—(ab—6?). 


a —ab—(b?+ab). 


24 —3y —(«—3y). 
98a — 46a — 50a. 
5a — 2b —(a —b). 
6a — 3b — (26+ 3a). 


2m rN 


What are the following numbers on the natural scale : 
The 5th number before a ? 11. The ath number before a+6? 


The bth number after a—2b? 13, The number just before »—3? 
The number just aftern—3? 15, The xth number before x+2? 
The nth number after n— 2? 


What is the number 


Greater than »—5 by 7? 18, Less than x—5 by 7? 
Greater than a—b by b? 20. Less than a—b by 6? 
Greater than a by a—b? 22. Less than a by a—b? 


Greater than 3c¢+ybyxv—-y? 24. Less than 37+y by x-y? 


A balloon rises 500 feet, then rises 400 feet? more, then sinks 
800 feet; if the balloon always starts from the ground, name 
any other order in which these events could happen. 


You have 10 pence to spend and proceed as follows: (i) earn 6d., 
(ii) spend 12d., (iii) spend 3d. If you always start with 10d., 
there are several orders in which these operations cannot be 
conducted. Name them, and say how much you must borrow, 
in order that they may be possible in any order. 


In doing a journey of 100 miles, I travel for a hours by train at 
x miles an hour, for 6 hours by boat at y miles an hour and 
walk the rest of the way. How far do I walk ? 


From a rod a feet long, a length of (b—c) feet is cut off. How 
long is the remaining part of the rod? Give the answer in two 
different forms. 


29. 
30. 
31. 
32. 
33. 
34, 
35. 


36. 
37. 


38. 


39. 


40. 


EXERCISES 33 


T have 5 shillings in my purse and buy a apples at # pence each 
and b pears at y pence each. How many pence have I left? 
State three consecutive numbers of which (i) w is the middle one, 
(ii) 7 is the greatest. 

State three consecutive odd numbers of which (i) 2n—1 is the 
middle one, (ii) 27 —3 is the greatest. 

What is the sum of three consecutive even numbers of which 27 
is the middle one ? 

What is the sum of three consecutive numbers of which « is the 
greatest ? 

What is the sum of three consecutive odd numbers of which w is 
the greatest ? 

Find the sum of 

3a? —5a+2b, 7a —4b—3b?, 2a2-b+a— 267. 

Subtract 2b—(¢—a) from 2c—(a—D). 

What expression must be subtracted from 52°+2a—3 to leave 
303 —Qa +7? 

Find the sum of 2a—(5¢+3b) and 4b—(a—8c), and subtract 
a—c from the sum. 


Add together 

Qa + By — 42, 52+ 5x —4y, and Ty — 3x —8z. 
From the sum of these subtract 27 —y—6z. 
Find the sum of 

3x3 + (5a®y — ay"), Bay? — (6a2y — 4y?), Qa*y — (ay? +y*). 
Subtract 3x?y—2axy? from the result. 


CHAPTER If 
EQUATIONS AND PROBLEMS. 


20. Rules for Equalities. Consider the following questions: 


(1) What is the result of adding one number to another ? 
(2) What is the result of multiplying one number by another ? 


To each of these questions there is always one answer and 
only one, and in each case the answer is a definite number. 


Next, consider the questions : 


(3) What is the result of subtracting one number from another ? 
(4) What is the result of dividing one number by another ? 
For either of these questions, it may happen that no number 


exists which is an answer; if such a number exists, then there 
is one and only one such number. 


In order that it may he always possible to answer the questions 
(3) and (4), two new kinds of numbers are invented. These will be 
considered later. 


All processes in Algebra depend on 


(1) The laws which govern the fundamental operations. 


(2) Certain theorems called “Rules for Equalities and 
Inequalities.” 
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Rules for Equalities are as follows: 


(1) Jf a=b, then b=a. 
For either of these equations means that a and 0 stand for the 
same number. 


If a=b, then 
(2) a+x=b4+x; (3) a-~-x=b-x; 
(4) axx=bDxx; (5) a+x=b+x. 
Proof of (2). a and b stand for the same number ; and there is 


one and only one answer to the question, “ What is the result of 
adding one number to another number ?” 


(6) If a=b and b=e, then a=e. 
For a, b, ¢ stand for the same number. 


If a=b and x=y, then 
(7) a+x=b4y; (8) a—-x=b-y; 
(9) axx=bxy; (10) a+x=b-y. 

Proof of (8). If any answer exists to the question, ‘“ What is 
the result of subtracting one number from another number” ? 
then there is only one answer; now @ and / stand for the same 
number, also 7 and y stand for the same number, 

", @-t=b-y. 


21. Converse Theorems. Referring to the theorems of 
Art. 20, in (1) the given condition is a=6; this is called the 
hypothesis. The conclusion is b=a. One theorem is called the 
converse of another when the hypothesis of each of the theorems is 
the conclusion of the other. If a theorem ws true, it does not necessarily 
follow that the converse of the theorem is true. 


The converse of each of the theorems (1-5) is true. We will 
prove the converse of (2), which is as follows: 
Tf at+u=b+a, then a=b. 
Proof. a+e=b+u; (Hypothesis) 
(a+a)-a=(b+a)—-a; (Third Rule for Equalities) 
ata-x2=b+a-2; (Associative Law) 
*. a=, 
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Consider the following theorems : 


(i) If a=b and w=y, then a+z=)+y; 

(ii) If a+e=b+y and a=), then «=y; 

(iii) If a+ev=b+y and w=y, then a=b. 

The first of these is Theorem 7 of Art. 20, the second and 
third follow from Theorem 8 of that Article. The three 
theorems show that, if any two of the statements a=), 7=y, 
a+e=h+y are true, the thd is also true. 

When three theorems are related in this way, any two of them 
are often called converses of the third. 


22. Rules for Inequalities. 

Rules for Inequalities are as follows: 
(1) If a>b and bse, then ase. 
(2) If a<b and b<e, then a<e. 


If a>b, then 


(3) at+X>b+x; (4) a-x>b—x; 

(5) ax> bx ; (6) a+x>b+x. 
If a<b, then 

(7) a+KX<b+xX; (8) a-x<b—x; 

(9) ax<bx; (10) a+x<b+x. 
If a>b and x>y, then 

(11) a+x>b+y; (12) ax>by. 
If a<b and x<y then 

(13) a+x<bt+y; (14) ax<by. 


Proofs of (4) and (12) will be given and the rest will be left 
as an exercise. 


Proof of (4). If a>, then, by definition, a follows b on the 
natural scale (Art. 4). 


’. a-« follows b-a on the scale; .“. a-w>b-a. 
Proof of (12). If a>6 and w>y, then 
aa>be and br>by; (Rule 5) 
". Oe > by. (Rule 1) 
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23. Equations and Problems. ‘The equation 
2a+3=17 
is equivalent to the question, “Tf 2x+3 stands for 17, what 
number does « stand for?” In seeking an answer to this ques- 
tion, we begin by assuming that an answer exists and that a stands for 
the required number. We proceed as follows: 


ADS SUANOUS TOT ONT.) ssi yous tn gekeeeccselees (a) 


Hence if 3 is subtracted from. 27+3 and from 17, the same 
number will result, 
Pie meamiis: Lobes nite. dccuer sae teen ee: (PB) 


and if 2x and 14 are divided by 2, the same number will result, 
MAGEE ORS (ostrcss ics anche «Paden (y) 
So far it has been shown that if there is an answer to the 


original question, the answer is 7. In order to show that 7 is an 
answer, we start with the assumption that 


PISA ROS MORE ACh Reems aes roche (y) 
Multiplying # and 7 by 2, the same number must result, 
Da SeOMOSitOe LA rade ath) sent kn ase peotear (B) 
If 3 is added to 2z and to 14, the same number results, 
Bote D SUAS LOF LT ce Sactnasedhadre cern (a) 


Thus all the steps in the process are reversible, and we see 
that 7 is an answer and is the only answer to the question. 

This value 7 of #, which makes both sides of the given equation 
equal, is said to satisfy the equation, and is called the solution of 
the equation, The process of finding the solution of an equation 
or of proving that —_ equation has no solution is called solving 
the equation. 


The process in this article can be written more concisely 
thus: The given equation is 
DIAS =e Wa ae cheeier elves twenne oy oan ees (a) 
Subtracting 3 from each side, 


ae =. 14. Pere ee eee e eter etna eens rer eane (B) 
Dividing each side by 2, Dae ame an oat ae oy Cents ia eoRe mets oe (y) 


Since each step in this process is reversible, the solution is 7. 


\ 
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24. Rules for Equations. The considerations of the last 
article lead to the following rules : 


An equation is not altered—that is to say, it continues to be 
satisfied by the same value (or values) of the unknown 


(1) If the sides of the equation are interchanged—so that the 
right-hand side becomes the left-hand side. 


(2) If the same number is added to each side. 

(3) If the same number is subtracted from each side. 

(4) If each side is multiplied by the same given number. 

(5) If each side is divided by the same given number. 

Here “ given number” means a number whose value is known. 
It will be shown later that to multiply or to divide each side of 


an equation by an expression containing the wnknown is, in 
general, to alter the equation. 


Ex. Divide £80 between A, B and C so that A gets three times 
as much as Band C gets £10 more than B. Verify your result. 


Suppose that 6 gets £2, then 4 gets £3x and C gets £(« +10). 
Thus we have: 327+%4+(x%+10)=80, 
34+24+%+ 10=80, 


5a +10=80. 
Subtracting 10 from each side, 
Ste i10, * 
Dividing each side by 4, 
x= 14. 


Thus, 4’s share=£3x2=£(3.14) = £42, 
B’s share = £2= £14, 
C’s share = £(%+ 10) = £24, 


_In order to verify the result, it must be shown that the condi- 
tions of the problem are satisfied. These are as follows: 


(1) Money divided between 4, B, C=£(424+14424)=£80. 
(2) A’s share = £42 =£(3.14)=three times B’s share. 
(3) Cs share = £10 more than, B’s share. 


10. 
13. 
16. 


19. 
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EXERCISE VII. MENTAL 1-21. 


. You are told that A is as tall as Band that B is as tall as C. 


What can you say about the heights of A and C? 

If r=y and «=z, what can you say about y and 2? 

If #+3=27+4+4, explain how to derive from this the equation 
w=2y+1. If y=3, what is the value of x? 

If 27=6, quote the rule which enables you to say that 7=3. 

If 20+5=11, what number does z stand for ? 

The equation in question 5 contains the solution of this problem, 
“Té 5.18 added ‘to ...... .” Complete this statement. 

What value of x satisfies the equation 37+4=19? Verify your 
answer. 

If 2(7+3)=12, what is the value of #+3? What is the value of a ? 


. The equation in question 8 contains the solution of this problem, 


“Tf 3 is added to a certain number ...... ”” Complete this 
statement. 


Solve the following equations, and in each case verify the solution: 


94+9=41. ee oli 12. 29=9+ 22. 
31=44+92. 14. 6¢—5=37. 15. 6(7—5)=36. Ss 
342(r+2)=13. 17. (3+2x)+2=13. 18, 34+2(e—2)=13. 


The steps in the solution of the equation 7+(7+1)+(7+2)=938 
are as follows : 
a+(a+1)+(27+2)=93, 


 @+ot1+at+2=93, 0... cece Are ORE COCee (1) 

emt ef Oy ae OGs iter vinenaiee Gran caesar aes (2) 
=~ Be+3=98, 

Ee LION US Sat as Pb ee RR Ete (3) 

[E="0) Uy aacquu bor nc09 1 a0nO ED Up CHOBOUGONOOd (4) 


State the laws or rules in virtue of which the numbered steps are 


permissible. 


. The equation in question 19 contains the solution of the problem, 


“The sum of three ...... numbers ......”. Complete the state- 
ment of the problem. 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30, 


NATURAL NUMBERS 


Tf I write down all the numbers from 1 to 99 thus: 1, 2, 3, 
Ast ete 5 O32 

(i) How many numbers of this series are there before 39? 

(ii) How many after 39 ? 
If w is any one of the numbers between 1 and 99 

(iii) How many numbers are there before « ? 

(iv) How many after w? 

(v) If is the middle number of the series, the equation to find 

a isv-1=99-2. Explain this. 


The first two steps in solving the equation 7-1=99—~ are 
Fa ae aaa Wa) 9 hala tenner nemnc soracaoposGadnsobou: (1) 
Ge 99 i ees te cesta ence en ereeeneeee (2) 

What is done to each side of the equation in these steps ? 

Which is the middle number in the series 1, 2, 3, ..., 155? 
Explain how to verify your answer. 

There are two middle numbers in the series 1, 2, 3, 4, 5, 6, 7, 8. 
Name them. 

If #-1 and « are the two middle numbers of the series 1, 2, 3, 
4, ..., 200, the equation to find w is y-1-—1=200-—z. Explain 
this. 

If 22 -—2=200, what is the value of 7? What are the two middle 
numbers of the series 1, 2, 3, 4, ..., 200? 

What is the sum of 5 consecutive numbers of which » is the 
middle number ? 

A man’s salary rises £v every year: his salary for his third year 
of service is £y. 

(i) What is his salary for the first year ? 

Gi) What is it for the fifth year ? 

(iii) How much does he earn altogether during his first five years 

of service ? 

# and y stand for two numbers such that 52+y=47 and 27 +7 =28. 
Find (i) the value of (57+y)—(22+y), and (ii) the values of 7 
and y. 

x and y stand for two numbers such that 37+2y=47 and 
5a—2y=41. Find (i) the value of (8a+2y)+(5x%—2y), and (ii) 
the values of w and y. 
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31. «, y and z stand for three numbers such that 37+(y+z)=48 and 
ba —(y+2)=45, 
(i) Find the values of w and y+z. 
| (ii) If it is also given that y=4z, find the values of y and z._ 


32. « and y are two numbers such that 3(~+y)+4(a—y)=82 and 
3(e¢+y)-4(v-y)=16. 
(i) Find the values of (~+y) and (w—y). 
(i) Find the values of and y. 


33. xv and y are two natural numbers whose product is 6. 
(1) Write down all the possible values of # and the corresponding 
values of y. 
(ii) If it is also given that 7+y=5, what are the possible values 
of « and the corresponding values of 7? 


34. wand vy stand for two numbers such that 
LO Noo ao) lee toneratis atiae toe nsniser na teareapete sere (1) 
NAUSEA OY See PEN ON 0 coca suhcntiae shan aancceeodocoaes (2) 
(i) Write down the equation obtained by substituting the value 
of xy, obtained from equation (1) in equation (2). 
(ii) Find the values of # and y. 


35, The length of a room is / feet, its breadth 6 feet, and its peri- 
meter p feet. (1) What is the formula connecting p, l, b? 
(ii) If p=98, 7=27, what is 6? (iii) If p=86, b=19, what 
is 2? (iv) If ¢=30, 6=20, what is p? 

36. The sum of two numbers is 93 and the greater exceeds the less by 


39. Find the numbers. (Let w stand for the smaller number.) 


37. The sum of two numbers is 108 and their difference is 27. Find 
the numbers. (Let # stand for the smaller number.) 


38. The difference between two numbers is 29, and if the greater is 
added to 5 times the less, the sum is 88. Find the numbers. 

39. Divide £219 between A and B so that A gets £47 more than DB. 

40. Divide £100 between A and B so that A’s share exceeds 3 times 
Bs share by £16. 

41. A man is three times as old as his son. The son’s age is now 
nm years. What will be the sum of their ages ina years? If 
the sum of their ages in @ years is 10a, find 7 in terms of a. 
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42. 
43, 


44, 
45. 


46. 


47, 


48. 


49, 


50. 


51. 
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The sum of two consecutive numbers is 97 ; find them. 


Find, in its simplest form, the sum of three consecutive odd 
numbers the least of which is greater than 27 by unity. 


The sum of three consecutive odd numbers is 333 ; find them. 


(i) If the sum of the numbers #, 2, 3w is 534, find 2. 
(ii) Divide £2. 4s. 6d. between A, B and C'so that L gets twice as 
much as C'and A gets three times as much as C. 


The earnings in shillings of a boy, a woman and a man are a, 2v’ 
and 3v respectively. 
(i) What are the total earnings of 3 men, 4 women and 5 boys ? 
(ii) If the total earnings of these people amount to £11, what does 
a man earn ? 


A has twice as much money as B, and C has £6 less than B; if 
B has £2, 
(i) How much have 4 and ( respectively ? 
(ii) How much have 4, & and C together ? 
(iii) If A, Band C have £54 between them, how much has B ? 


Find two consecutive numbers such that 3 times the greater 
added to twice the less amounts to 183. 


One number exceeds another number by 10, and 4 times the greater 
added to 5 times the less amounts to 139. Find the numbers. 


A sum of money consists of w sovereigns, (7+10) shillings and 
3x pence, and the value of the sum is £11. 2s. 6d. Find the 
value of w. 


A runs 18 feet per second and B runs 15 feet per second. 4 gives 
B a start of w seconds, and when 4 has run for y seconds he 
catches B. Find y in terms of «. 


CHAPTER IV. 
LAWS OF MULTIPLICATION. 


25. Distributive Law. The fundamental laws of multipli- 
cation are the Distributive, the Commutative and the Associative 
Laws, and on these all processes of multiplication depend. The 
Distributive Law asserts that if a, 6, ¢ stand for any numbers, 
then 

(a+b)c=act+be 
and e(a+b)=ca+ceb. 


This has been proved in Art. 12. 


It has been explained that abe, a.b.¢c, axbxe all stand for 
the number obtained by multiplying a by 4 and then multiplying 
the result by ¢. Also, from the general meaning of a bracket, it 


follows that «(bc) denotes the number obtained by multiplying a 
by the product of } and c, and that (ab)c means the same as abc, 


26. Commutative and Associative Laws for Multi- 
plication. These laws are as follows: 


The Commutative Law: A product is independent of the 
order of its factors. 


The Associative Law: The product of any collection of 
numbers may be found by associating the numbers in groups, 
finding the product of the numbers in each group and then 
finding the product of the results. 
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To establish these laws generally, both laws must be considered 
together. It has been shown that ab=da; this is an instance of 
the Commutative Law. Consider the following examples : 


Ex. 1. Prove that 4.3.2=3.2.4. 

Proof 4.3.2=4.34+4.3 (Def. of Multiplication) 
=3.44+3.4 (°° ab=ba) 
=(34 3)4 (Distributive Law) 


= (3.2)4 (Def. of Multiplication) 
=3.2.4. (Def.) 

Ex. 2. Prove that 4.3.2=4.(3.2). 

Proof 4.3.2=(3.2).4 (Ez. 1) 
EAN(3.2), («+ ab=ba) 


It has thus been shown that to multiply 4 by 3 and then 
to multiply the result by 2 is to multiply 4 by the product 
of 3 and 2. 


In Ex. 1, 2, the argument is general and holds if 4, 3, 2 are 
replaced by any numbers a, 0, ¢; 
*, abe=bea and bea=cab; 
also abe =a(be) =a (cb) = acb. 
hence the expressions abc, acb, bea, bac, cab, cha all denote the 
same number. 


The Commutative and Associative Laws can now be estab- 
lished for products of 4, 5, 6, ... factors in succession. 


Ex. 3. Prove that abcd=a(bcd). 


Proof abed = a(be)d (> abe =a (be) ) 
= (bc)da (-> ay2= Yen) 
= (bed) a (Def.) 
= a(bed). (Cs mn=nm) 

Ex. 4. Prove that abecd=bdac. 

Proof abcd = bacd (*; ab=ba) 
= b(acd) (Ha. 3) 
= b(dac) (+; acd = dae) 


= bdac. (Ea. 3) 
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27. Powers of Numbers. It has been explained that a? 
stands for axa, and that a? stands for axaxa. In the same 
way ~xaxaxa is called the fourth power of a, or a to the 
fourth (power), and is written a4. 


DeF. The continued product of equal numbers each repre- 
sented by a is called the uth power of a, or “a to the nth,” and 
is written a®. 


The process of finding a” is called “raising a to the nth power,” 
and the operation of raising a number to any given power is 
called involution. 

In the expressions a”, a°, a4,... a”..., the numbers 2, 3, 4,... 
nm... are called indices, or exponents, as indicating the particular 
power to which the number a is raised. 

In this connection a@ is called the first power of a, and may be 
written a}. 


Ex. 1. Prove that a?. a? =a?T?, 


v.a=(a.a).(a.a.a) (Def.) 


=4.0.0.0.0 (Associate Law) 
On (Def.) 
Ex. 2. Prove that (a*)? =a. 

(amo? 0 a" (Def.) 
=(a.a).(@.a).(@.a) -(Def.) 
=A.U.4.0.4.0 (Associative Law) 
ae (Def.) 

Ex. 3. Prove that. (ab)? = a?b*. 

(ab)? = (ab) (ab) (Def.) 
= abab (Assoviative Law) 
= aabb (Commutative Law) 
= (aa)(bb) (Associative Law) 
=U. (Def.) 


The argument in the last three examples és general and does 
not depend on the particular numbers chosen as indices. We 
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are therefore able to state the following fundamental index 
laws : 


If a, b, m, n stand for any numbers, then 
(eat als aun, (2) (@a™)Z=a™, 
(3) (ab)™=a™b™. 
Ex. 4. Multiply 5a?y by 7aty’. 
(5a2y) (Tasty?) =5 a2. y.7. at. 4% (Associative Law) 


=5.7.22.a4.4.43 (Commutative Law) 
= (5.7) (aa*)(yy’) (Associative Law) 


= 0r ye. (First Index Law) 
Ex. 5. Simplify (32°)°. 
(329)? = 3°(a*)> (Third Index Law) 
=o dee (Second Index Law) 
279°, 


If n and a stand for any two given numbers, there is always 
one answer and only one answer to the question, ‘‘ What is the 
nth power of a?” We have therefore the following Rule for 
Equalities : 


lf aad, vasa’ =b". 


28. Substitution. The employment of the method of sub- 
stitution is that which gives to the processes of Algebra their 
great power as compared with the processes of Arithmetic. 

For example, it has been shown that if a, b, ¢ stand for any 
three numbers, then (a+b)c=ac+0c; if then we substitute for 
a, b, ¢ any three expressions denoting numbers, we shall obtain 
another identity. 


Ex. 1. From the identity (a+b)c=act+be, by substituting (2a) 
for a, (3y*) for b, and (Say) for c, obtain the expanded form of 
the product (2x? + 3y?) (day). 

We have (2x? + 3y?) (5zxy) = (2a?) (Say) + (3y”) (Say) 

= 10x°y + 15ay’. 

Thus, to multiply (2a? + 3y?) by (Say), we multiply each of the 

expressions (2a”) and (37) by (Say) and add the results. 
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Ex. 2. From the identity c(a+by=ca+cb, by substituting (22) 
for a, (3y) for b, and (4x+5y) for c, obtain the expanded form of 
the product (4a + 5y) (2x + 3y). 

We have (4x + 5y)(2u+ 3y) = (4a + 5y) (2a) + (4a + 5y) (3y) 

= 82? + 10xy + 12xy + 157? 
= 82? + 22ay + 15y?. 

Thus, to multiply (42+5y7) by (2x+3y) we multiply (4% + 5y) 
by 2x and (4a+5y) by 3y and then add the results. 


EXERCISE VIII. MENTAL 1-44. 
Simplify the following : 


1. vxr+ xox. 2. vv+uvn+axn. 
3. vyz+ yeu z0y. 4. (xyz)(yer)(2ry). 
5. (zx) wy) + (wy) (yz) + (ye(ex). 8. a xa 
Me Ow?) x. (78"). 8. (2ab). (307°). 
9, (52°). (627y?). 10. (abc) (b°c*). WW. #?+a?+ 2. 
NYAS eee tial Hike Loan (a7) Lae (ae) 
152) (227): 16. (32°). 17, (325). 
18. (474)°. 19 Ge?) (a?)3: 20. (a4): 
Reniove the brackets in the following and simplify : 
21. 3(27+3y). 22, 4a?(2a + 5b). 
23. ab(a?+6*). 24. a°*b?(a+b). 
25. 2a?(3x°+ 1). 26. 3x29 (40%y + Bary’). 
Q7. 5x7(207+ 3x +4). 28. w(wty)t+y(a+y). 
Express the following in factors by inserting a bracket : 
29, 2 +2. 30. 2x? + 22. 31, 3a°+6u. 
32. w@b+ab’. 83. x?y2t vy22+ vy2. 34. wy? + xy. 
35. 10x73 + 5x’. 36. x(v+y)+y(a+y). 
37. (a@t+yP+(v+y)- 38. (v+1)?+(¢+1). 
39. x2(w+2y)+y(v+ 2y). 40. v(v+2y)+ 24 (a+ 2y). 


By arranging the factors in the most suitable order, find the 
values of 


a1, 2,2.2:5,5. (42, 125.24. - 43, 2°.6% 44, 23.55 45, 25.44, 
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Simplify the following: * 
46. w(yt2)t+y(2+a2)t+e(e+y). 47. «(2y+3z)+y(22+3x2)+2(20+4+ 3y). 
48. In the identity c(a+b)=ca+cb. 
(i) Substitute (v+y) for ¢ and deduce the expanded form of 
(c+y)(a+b). 
(ii) Substitute (7+) for ¢ and prove the identity 
(a+b)? =a? + 2ab + 0. 
(iii) Substitute (a?+ 2ab + 6?) for c and prove the identity 
(a+ b=a? + 3a7b + dab+ b*. 


49, In the identity (a+b)? =a?+2ab-+ b?. 
(i) By substituting 47 for a and 5y for 6, find the expanded form 
of (4a+ 5y)?. 
(ii) By substituting 2x? for a and 37? for 6, find the expanded form 
of (2x? + 3y?)?. 
50. By making the necessary substitutions in the identity 


(a+b) =a? +2ab+b? 
find the squares of 


(i) #+1. (ii) +3. | (iii) +5. (iv) 2a+1. 
(v) 4a+1. (vi) 2x +3. (vii) 37+4. (vill) 57+ 6y. 
(ix) 77+ 8y. (x) v? +77. (xi) 3a?+2y%, (xii) a +y3, 


51. By making the necessary substitutions in the identity 
(a+ by =a? +3a7b + 38ab2+ 6, 
find the cubes of the following in their expanded forms : 
(i) +2. (ii) Bvt]. (iii) Qa+5y. (iv) a? +y% = (v) wy +42". 
52. Expand the following products : 
(i) (@+3)(v7+4). (i) (v7+5)(#+6). (iii) (27+ 10)(v+ 12). 
(iv) (52+1)(27+1). (v) (2a+3)(4~+5). (vi) (5v+6)(7v+8). 
(vii) (@+1)(@?+a4+1). (viii) (2v+3y)(22?+3y?). 
53. Obtain the expanded form of (7+1)# and verify the result by 
substituting 1 for x. 


54, Simplify the following expressions and verify the results by 
substituting 1 for x. 
(1) (@+1)?+2(@+1)(@+2)+(w+2). 
(ii) #4 3a?(a@+2)+3x0(e +2)? +(74 2). 


55. Explain a way of writing down the answers in Ex. 54 by making 
proper substitutions in formulae (ii) and (iii) of Ex. 48. 
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29. Dimension and Degree. Consider any term of the 
expression 4282+ 52a?+623. The term 402y32 written at full 
length is 4axyyyz, and it contains 6 factors represented by letters. 

Each factor of a term, which is represented by a letter, is called 
a dimension of the term, and the number of these factors is 
called the degree of the term. 

Thus the term 4#?%z is said to be of the sixth degree; it is also 
said to be of six dimensions in @, y, 2. 

A term of six dimensions is said to be of higher degree than 
one of five dimensions. 


The degree of an expression is that of its term of highest 
degree. 

The first, second and third terms of 4a?y8z + 5222? + 623 are of 
the sixth, fourth and third degree respectively, and the expression 
itself is of the sixth degree. 

An expression is said to be homogeneous when all its terms 
are of the same degree. Thus a3 — 2y?z+4a2yz is a homogeneous 
expression of the third degree in «, y, z. 


It is often necessary to consider expressions in which certain 
letters (such as a, 6, ¢, ...) always stand for the same known 
numbers, and other letters (such as a, y, 2, ...) receive different 
values. In such a case a, }, ¢, ... are called constants and 2, y, 2... 
are called variables. In determining the degree of an expression 
containing constants and variables, the constant letters are not 
counted ; thus az + bay +cy? is homogeneous and of the second 
degree in x and y, and a, b, « are called the coefficients of x, xy, y? 
respectively. 


If x is variable, an expression (like aa? + ba+c) which is of the 
second degree in a is said to be quadratic in «. 


30. Arithmetical G.C.M. A number which is a factor of 
two or more numbers is called a common factor, or a common 
measure of the numbers. 

Numbers which have no common factor except unity are said 
to be prime to each other. 

A number which has no factors except itself and unity is 
called a prime number. 

The greatest number which is a factor of two or more numbers 
is called the Greatest Common Measure of the numbers and is 
denoted by the letters G.c.M. 

N.A. I. D 
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Ex. 1. Ezpress each of the numbers 108 and 180 as a product of 
prime factors and find the c.c.m. of the given numbers. 


108 = 27.38: 180 = 27.325, 


Assuming that a number can be expressed as a product of 
prime factors in one way only, it appears that the highest power 
of 2 which is a factor common to 108 and 180 is 2, the highest 
power of 3 which is a common factor is 3’, and the numbers have 
no other common factor except unity. 


Hence the G.c.M. is 22.3? or 36. 


Ex. 2. Jf a, b, ¢ represent prime numbers, what is the a.c.m. of 
asb'ct and abte ? 
The G.c.M. is a7b4¢%. 


31. Algebraical H.C.F. The Highest Common Factor of 
two or more algebraical expressions containing letters z, y, 2 .. 
is the expression of highest degree in 2, y, 2... which is a factor 
of the given expressions, and is denoted by the letters H.c.F. 


Ex. Find the u.c.r. of © pyta aeyA aIpe 
(ii) a(a+y)3(x—y)* and a3 (+ y)? (x — y)?. 
(i) The H.C.F, is wyz?, (ii) The H.C.F, is a2(x+ 9)? (x — 9). 


It should be noticed that the HC.F. of two algebraical 
expressions is not necessarily the G.C.M. of the numerical values 
of the expressions. 

Thus, if ¢=6 and y=4, 

ny = 62.4 =(6.4.2).3 
ay? = 6.42 =(6.4.2).2. 


The G.c.M. of the numerical values of 2?y and xy? is therefore 


6.4.2, whilst the H.c.F. of ay and wy? is zy or 6.4. 


> 


It will be seen that in accordance with the above definition, 
the H.C.F. of 6z?y and 9a? may be taken to be either ay or 3:ry. 

It is convenient that the H.C.F. of two or more algebraical 
expressions should contain as a factor the G.C.M. of any 
numerical factors which may occur in the given expressions. 


Thus the .¢.F. of 62?y and 9ay? is taken to be 3ay. 
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32. Algebraical L.C.M. The Lowest Common Multiple of 


two or more algebraical expressions is the expression of least 
dimensions, which contains each of the given expressions as a 
factor and is denoted by the letters L.c.M. 


Ex. Find the x.c.m. (i) of G6aTyz°, 1205y2z? and 18a8yz". 
(il) of x (a+y)?(a—y) and ay(a+y)(x—-y)%. 
(i) The L.c.M. is 36a7y?z5, (ii) The L.c.M. is 28y(a+-)?(a — y)%. 


EXERCISE IX. (MENTAL 1-21.) 
State 


1, All the factors of the second degree (i) of xyz; (ii) of ay. 
2, All the factors of three dimensions of (i) #yz; (ii) of xy. 
3. All the factors (disregarding unity) common to a?yz and axy?. 


4, If a, b, ec represent prime numbers, what is the a.c.m. of the ° 
numbers denoted by ab?c*, bce®a?, cta®b? ? 


Find the highest common factor of 
5. 2ab, 4ax. 6. Bary, 4aby. Ue. CH CHET. 
858907073, 120%bc, = «9. ~“L2a%e, 12ac. LOM a oio2 aebicl, 
11. 24v%y%z, 30xy%2*, 36x02y2°. 12. apxy, bp*qy, cp ryz. 
13. 6a(a+b) and 9(a+b)?. 14, a?(a+2b) and (a+26)?(a—2b). 
15. 34436 and 2a+2b. 


Find the lowest common multiple of 


16. ab, be. 17. 3any, 4aby. 18. atay, b?yz. 
1D arbe, ab-c,,abe, 20, Quy, B42, 42%x. ~ 21. p*gtr®, pig*?, p°q*r. 
22. Qla®xy, 2abx?, 286772". 23, 120%m*, 15mi4n®, 16n°S. 


24, 5a(a—b) and a?(a+b). 25. 3a+3b and 2(a+6)?. 
26. a+b and (ca+cb)?. 


Find the u.c.F. and t.c.m, of 
27. (ab)? (a%b)?, (ab*)". 28. (6a%bc)*, (4ab?c)?, (8abe")'. 
29, (aD), (a), (atB4P. BO. (myPeA?, ye"), (#) 


CHAPTER V. 
THE DISTRIBUTIVE LAW. 


33. Complete Statement of the Distributive Law. 
If a, b, ec stand for any three numbers, then 


(A+ D)CHACH DE, «0.0.0... eee (1) 

CCAD) H=HCAFCDS oo. cecceeceeeeeeeneee CZ) 
and if a is greater than b, 

(a= DP) C= AC— DG) resent poctercesrr ee (3) 

C(@—D) = Ca — CDoticcseta eee eee (4) 


Identities (1) and (2) have been proved in Art. 12. 
Proof of (3) and (4). Tka>8, 
a=(a—b)+b (Def. of Subtraction), 
*, ac={(a-—b)+bd}e 
*, ac=(a—b)c+be. (By identity (i)) 

Subtracting be from each side (which is possible, for ac > bc), 

ac —be=(a—Dd)e. 

Also, because «y= yx, it follows that 

ca — cb =c¢(a—b). 

The identities (1) and (3) are instances of the Distributive Law 
in its first form, which deals with a distribution of the multi- 
plicand ; the identities (2) and (4) are instances of the law in its 
second form, which deals with a distribution of the multiplier. 


In the same way it can be shown that if # is any number 
and a, 6, ¢ are any numbers such that the operations indicated 
can be performed, then 


(a+b-—c)a=ax+bu-—cx and «(a+b—c)=aa+ab —20, 
(a-—b-¢c)v=an-—ba-—cx and a(a—b-c)=aa- xb — xe. 
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Ex. 1. Simplify 5 (2x - 3y) -2(4a+y). 

5 (2a — 3y) — 2(4a + y) = (10a - 15y) — (8a+2y) (Distributive Law) 
=10z—15y—8x-2y* (Associative Law) 
= 10x - 8a — 15y — 2y (Commutative Law) 
= (10x — 8a) —-(15y+2y) (Associative Law) 
= 2a —17y.* 

Nore. In practice, when the meaning of the operations is understood, 
all the steps except those marked * may be omitted. 
Ex. 2. Factorize the following expressions : 
(1) Babyz? + 6a2y?2® — 9aPyet. (ii) (a+b)? -a—-Ob. 


(1) da8yz23 + 6x2y?28 — QaPy2z4 = 3x%y23 (a + Qy — 32). 
(ii) (a+b)? -a-b=(a+b)?-(a+b)=(a+b)(a+b-1). 


EXERCISE X. 


Notr. Letters, the values of which wre not given, are supposed to have 
such values that the operations indicated are possible. 


State the values of 
D2 x7 — 12K 7. 2. 397-39 x 29. 3. 28x 27 — 277. 
4, 3x98 4+ 3x2. 5. 13x16 + 5x16+32. 
Factorize the following expressions : 
6. 7+14z. 7. 10x” —5y. 8. 2a?— ab. 9, a—a?. 
10. 2a4 — 2a’. 11. 3ab+3a7b?, 12. a*b+ab*. 13. 5a*b?—5a?b?. 
14, 7ab?—-14ab. 15. 92° — 327°. 16. (8v)?-32. 17. aty?2?+ xy. 


18. w(yz)? — (xyz. 19. a@+ab+ae. 20. 8x? +2x?— 4a. 

21. xy2+ 02 — vrye. 22. 5aty —1003y?2 + 10x*y? — Say! 

23. (a+b)e+(at+b)d. 24. (a—b)c—(a—b)d. 

25. «(v+a)—b(r+a). 26. «(a+b)+y(at+b)—z(a+0). 

QT. a(a®+1)-2(2? +1). 28. w?(v@4+1)4+r4+1. 29. a(b+1)—6-1. 

30. x(a—b)—a+b. 31. (a—b)-—c(a—b). 32. (a—6)?-a+b. 
Remove the brackets in the following and simplify : 

33. 3(x% —y)—2(a — 2y). 34. 5(y+2x) —2(7+4+6y). 


35, 2 (2y+32) —y(Qe+z)+y2. 
36. x(4y—2)+y(4e- 4”) +2(40 —y) — 2(yz+2a' + ary). 
87. 4 (ay? + yz? + 2a”) — a(4y? — 2) — y (42? — x2) — 2(4a* — 9") 
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38. Add 2(a-—3b—- 2c), 3(b—4c+ 2a), and 4(2¢-a+5b). 
39. Subtract 3(a—b)—4(b-c) from 5(a—c)—2(a—b+e); 
40. Add 2a(a—2b—c), b(4a —36+5c), cQa—5b+e), 
and subtract a? - 4b? from the sum. 
41. Add (3a —2b)v+(a—3b) and (8a+ 2b)7 —(a+30). 
42. In the identity (a—b)c=ac—be: 
(i) Substitute (v+y) for ¢ and deduce the expanded form of 
(a—b)(v7+y). 
(ii) Substitute (v—y) for ce and find the expanded form of 
(a—b)(w-y). 
(iii) Substitute (a@—6) for ¢ and prove the identity 
(a — bP =a? — 2ab+ 62. 
(iv) Substitute (a+) for c and prove the identity 
(a+b)(a—b)=a?— b?. 
(v) Substitute (a?—2ab+*) for c and prove the identity 
(a — 6)? =a? — 3a*b + 3ab? — b’. 


34. Important Identities. If a, b, x, y stand for any 
numbers, then 


(at+b)(x+y)=ax+ay+bx4+by3 .....000....... (4) 
and, if a is greater than b, 3 
(a—b)(x+y)=ax+ay—bx—by. 0.0.0.0... (2) 


Proof. Let x+y=c, then 
(a+b)(x7+y)=(at+d)e 


=ac+be (Distributive Law) 

=a(e+y) + 0(a+y) 

= (au + ay) + (ba+by) (Distributive Law) 

= ax + ay + bx + by. (Associative Law) 
Also (a—b)(a+y)=(a—-Dd)e 

=ac —be (Distributive Law) 


=a(r+y) - b(a@+y) 
= (aa+ ay) —(ba+by) (Distributive Law) 
=aa + ay — be — by. (Associative Law) 
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Again, if x is greater than y, it follows in a similar manner that 


(a+b)(x-—y)=ax-—ay+bx-—by; ............ . (3) 
and, if a is greater than b and x greater than y, then 
(a—b)(x—-—y)=ax-—ay—bx+by. ............... (4) 


Ex. 1. Multiply (c+3) by (7+2). 
First method, by distributing the multiplicand : 
(w+ 3)(a@+ 2) =a(a+ 2) + 3(@ +2) 
=a? +2xe+324+6 
=a + 524+ 6. 
Second method, by distributing the multiplier : 
(2+ 3)(a@+ 2) = (e+ 3)e+ (x4 3)2 
=a + 304 24+6 
=27 +5246. 
Ex. 2. Multiply (2c+3) by (dx-6). 
Distributing the multiplier, we have 
(2a + 3)(5a — 6) = (2a + 3)(5x) — (2x + 3)6 
= 10a? + 15x —- 12¢-18 
= 10x? + 3a -- 18. 
Ex. 3. Multiply a+bt+e by a+y+z. 
(a+b+claty+2)=(atb+cojnt+(atb+cyyt+(atb+ejz 
=axr + ba+cx+ ay t by +cy +azt+ bet cz. 
Ex.4. Multiply a+b-c¢ by «-y-z. 
(a+b—c)(a-y-2)=(a+b-c)a-(a+b—-c)y—(a+b-cz 
= (ax + bx — cx) — (ay + by — cy) — (az + bz - ¢2) 
= wae + bx — cx — ay — by + cy — az - bz + c4. 
Ex. 5. Multiply a?-2ab+l? by a—b. 
(a? — 2ab + b?)(a — b) = (a? — 2ab + *)a — (a? — 2ab + b)b 
= a3 — Qa2h + ub? — ab + 2ab? — 68 
= a3 — 3a*b + 3ab? — b°. 
Ex. 6. Expand the product (a? — 3a + 2) (x? — 2x - 3). 
(a? — 30+ 2) (a? — 2% - 3) 
= (x? — 3a + 2)a? — (a? -- 3a + 2)(2x) - (a? — 380+ 2)3 
= at — 343 + Qa? — 203 + 6x? — 4a — 3a? + 9a - 6 
= x4 — 59° + 5x? + 5a - 6. 
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Ex. 7. Prove that 
(a+a)(%+b)(x%+¢)=23 + (a+b +¢)a? + (be+ca+ab)a + abe, 
(a + a) (w+ b)(@ +6) = (x? + aa + ba + ab) (a +0) 
=a? + ax? + bx? + abe + ca? + cax + bex + abe 
=2 + (a+b+¢)a* + (be + ca + ab)a + abe. 


35. Ascending and Descending Order. The terms of 
the expression a? + 3a7b+3ab?+b° are said to be arranged in 
descending powers of «, for the term containing the highest 
power of w (viz. a’) is on the left; this term is followed by 
the term containing the next highest power of a, and so on 
in succession, the term which is independent of a (that is, which 
does not contain @) being on the extreme right. 

In the same way a? + 307) + 3ab?+0° is said to be arranged in 
ascending powers of 0. 

In performing multiplications, it will be found convenient to 
arrange the terms both in the multiplicand and in the multipher 
in ascending powers of some common letter or in descending 
powers of a common letter. 


EXERCISE XI. 
Expand the following products 
1. (w+2)(@+5). 2. (#7—2)(#—-5). 
3. (+2)(7—5). 4, (~7—2)(#+5). 
5. (3a+1)(52+1). 6. (8c—1)(52-1). 
7. (8a@+1)(5x2—-1). 8. (bv —1)(524+1). 
9 


. (a+b)(at+b). 10. (a—b)(a—b). 

11, (4a+y)(5e+y). 12. (4v—y)(5x—y). 

13. (40+y)(52-y). 14. (4v-—y)(52+y). 

15. (274+ 3y)(42+7y). 16. (2v—3y) (4% —7y). 
17. (27+ 3y)(4x —7y). 18. (247 -—3y)(40+7y). 
19. (2? +8)(2?—5). 20. (Qxy—5) (Bry +6). 
21. (7x? —8y")(a? +y?). 22. (a7?+04+1)(@—-1). 

23. (~?-w#+1)(v+1). 24. (4074+ 2a+1)(22-1). 
25. (92? -327+1)(87+1). 26. (a?+2ab+b)(a+b). 


27. (a?+ab+b’)(a—d). 28. (a? -—ab+b*)(a+b). 
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29. (3”?—5)(2x —4). 30. (w+3r7+2)(~-3). . 

31. (#7°+2x7+ 47+8)(v —2). 32. (a? -—2x7—3)(a?+5r+6). 

33, (2x?+5x2—12)(32?-167+5). 34. (a2?+2ab+b2)(a? + 2ab+4 b?). 
35. (a?—2ab+ b?)(a?—-2ab+b’). 36. (a2 + 2ab4+ b2)(a? — 2ab +b"). 


36. Important identities. The following particular cases 
of identities proved in Art. 34 are of great importance : 


(a+b)? =a2 + Zab + DY, 0... eee eeeees (1) 
(a — b)? =a? —2abt bY, oe (2) 
(a+b) (a—b) =a? — b%, oe ...(8) 


The above three results may be stated as follows : 


(1) The square of the sum of two numbers is equal to the 
sum of the squares of the numbers together with twice the 
product of the numbers. 


(2) The square of the difference of two numbers is equal 
to the sum of the squares of the numbers diminished by twice 
the product of the numbers. 


(3) The product of the sum and difference of two numbers 
is equal to the difference of the squares of the numbers. 


Ex. 1. Find the expanded form of (%+y +2)’. 
Substituting « for a and (y+) for 6 in the identity 
(a+b)? =a? + 2ab +b, 
we have 
(a+y +2)? =a? + 2a (ytz)+(y+z2)? 
= 0? + Dry + Qre+ y? +2ye + 2 
= 7? + y? + 2% 4 Dye + Qea + ary. 
Ex. 2. Expand (a —-1)'. 
Since (x — 1)! is the square of (#— 1)? 
and (#-1)?=2? -20+1=2?-(2x¢-1), 
we have 
(«- 1)'= {22 - (20-1)}? 
= a — 2a? (Qn —1) + (24-1)? 
= 94 — 4a + 2a? + 4a? - dat 1 
= at — 4a? + 6x? — 40 +1. 
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Other important identities are . 
(a+ b)? =a3 —3a2b+ 3ab? + by, «0... (4) 


(a—b)? =a? —3a?b+ 3ab2— dS, ........0.0...... (5) 
a?+b?=(a+b) (a?—ab+b?), .................. (6) 
a3 — b?=(a—b) (a?+abt+ b?), ....0 (7) 


Ex. 3. Hapand (23 + 2a? - 3x — 4) (x? — 2a? + 8x — 4). 
The product = { (x? — 4) + (24? — 3x)} {(a? — 4) - (2a? — 32)} 
= (a8 — 4)? — (2a? - 3x)? (By identity 3) 
= (#6 — 83 + 16) — (4a4 — 1203 + 927) (By identity 2) 
= 2° — 4at + 403 — 9a? + 16. 
Ex. 4. Simplify (3x + 2y)? — 2(3a + 2y) (2a — 3y) + (2a - 8y)?. 
Substituting a for (37+ 2y) and bd for (2x - 3y), 
the expression = a? — 2ab + b? 
=(a—b) 
= {(32 + 2y) — (2x — 3y)}? 
= (a + 5y)? 
=a" + 1Oxy + 25y?. 


37. An Important Theorem. The square of the sum 
of several numbers is equal to the sum of the squares of the 
numbers together with the sum of twice the products of the 
numbers, taken two together in all possible ways. 

Let the numbers be denoted by a, b, ¢, d..., then 

(at+b+ce+d+...2P=0 444+? +...+2ab + 2a¢ 
+ 2ad + 2be + 2bd + 2ed+.... 
Proof. (a+b+ce+...P=(a+b+e+...)(a+b+e+...) 
=(a+b+ce+...)at+(atbt+er+...)b 
+ (GAEDE tices) Coban sees (a). 

Consider the product formed by taking any two of the letters, 
say be: this product occurs twice in the expression (a), namely 
in (a+b+c+...)b and in (a+b+ce+...)¢e. Thus the expression 
(a) consists of the sum of the squares of a, b, ¢ ... and twice the 
products of a, b, ¢..., two together. Hence the result follows. 

Norn. The easiest way of writing down all the products two together of 


a, b, c, d is to take a with every letter which follows a, b with every letter 
which follows b and so on. 
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EXERCISE XII. 


1. In each of the formulae 
(a+ bP=a?+2ab+b? and (a—b)?=a?—2ab+6?, 


substitute 
(i) 2x for a, 1 for b. (ii) 5x for a, 3y for b. 
(iii) 2? for a, 7? for 0. (iv) 32° for a, y for b. 
(v) x for a, (y—2) for 6. (vi) 2w for a, (3y—5z) for 6. 
2. Write down the squares of the following : 
(i) w—1. (ii) w—4. (iil) w+5. 
(iv) 32-1. (v) 3”7-2. (vi) 5a+4y. 
(vii) 6v—Ty. (vill) 77+ 8y. (ix) 7xy—2. 
(x) 3(52+7). (xi) v?-y?. (xii) 62? —1. 


3. Of what expressions are the following the squares? Verify the 
results by substituting 1 for 7 and 1 for y: 


(i) 402+ 20” +4 25. (ii) 92? -127+4. 
“(iii) 1622 — 82ry+y". (iv) 444 — 4a?y +77. 
(v) 362° + 60x03 y? + 257°. (vi) (Q~+5y)?+1—4a7-10y. 


4. By making the proper substitutions in the identity 
(a+b)(a—b)=a@? —- B?, 
expand the following products 
(i) (v7 +1)(v-1). (ii) (v+5)(~—5). (ii) (Qa 4+38)(2x—3). 
(iv) (47 —5)(4@ +5). (v) (5ba+6y)(5a — 67). 
(vi) (+P )(a2=y). (wil) (8x9 +y8)(Ba8 — y’). 
(viii) (4b +2)(ab — 2). (ix) (a*+6') (at — b4). 


5. In the identity (a—6)?=a?—2ab+b?: 
(i) By substituting « for a and (y+z) for b, find the expanded 
form of (#—y—z)?. 
(ii) By substituting » for a and (y—z) for 6, find the expanded 
form of (#—y+2)?. 


6. Write down the squares of 
(i) 2v+3y—2. (ii) 2a— 3y — 4z. (ili) w+2y+5z. 
(iv) # —4y? +2. (v) aw+a+l. (vi) 20?-3%-1. 
(vii) 30? —4a+5. (viii) 2?+2?-x#-1. 
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7. In each of the formulae 
(a+b =a? +3a%b + 3ab? + 6°, 
(a—b) =a — 3a*b + 8ab? — b°, 
make the substitutions (1)-(iv) of Ex. 1. 


8. Write down the cubes of the expressions (i)-(vii) in Ex. 2. 


9. In each of the identities 
@+b=(a+b)(a2-ab+b?) and a?—b?=(a—-b)(a?+ab+b*), 
make the substitutions (1)-(iv) of Ex. 1. 
10. By making the proper substitutions in certain formulae, find the 
values of 
(i) 7? + 2.7.3 + 3%. (ii) 7? — 2.7.6 + 6% 
(iii) 8° + 3.87.2 + 3.8.2? 4+ 2% (iv) 9° + 3.99 4+ 3.94 1. 
(v) 5? — 3.52.4 + 3.5.42 — 43, 

Expand the following products 
ll. (2? +474+1)(@’-a#+1). 
12. [ax —(a—-2)|[av—(a+2)]. 
13. (a? +3xy +y") (a? —3xy+y’"). 
14, (2? — ay + 2y?) (2? + ay — 29"). 
15. (a*—2ab+ 2b?) (a?+2ab-+ 20). 
16. (av? +2x?+3x +4 4) (a3 — 2x0? — 32+ 4). 
17. (@?-—ax+be—ab)(x?+ax— bx ab). 
18. Multiply v= —3e2+3 by 2? +3743. 
19, Multiply w —3a°y — Bay? by x — Say + 2y?. 

Verify by substituting 5 for 7 and 1 for y. 
20. Find the continued product of 

w+uvyty?, «?—vyt+y?, and «t—axy?+y'. 

Simplify the following 
21. (w+1)?-2e(@4+1)+2%. 22. (vt+y)—2(at+y)(w~—y) + (w—-y)*. 
23. (er +yP+2aty)(e-y)+@-yy. 
24. (w+2y)?—(a+2y) (a — 2y) +(x — 2). 
25. Qve+y)P—6r(Qr+y)P?+ 1207 (Qr+y) — 82°. 
26. (Qe+y)?+3(Qa+y)?(7+2y)+3(Qv+y) (a+ 2y)? + (w+ 2y). 


27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 


37. 
38. 


39. 


40. 


41. 


42, 


43. 
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(@+1)(@-1)(2?+x2+1)(2?-x+1). 
(et+y\(e-y)e +ay +y?)(a? —ay +y"). 
(e-yetry(e+y (a +y). 
(@+1)(7—2)—2(v@+2)(v-—3)+(@+3)(x-1). 
2ar(w + By) — dy (2x — y)— (x —y) (2x — 3y). 
3x (2a —5y)— 2y(5x — 3y) — (6x —y)(x — 6y). 
(a—b)(a+2b) —(a—227)(a+x) —(a—2x74+2b)(a—xv—-b). 
(@+ 2y+z2)(4+2y —2) —(x@ —2y+2) (a —2y —2). 
(a—b)(«@+a)(«@—b)—a(a—b? +b(@+a). 
(02+ ay +y2)?— («2 x)? — ay (20 — y)(w- 24). 
Prove the following identities : 
(a—b+e-d)*+(a—b—c+d)?=2(a—b)?+2(c— ad). 
(a+b+c)(b+c—a)(c+a—b)(a+b—e) 
={(b+cP—a*}{a®—(b—c)?} 
= 2b%c? + 2c?a? + 2a7b? — at — 64 — #4. 


Tf a? + 62=c? simplify the expression 
(a+b+c)(6+e-—a)(c+a—6)(a+b-c). 


A room is a@ feet long, b feet broad, and there is a stained border, 
3 feet wide, round the floor. Find, in square feet, the area of 
the unstained part of the floor. 


A square garden a yards long has a path b feet wide all round. 
Find, in square feet, the area of the path. 


A box is made of wood 1 in. thick and the box has a lid of the 
same thickness: find the number of cubic inches of wood 
required to make the box when the external dimensions 
(including lid) are as follows: (i) length, breadth and height 
each @ inches; (ii) length, breadth and height respectively 
a, b, ¢ inches. 


Find in square inches the area (i) of the outside, (ii) of the 
inside of the box and lid in each of the cases in Ex. 42, 


CHAPTER VI. 


FACTORS. 


Notre. In Hxercises XIII.-XX. the student is advised to work only the 
earlier examples on first reading. 


38. Factors of Algebraical Expressions. It is always 
possible to find the product of two given algebraical expressions, 
but the converse problem, to resolve a given algebraical expres- 
sion into factors, is not always possible. 

In searching for the factors of an algebraical expression, we are 
guided (in the first instance) by our experience in multiplication. 

The case of an expression whose terms have a common factor 
has been considered in Arts. 12 and 33; other methods of 
factorizing algebraical expressions will now be given 


39. Method of Grouping Terms. 


Ex. Resolve into factors 

(1) ax + ay — bx — by. (ii) a? —a&(a - b) - ab. 
(iil) ax — ay +a — be + by -b. (iv) b? — 2be +0? — 3b + 8e. 
(v) a? —b? — 3ax — 3bx. 


(i) aa + wy — be — by = (aa + ay) — (ba + by) 
=a(z+y)—b(a+y) 
=(a—b)(a+y). 
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(ii) x —2(a—b)-ab=2? —xza+xb—ab 
= (x? — aa) + (xb — ab) 
= a(x — a) +b(a—-a) 
= (a+ b)(%-a). 


(ii) aa —ay +a — bat by - b=(ax—ay +a) - (ba — by +b) 
=a(%—-y+1)—-b(@-y4+1) 
=(a—b)(%-y+1). 


(iv) b? — 2he + c? — 3b + 3c = (b? — 2b¢ +c) — (3b — 3c) 
=(b-0)2—3(b—c) 
=(b6-c-—3)(b-¢). 

(v) a — b? — 3aa - 3ba = (a? — b?) — (3ax + 32) 


= (a —b)(a+6) — 3a(a+b) 
=(a—b-32)(a+b). 


EXERCISE XIII. 


Express the following as the product of factors by grouping terms: 


1. ab+be+ca+c?. 2. ab—be+ca—c?. 
3. ab—be-ca+c?, 4, a?+2a+ab+2b. 
5. 2? + ny — 3x — 3y. 6. 30 —3y — 220+ 2Qyz. 
7. vyt+2n—y—-2. 8. wy—5x-3y4+15. 
9. Qvy —3axr+ 10ay — 15a?. 10. 7?+(a+b)a+ab. 
ll. 2?+(a—b)xv—ab. 12. 2 -(a+b)a+ab. 
13. y?—wxy+9y —9n. 14, a-a?-a+l 
1h. a+ a2y + xy? +y°. 16. v?-y?+x2—-yz. 
17. a(x? +y?)+(a? + 1)vy. 18. ab(l?+m?*)+lm(a?+ 6). 
19. a? +624 2ab + 2be + 2ca, 20. a? —b?+42be+ 2a. 
21. a?—b?+2be—2ca, 22. y*— abut +(b—a) aru. 
23, ax? + by? + byz+azr+(at b)ay. 24. 5y— aba —dax+ by. 
25. 5b-abv —5ar+ax. 26. a(b+c)+b2(c+a)+c?(at+b)+d8abe. 
[In Ex. 26, group thus: (a@b+ab*+abe)+....] 
Q7. 6(v? +2)yz+x(8y? + 92”). 28. a(at+c)—b(b+e). 
29. (7+a)(a+6)(v+e)—(r+a)he. 
30. (a4 26)? — a2e — 4b?c — 4abe. 
31. (8a — 2b)? — (18a? + 8b?) + 24ab. 
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40. Factors of x?+px+q.* If p and g stand for given 
numbers, and if two numbers a and / can be found whose product 
is g and whose sum is p, then 


+ petq=a?+u(at+b)+ab 


= 2? +20 + xb + ab 
= =(¢+a)e+(a+a)b 
= (@ +0) (GEO). se. ses. san Pan A (a) 
In a similar way it can be shown that if a and d have the same 
values as before 
a — peg = (@— d) (= d).a.ncavesvonnsssseres (B) 


*+ is an abbreviation for ‘‘ plus or minus.” 


Ex. 1. Factorize 27+ 70+ 12. 


Here the signs are all +, and we write 
w+ 7x +12=(4+%) (a+), 
leaving blanks in the places marked in the text by notes of 
interrogation. These blanks are to be filled with two numbers 


(if such can be found), whose product is 12 and whose sum is 7 ; 
these are 3, 4, and as in (a) 


a? + T*¢+12=(%+3)(a+ 4). 
Ex. 2. Factorize 7? - 197+ 18. 


Here the sign of the third term is + and that of the middle 
term is —, and we write #?—-19%+18=(a#-1)(«%-1), where the 
blanks are to be filled with two numbers whose product is 18 
and whose sum is 19; these are 18 and 1, and as in () 


x —19%+18=(x—- 18)(#- 1). 
Ex. 3. Factorize a? - 16xy + 63y". 


We write x — 16ay +637? = (a —%y)(%-4y), where the blanks 
are to be filled with two numbers whose product is 63 and whose 
sum is 16; these are 9, 7, so that 


a? — l6ay + 63? = (a — 9y) (a — Ty). 
Ex. 4. Factorize (w7+y)?+38(e+y)e+ 22. 
As in Ex. 3, we have 
(a+ yP+3(e+y)e+ 22={(at+y) +2} {(w+y) + 22} 
=(a+y-+2)(a+y +2). 
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EXERCISE XIV. 
Expand the following products : 


1. (w+1)(v7+2). 2. (w—3)(w—5). 3. (w—5)(a—7). 
4, (v+5)(x+12). 5. (w—4)(@—7). 6. (5+2)(5+2). 
7. (#—2y)(# —3y). 8. (v7+5y)(w+ 6y). 9. (6x+y)(Te+y). 


10. (8%—y)(10#—-y). 11. (a?—4)(#?-6). 12. (2®—7)(z*—8). 


Factorize the following expressions : 


13. «7+ 4243. 14. x?-5xv7+6. 15. 2?-5x7+4, 
16. #?7+47+4. 17. «?—6#+8. 18. «2-92-48. 
19. 27+6r+9. 20. w®+10"+9. 21, w+10r+16. 
22, «?+10%+21. 23. v?+107+24. 24, x?4+10r7+ 25. 


25. 2?—llay+30y7, 26. #-llay+28y%, 27. «®-1lxy+24y. 
28, «?—llay+18y?, 29. «?-1lay+10y%, 30. 202?+21ay+y"*. 
31. 20%7+12ey+y% 32, 2007+ 9ny+y?. 33, 28+ 2927+ a4, 


34, 28+1627+4+ 24, 35. 28+112?+ 24. 36. 724? — 25ay +24. 
37. w*y?-l4ry+24. 38. ay?-llayt+24. 39, xy?-10xy+24. 
40. «®§+41x°+40. 41, 26+ 2203+ 40. 42. «®+ 140+ 40, 
43, v®+13x?+ 40. 44, v§+3la%y+30y?, 45, vt+17x?y7 +307. 
46, v$+13a°y+30y7. 47. w*+1lz’y+30y*. 48, 28+200'+100. 
49. (v+y)?-—62(w+y) +52. 50. 2—62(v4+y)+5(a+y). 

51. (~—y)?— Ta(v —y) + 102”. 52. 2—Tz(@—y)+10(7-y)?. 


41. Factors of x?+px—q. If p and ¢ stand for given 
numbers, and if two numbers @ and /} can be found such that 
q=ab and p=a—b (a being greater than 6), then 

a+ pa —g=u?+(a—b)x—ab 
=a? + aa — ba - ab 
= (a? + aa) — (ba + ab) 
=(x%+a)¢—(a+a)b 
SP POND HU), ocr gardens assess vsihseoevenete (a) 


and in a similar way 


PE = Gf (LY) (BAD) Cis wcaaredcrcnecdscnts (B) 


N.A. I. E 


66 NATURAL NUMBERS 


With regard to the arrangement of signs, observe that in both 
(«) and (8) | | 

(i) The sign which precedes g is —, and the signs which 
precede a and } are unlike (that is, one sign is + and the other 
is —). 

(ii) The sign which precedes the greater of the numbers a and 
‘0 is the same as that which precedes pw. 


Ex. 1. Factorize the expression x? + x — 12. 
Because the sign of the third term is — we write 
ae +a—-12=(%4+%)(e-%), 
where the blanks are to be filled with two numbers whose 
product is 12 and whose difference is 1; these are 4, 3. Since 


the sign of the middle term of the given expression is +, 4 must 
follow +, thus: 


aw +a—12=(a+4)(a—- 3), 
Ex. 2. Resolve into factors x? — 38x — 504. 


We write a? — 32-504 =(x—1)(a+1), where the blanks are to 
be filled with two numbers (if such exist) whose product is 504 
and whose difference is 3. 


The process of search will be facilitated by expressing 504 as 
the product of prime factors, thus : 


HOLS 2° Mos 
We may write down all the pairs of numbers whose product 
is 504, thus: 
(1 x 504), (2x 252), (3x 168)... 


This is unnecessary, for the required numbers are nearly equal, 
differing only by 3. Noting that as the pairs are written down 
in succession, the difference diminishes, we try a fairly large 
factor of 504, say 18; now 18x 28=504 and 28—18=10, so 
that the difference is still too large. Try the numbers 19, 20, 
21... to find larger factors. 


We find 21 x 24=504 and 24-21=3, so that 21 and 24 are 
the required numbers. 
Since the sign of the middle term is —, 24 must be preceded 
by -, and 
a — 30 — 504 = (a — 24)(x4 21). 


Now 
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A shotter method.—Observing that 3° is a factor of 504 we write 


a? — 3% —504 =a? x x 3-56 x 32, 

We now seek two numbers whose product is 56 and whose 
difference is 1 ; these are 7 and 8, so that 
a? — 2.3 —56.32=("—8.3)(a+7.3); 

. x — 34-504 = (a - 24)(v4 21). 


the expression = 10a? — 3ab — 0? 
= (5a + b) (2a — b) 


The artifice employed in this example is of frequent use. 


Ex. 3. Factorize 10(a+ y)? -3(a+y)(a—y) - (a—-y). 


Substituting a for («+y) and b for («-y), 


5a+b=5(a+y) + (x - y) = 6a + 4y, 


2a—-b=2(a+y)-(@-y) =a + 3y; 
’, the expression = (6x + 4y) (a + 3y) = 2 (37 + 2y) (a + 3y). 


EXERCISE XV. 


Expand the following products : 


(@—1)(v@+2). 
(@+3)(7—7). 
(a? — 8)(7® +3). 


2. 
5. 
8. 


(a+1)(@—2). 
(w+ 6y)(a — 8y). 
(#3 — 4)(a° + 9). 


Factorize the following expressions : 


, £2 +-2r —3. 
. v2—3r—4., 
, 2 lig—12. 


a®+4e—12. 


, v+ Be — 24. 


. w+ Ir — 24, 


28, x? -—3r-—18. 


. x? —6xy — 4077. 


34, x® — 1223 — 28. 


. wa—132?—30. 
, wv —5x—150. 
a — 20.xy? — 30071. 


x? +2 — 264. 


11. x?+2¢-8. 

14, «?—3x7-10. 

17. «?-lle-12. 
20:. 2° +412. 

23. «2-107 — 24. 
26. 7?+177—-18. 
29. 7? +39xry — 407”. 


. a+ 3any — 407". 
. 24303 — 28. 


aA + 7a? — 30. 


. v+8x— 240. 
. 2 —9xry3 — 3607°. 
, a —ax—-—240. 


(@—3)(v+7). 
(we — By) (a+ 10y). 
(ay ~8)(ry +12). 


uv? +x" —15. 
xu? —3x2-18. 


uv? — 4x — 12. 


. w—v—-12. 


wv? — 5a — 24, 


1 w—ie— 18. 

, x? —18.xry — 407". 
. 1 9743 — 28, 

. a+ — 292%? — 30. 

, att x? — 30. 

. a2 — 28x —245, 


. +200 — 224, 


a? — Aay* — 4807/%, 
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49, «?+6xy—-112y% 50. w-6xyS—315y". 51, w?—122y— 405y". 
52. (vty) +2(e+y)(e-y)-8(@-y/. 

53. Ba+y)P+2(30+y)(v+3y)—3(@+3y). 

54. (5e+y)?+4(5a+y)(5a-y)—5(5a-—y). 

5D. (wty+2P+8e(at+yt2)—42. 56. (w>ty+22)P?+2(a+y 422) - 62. 


42. Factors of ax?+bx-+c. If p, g, J, m stand for any 
numbers 


(pa + q) (la +m) = (pu + q) e+ (pPE+G)M .o.ceceececee (a) 

= pla? + Qle+ PME QM wer.scccoveeee (B) 

= pla? + (ql + pm)e+ 9M ... 20.6. ceeee (y) 

et? te OD he Osc es Seared hth cat ieee (8) 

where (for shortness) @ stands for pl, for (ql +m) and ¢ for gm. 
Also (px — q) (le — m) = (px — q) la — (pe —Q)M w..cceceeereees (a) 
= pla® — gla — DMN + GIN 1s scene serene (PB) 

= pla? — (ql+ pm)G+ QM ....0-.ecee eee (y) 

Gt! S00 ANC, Anse. canna ste cence ) 


where a, , ¢ have the same values as before. 
Now let a, b, c stand for given numbers and let us try to 
factorize the expressions aa? + ba +c. 


First method. Ti we try to reverse the order of the steps in 
the above work, the difficulty lies in proceeding from (6) to (y). 
To do this, b must be replaced by the sum of two numbers 
ql and pm whose product is pl x qm, that is ac, and whose sum 
is ); we are therefore led to the following rule: 

To factorize ax? +bx+c, replace b by the sum of two numbers whose 
product is ac and whose sum is b; the given expressions can then be 
factorized by growping the terms. : 


Ex. 1. Factorize 6x? + 172+ 12. 


We seek two numbers whose product is 6x12 (or 72) and 
whose sum is 17; these are 8 and 9, and 


6a? + 17+ 12 = 6a? + (94+ 8)e4+12 
= 62? + 9a + 844 12 
= 32(20+3)+4(27 + 3) 
= (3x + 4) (24+ 3). 
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Ex. 2. Factorize 60a? —-77x+ 24. 


We seek two numbers whose product is 60 x 24 (that is, 
2°. 37.5), and whose sum is 77. Try the numbers 60 and 24; 
their sum is too great. Try the numbers 25, 26, 27,... in 
succession to see which of these are factors of 60x24. Write 
these numbers down and cross out those which are not factors 
of 60 x 24, thus 


2o, 20, ON, 28, 29, 30, Ny 132) ons 

Now 60 x 24=30 x 48 = 32 x 45, 

and 324+45=77; 

thus 32 and 45 are the required numbers and 

60a? — 77a + 24 = 60a? — 45a - 320+ 24 

= (60a? — 45a) — (32a — 24) 
= 15a(4n - 3) - 8(4a— 3) 
= (4x — 3)(15a - 8). 


Second method: as described in the following example. 


Ex. 3. Factorize 42? — 92+ 2. 

Observing that the sign of the last term is + and that of the 
middle term —, we write 

4a? — 94 4+2=(%a—1)(1a- 1), 
where the blanks to the left of # are to be filled with two 
numbers whose product is 4, and the other blanks with two 
numbers whose product is 2. The possible trial-arrangements 
are, 

(i) (@-1)(4e- 2); (ii) (4a-—1)(a@—-2); (ili) (2a -1)(2%- 2); 
of these, (i) and (iii) may be discarded at once, for both 4% — 2 
and 22—2 contain the factor 2, which is not a factor of 
4a?-9r+2. To see if the remaining arrangement is correct, 
the multiplication must be performed, so far as is necessary 
to find the middle term. Doing this (mentally), it is seen that 
the middle term is — 9z, thus 


4a? — 97 + 2 = (4a -— 1) (a - 2). 
Ex. 4. Factorize 28x?y? — 63ay? + 14y'. 
28224? — 63ay + 14y4 = Ty?(4a? — Yay + 2y") 
= Ty(4a — y) (@ — 2y). 
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Ex. 5. Factorize 202+ 35+ 70. 
Here & is a factor of 75 and 5 is a factor of 35, and the easiest 
method is as follows : 
Qa? + 35a +75 = 207 + 72.543. 5? 
=(27+1.5)(@+3.5) 
= (2%+5)(a+ 15). 


Ex. 6. Factorize 2x?+31u+76. 

Here 5? is a factor of 75 and 5 is not a factor of 31, and it is 
easy to see that 5? must be a factor of the second term of one of 
the required factors. We therefore at once try the arrangement 
(2x + 25)(«+3), which proves to be correct. 


EXERCISE XVI. 


Expand the following products : ; 
(a7+3)(2a2+1). 


1. (w+1)(Qv+3). 2. 
3. (v7+4)Be4+1). 4, (v7+2)(8”+4+2). 
5. (v@+1)(30+4). 6. (#7 =6)(5a—1). 
7. (w7—3)(5x — 2). 8. (w—2)(54 — 3). 
9, (w-1)(5x-6). 10. (27+3)(3x+2). 
11. (2v?+1)(8x?+5). 12. (2%°+5)(3x? + 1). 
13. (6x?+1)(v? +5). 14. (647 +5)(#?+1). 
15. (2u—3y)(5x—7y). 16. (5a@—3y)(2xv — Ty). 
17. (10m —3y)(%— Ty). 18. (w—3y)(10x —7y). 
19. (2x -—21y)(5x—y). 20. (2u—y) (5a —21y). 
Expand the following products and bracket the terms containing w: 
21. (v+1)(av+b). 22, (av+1)(a+6). 
23. (2v—1)(ax— b). 24, (27—b)(av—1). 
25. (2aa7+b)(8cx +d). 
Factorize the following : 
26. 32?+52 +2. 27. 307 —5x4+2. 28. 30°-Tr+2. 
29. 32?+9x7+6. 30. 32°+197+6. 31. 32?+1le+6. 
32, 207+ 70+4+3. 33. 20? +5243. 34, 20%-7xr+6. 


35, 2x22—-1327+6. 36. 32?+8H-+-4. 37. 32?+ 7a +4. 
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38. 327+ 13424+4. 39. 52?—8x+4+-3. 40. 52?-16x+3. 
41, 32?— l4v+15. 42. 3”?—46x7+15. 43, 3a?-11¢+10. 
44, 32?—17x+10. 45, 3a7-3lv+10. 46, 32?—137+4+10. 
47. 5a?+1727+6. 48. 52°+137+6. 49, 5a®+1127+6. 
50. 522+31r+6. 51. 64?+17¢+7. 52. 622+ 4382+ 7. 


53. 210? 17ry + 2y*. 54, 21a?—2Wry+2y, 55. 1522+38ay+7y?. 
56. 1527+106ry+7y?. 57. 10@?-197+7. 58, 1022—7lx+7. 


59. 4at—120?+5. 60. 4xv*—9x?+5. 61. 10a?2y?-27ay +18. 
62. 10x?y?-—63xy+18. 63. 10”?+29%4+21. 64, 10v?4+37x%4+21. 
65. 307?+ 652+ 10. 66, 632?—6974+18. 67. 60x”?+1487+80. 
68. 20x?+ 492+ 30. 69. 142?—657+56. 70. 16”?-14%+4+3. 

71. 9807+ 490 +5. 72. 72”%—42¢+5. 73, 2420?—77x7+6. 


74, 600x2?+ 4107+ 63. 75. 1622?-—81x2+10. 


43. Factors of ax?+bx—c. If p, g, J, m stand for any 
numbers such that gl > pm, 


(pu +q)(la—m)= (pat q)la— (pet )M virescens (a) 
= pla? + gla — PME — YM v.vicceeeeeeeevecees (B) 
= pla? + (ql — PM)L— QM orvscecrcsccrceeens (y) 
BON AOL EC, wat iggly nt ue hsnen aes tehodras (6) 
where (for shortness) « stands for pl, b for (ql —pm) and ¢ for qm. - 
Also (pa — q) (le + m) = (pa — Q) let (pe —Q)yM viccscccecsrseceees (a) 
= pla? — Qa A PME — QM. wsrrcecsocsscrceess (2) 
= pla? — (ql — pM)& — QM v...ceveeececevens (y) 
SEE SHOU Migr sald Had bdanlde Ween Samak ahaa (6) 


where a, b, ¢ have the same values as before. Now let a, b, ¢ 
stand for given numbers and let us try to factorize the 
expressions ax? + bx —c. 


First method. Observing that qi and pm are two numbers 
whose product is pl x gm, that is ac, and whose difference is 0, 
the correctness of the following rule will be evident: 


To factorize ax2+bx—c, find two numbers whose product is ac 
and whose difference is b; if b is replaced by the difference of these 
numbers, the given expressions can then be factorized by grouping the 
terms. 
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Ex. 1. Factorize 152? — 22-24. 

We seek two numbers whose product is 15 x 24 (or 23. 37.5) 
and whose difference is 2. Try the numbers 15 and 24; their 
difference is too large. Try 16, 17, 18... in succession, to see 
which are factors of 15x24. We find that 18x 20=15 x 24 
and 20 —18=2, so that 18 and 20 are the required numbers and 

15a? — 2a — 24 = 152? — 20a + 18a — 24 
= (15a? — 20x) + (18% — 24) 
= 5a(3a — 4) + 6 (3a - 4) 
= (3a — 4)(5% + 6). 


Second method: as described in the next example. 


Hx. 2. Factorize 8x? — Lia — 20. 
Observing that the sign of the last term is —, we write 
3a? — 1lla-20=(ta+1%)(%a— 2), 
where the blanks to the left of w are to be filled with two num- 


bers whose product is 3 and the other blanks with two numbers 
whose product is 20. The possible trial-arrangements are 


(z+ 1)(3z— 20), middle term = - 172, 
(z+ 2)(3a—10), ye ea oe 
(a + 4) (3x — 5), . ot eke 
(2 +5) (3x — 4), i 5 Se Lie, 
(z+ 10) (3a - 2), 5 » = +282; 
(z+ 20) (3a — 1), Fe ey = EL 


and six other arrangements got from the above by changing the 
sign of the second term of each factor. To see which (if any) of 
these is correct, the multiplications must be performed (mentally) 
so far as is necessary to find the middle term in each case. 


We find that 
(~ +5) (3a — 4) = 32? + Lla — 20, 


and B02 — lla — 20 =(«—5)(30+ 4). 


Note. In practice, it is unnecessary to write down all possible arrange- 
ments: as each is written down, the corresponding middle term should be 
calculated until the factors are found. The process is often facilitated by 
considerations like those in Ex. 3, 5, 6 of Art, 42, 
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EXERCISE XVII. 


Expand the following products : 


(w+1)(2x —3). 
(@—4)(8a2+1). 
(24+3)(3”—2). 
(2u—5y)(w@+y). 
(723 — 2) (23 +3). 


(a? — 3y) (7.x? + 2y). 


322+ —2. 

Qa — 34-5. 

Qn? — 5a —3. 

3a? -5ar—8. 
15x? + Tay — 2y?. 
7a* +482? —7. 
5a?+ 7x -12. 
5a? — 82-21. 
32? + 3542-12. 
1544 + 32a —'Ty?. 
62? +47 — 35. 
10x? — 47-21. 
32a? + 4a —3. 
16247 + 277 — 20. 


1. (c—1)(27+4+3). 2. 

4, (@-8)(2”+41). 5. 

7. (@-1)(8@+4). 8. 
10. (2v+5)(8x%—2). hk, 
13. (6v?—1)(#?+5). 14. 
16. (4vy+5)(Qvy—1). 17. 

Factorize the following : 

19. 32°-2«-2. 20. 
22. x? 9x —5. 20, 
25. 32?+17xvy—6y?. 26. 
28. 347?+2xr-8. 29. 
31. 52?— 297-6. 32. 
34. 5x2?+- 332-14. 3tiy 
87. 5x?+4a—12. 38. 
40. 1427-277 -—2. 41. 
43, 3x7? +16xry—127%. 44. 
AG. 1227-1437-12. 47. 
49. 6x22?—7xr—20. 50. 
52, 1222—-13¢-14. 53. 
55. 42?+374"—30. 56. 
58. 9872+ 72-6. 59. 
61. 482?-—8xry—16y%. 62. 


6x? — Tay — 2457". 


o> w 


12. 
15. 
18. 
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(@+3)(2x7—1). 
(@+2)(3a”—2). 
(24+ 1)(8x—5). 
(3a —y)(a+5y). 
(54 +3)(20—7). 
(6v+7)(2x-3). 


. 80?+5ar-2. 

. da — Tay — 6y?. 
. 2229-47-38, 

. 502+ 747-6. 

. 154? 132y—2y?. 
. 628-172 — 10. 
. 622 +11x—7. 

. 5a?—1047—21. 
. 20a — 9x — 20. 

. 642? -—9a—15. 

. 24x? + 10% — 25. 
. 84?4+18%—35. 

| 1402-330 —56. 
, 5Or? — 257 — 42. 


44, Difference of two Squares. By means of the identity 


a? —b?=(a+b)(a—b) 


a large number of expressions can be resolved into factors: for 
this purpose the identity may be stated as follows :— 


The difference of the squares of two numbers is equal to 
the product of the sum and difference of the numbers. 
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Ex. 1. Eupress as the product of factors 


(i) 2da*— 94727; (ii) 9a*-4(b-c)?; 
(iii) = Sa? — 1472; (iv) at—16b4. 
(i) 25a — 9y22? = (5a?)? - (Byz)? = (5a? + 3yz) (5a? — 3yz), 
(ii) 9a? — 4(b —¢)? = (3a)? — {2(b — 6) }? 


= {3a+2(b-c)} {8a -—2(b-c)} 

= (3a + 2b — 2c) (3a - 2b + 2c), 
(iii) 3a? — 147x = 3a(a — 49) 

= 30 {(08)? - 79} 

= 3a(a° + 7)(a3 — 7), 
(iv) at — 1604 = (a?)? — (407)? 

= (a? + 40?) (a? — 4b?) 

= (a? + 40?) (a + 2b) (a — 20). 


EXERCISE XVIII. 
1. In the identity a?-6?=(a+6)(a—b) substitute 


(i) 2x for a, 1 for b. (11) 5x for a, 3y for b. 
(iii) wv for a, y? for b. (iv) # for a, y° for 6. 
(v) («+y) for a, 42 for b. (vi) x for a, (y—z) for b. 
Express the following as the product of factors : 

Ds Gita 3. 49-27. 4, 100 —a?b?. 

5. 3602)? — 2522. 6. 8lx8—a2y?. 7. dare! — 9b4%?, 

8. 162° —7'. 9. 121a?- 64a, 10. «®—36. 
11. 252° 9, 12. «*—16y'°. 13. a*b?— 49x. 
14. (a+6)?—¢?. 15. a?-(b+c)*. 16. (a—6)?—c% 
17. a?—(b—c)?. 18. (a—bP-(a@-y). 19. (a+bP-(wt+y). 
20. 9a? -(6+c). 21, a?—-9(b+c)*. 22, 25a?—4(b—c). 
23, 36a?—49(b —c?). 24, (w—-y)?—-1. 25. (v+2y)? — 42”. 
26. 42% — (4 —2y). 27. 8x? —2. 28. 32° — 27a. 
29, 824 — 2422", 30. 25a4y3 — 7. 31. 14403 y2z— az. 
32. a°b— ab’. 33. 5b? — a®b?. 34, 5225 —132°. 
35. at — bt. 36. a — 68. 37. 16a*—81b. 
38. a§— 625a4b4. 39, 322° —27: 40. v7 — 2°. 


41, a5b—81ab5, 42. (Qe +y—2)?— (a+ Qy —2z)*. 
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45. Difference of two Squares (continued). 
Ex. 1. Resolve into factors a? — 2ab + b? — 9e?. 
— 2ab + b? — 9c? = (a? — 2ab + b?) -— 9c? 
= (a —b)? — (3c)? 
=(a—6+4+3c)(a—b - 30). 
Ex. 2. Resolve into factors a? — b? + 6be — 96°. 
— b? + 6be — 9b? = a? — (b? — 6be + 9B") 
=a — (b—3c)? 
= {a+ (b—3c)}{a—- (b+ 3¢)} 
=(a+b—-3c)(a—6+4 3c). 
Ex. 3. Resolve into factors (5x + 3y)? — (Sx - 5y)?. 
(5a + 3y)? — (3a —5y)? 
= {(5a + 3y) + (3a — 5y)} {(5a +:3y) — (8a — 5y)} 
= (5a + 3y + 3a —5y) (5a + 3y — 3x + 5y) 
= (8x — 2y) (2x + 8y) 
=2.(4e-y).2.(a@+4y) 
=4(4a - y) (a+ 4y). 
Ex. 4. Factorize (i) at+ 4b4; (ii) at + a7? + 4. 
(i) at + 4b4=a' + 407h? + 404 — 4a*b? 
= (a? + 2b?)? — (2ab)? 
= (a? + 2ab + 2b") (a? — 2ab + 202). 
(ii) a4 + ab? + b4=a4 + 2a7b? + bt — a2? 
= (a? + 6)? — (ab)? 
= (a? + ab +b?) (a? — ab + 6°). 


EXERCISE XIX. 


Factorize the following expressions : 


Ll. w?+2vy+y?—16. 2. v?-2Qv+1 — 477. 

3. 2? —4ay+4y? — 2. 4, x? —10my+ 257? — 927. 
5. w+147+4+ 49 — 97. 6. 2? — 1207+ 367? — 252 
7. 4a? + 12ay + 99? — 2. 8. 9x? — B0.xry + 25y? — 42? 
9, 40? + 287+ 49 — 7. 10. #?+9%-—2 —2ay. 
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Ll. 2? +y?— 2+ Qay. 12. 4a? +4 257? — 2 — 20xy. 

13, #?—y?+2y2—2*. 14, a—7?—2y—1. 

15. 4x?-9y?+6y—-1. 16. 9x? —10yz— 25y? — 2”. 

17. 1627 —9y? + 12y2— 42%. 18. 49a? — 97? — 424 — 49. 

19, 7? — 254? — 92? + 30yz. 20. a? +b?-c?—d?+2ab — 2cd. 

21, a?—b?+c?—d?—2ac+ 2bd. 22. (84+2)? — (2x — 3). 

23. 4(¢@+1)?-(#-3). 24, 9(2v+3)? — (5a —6)*. 

25. 25 (3a — 2)? — 4(« — 3). 26. 81 (7 —2)?—-4(x+2). 

27. vt+aP+1. 28. i+ 4a7y?+ 1671. 

29 ee eat. 30. wt —11ley?+y'. 

31. vt+ 3x27? + 4y'4. 32. v'+4. 33, «+ 64y4, 
Express the following as the product of as many factors as 

possible : 
34, (5u?—w—1)?—(#+6). 35. (2? +5”74+7)?—(2e+5). 
36, (227+ a4+5)?—(7e+1)2. 37, (124%? + 227 +3)? —(8a+9)?. 


38, (120 — 31x +64)? — (53x —56)2. 


46. Sum or Difference of two Cubes. Any expression 
which is the sum or difference of two cubes may be factorized by 
means of the identities 


a? +b? =(a+b)(a?—ab-+b?2), 
a? —b?=(a—b)(a?+ab-+b2). 


Ex. 1. Factorize (i) 843+ 274°, (ii) 25023 - 2. 
(i) 8a3 + 27y3 = (2x)8 + (3y)? 
(2 + 3y){(22)? — (2a) (3y) + (3y)?}* 
(2a + 3y) (4a? — Bay + 9y?). 
2(12522 — 1) 
2{(Bin)® — 13} 
2 (5a — 1) (25a? + 52+ 1) 


I 


(ii) 25028 — 2 = 


I 


* Tn practice this step may be omitted. 


= 3y (4a? + Bay + 47? — 4a? — Qay + 24? + 4a? — day + y’) 
= By (4a? + 2ay + Ty’). 
EXERCISE XX. 
Factorize the following expressions : 
1. 23+1. 2. 2-1. 3. 14827, 
A278 — 1. 5. 2725 — 9°. 6. w+ 64y?. 
7. 21623 — 73. 8. 274? — 87°. 9. 34323+1. 
10. «#73 +2. 11. «zy? — 1000. 12, 512+.%. 
13. 2343 — 82%. 14, 343° — 87’. 15. 82+ 125y°. 
16. 1+1000z°. 17, 1674+2z. 18, xy — xy". 
19, «y? + 8x75. 20. 407+ 62524. 21. 2x%y°24 — 16. 
22. 28+ 274°. 23. 92° + 722°, 24, 2+y8. 
25. «+1, 26. 2°—1. 27. «+64. 
28. «®— 64. 29, 2° +7294. 30. «® —'7297/°. 
31. (2rt+yP+(v+2y)%. 32. (5a+3y)—(a+y). 
33. (54—3y)%—-(x—y)*. 34. 272° -(Bx-y)’. 


SUM OR DIFFERENCE OF TWO CUBES 


Ex. 2. Factorize 8(a+)8 — (2x -y)°. 
The given expression 


={2(a+y) —(2u—y)}{4(a+y)? - 2(@+y) (2a — y) + (2a — y)*} 
= {3y} {4 (a? + 2ay + y*) — 2 (2a? + ay — y*) + (4a? — day + y*)} 


For miscellaneous exercises on factors see pp. 188-190. 


CHAPTER VIL 
EQUATIONS AND PROBLEMS. 


47. Simple Equations. An equation which, when reduced 
to its simplest form, contains no power of the unknown (#) higher 
than the first, is called a simple equation. (Thus, a simple equation 
does not contain 2’, x, or any higher power of 2.) 


Ex. 1. Solve the equation 4+ 3x = 52 -&. 
The given equation is 4 + 37=5x2—-8. 
Subtracting 3z from each side, we have 
4=52-8- 3a; 
*, 4=52-3x-8. (Commutative Law) 


Adding 8 to each side, 


44+8=5x-32; 
= L200 
24=12. (Rule for Equalities) 
6 


Dividing each side by 2, #=6. 
In practice, the following Rule is used : 


An equation is not altered (that is to say, it continues to be satisfied 
by the same value or values of the unknown), if any term is transposed 
from one side of the equation to the other, the sign of the term being 
changed from + to —, or from — to +. 


This rule is merely a practical way of applying Rules 2 and 3 
of Art. 24, which state that an equation is not altered if the same 
number is added to both sides, or if the same number is subtracted 
from both sides. 
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Thus, taking the equation of the last example, 
4+ 3x=52 -8, 
and transposing the terms +37 and —8 each to the other side of 
the equation, and changing the signs of these terms, we have, as 
before, 
4+8=52 - 32. 


A bracket having the meaning assigned to it in Art. 9, an 
expression enclosed in a bracket is to be regarded as a term. 
h : 
Thus the equation 3a = 2 — (Ba — 6) 


may be written in the form 
3a + (5x -— 6) = 2. 
Ex. 2. Solve the equation 
3 (20+ 3) (3a + 2) — 2(3a4+ 1)? = 48, 
Here the multiplications should be performed mentally ; the 
work should be arranged as follows, 
3 (62? + 13” 4 6) — 2 (9a? + 644 1) = 43 ; 
18a? + 39a +18 — 18%? -12%-2=43; 
.. 39% —-12%7=434+2-18; 
ANG eae * 
ere 


48. Equations with Literal Coefficients. Consider the 
equation 
(x + a) («@ — b) =a? + 0? + 6? — 3ab,... cece cee ekg) 


where a and b are supposed to stand for known numbers. 
Assuming that # stands for a number whose value can be found 
in terms of a and } from the given equation, and expanding 
the left hand side of (a), we have 
a? +a (a —b) - ab=2? +a? + b? — 3ab ; 

/. &(a- b)=a? — 2ab +07; 

RESO D = OVP os sss Gan We centre aieen re’ (B) 
Now if a is greater than b, a—6 stands for a known number, and 
we may divide each side of (8) by a—, thus 

“=a — b. 


Note that if a=), the equation (a) reduces to an identity and is 
satisfied for all values of «. 
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EXERCISE XXI. 


Solve the equations : 


. 54+56=20+71. 2. 7e-—38=27+4+12. 


10v—49=49 — 4a. 4, 7x —32—(5x2-16)=8. 


. 3(@+14)+7(2+9)=5 (32 +2). 

. (8a+6)—(19 — 6x) =(52 +61) — (2774+ 12). 
. (x —2)—6(11 —%)=3(2x — 11) —2(4 -3). 
. (w+1)(e+2)=(a—1P +11. 


(w@+3)?+(7+5)?=2(v7+2)?4 34. 

3(x+2)?+2(v+3)=5(a—1)2+7(60-1). 

(4a —1)(6x +17) =(8x — 2)(8a+3) +58. 

(42 +1)(8x — 2) — (67 —1)(2”7 —3)=25. 

(a — 4)(27 —11) —(#—6) (2a —13)=14. 

4 (2a +3)(30 +1) —12(@+1)?=(40 +5)(30 +1). 

(4e-+7)(11—5x2)-9=11-5(27—3). 

(20 +3) (30+ 2)+ (4a —5)(v7+1)=(5x—1)(2274+3). 

(@—2)(%—3)+5(v@—2)(%—4) —6(v—3)(w-4)=16. 

(@—1)(#—4) —(#—2)(@—-5)=(@+1) — x(@—3) - 37. 

5(2¢—1)(82+2)- 2(7#+4)(v—2)=504 2v+(474+1). 

(© +4)(x+5)(2-+6)=(e+3)(w+4)(7+8)+30. 

(vw —3)+101=(@-— 4) +3(@4+1). 

(v—2)8 + (a@-— 3) + (wv — 4)? =3 (a — 2)(~%—3)(~@—4) +18. 

Find the value of x in terms of a and b which satisfies each 
of the following equations : 

4(4—a)=3(x2+6). 24, 3(7—-2a)+4(4-a)=5z. 

x(a+b—c)—a(a—b—c)=4b?. 26. (x—b)(a+b)=(~7+b)(a—b). 

u(a+2)-6=a(v%+6)-2. 28. a(a—x7)=b(b4+2). 

a(v—a)=b(x—b). 30. a(a@—a)—b(~-2a)=b. 

a(a—2)-@=x(b—x)— b% 32, abv=a?(a—x)—b?(b+2). 

a(a—wv)=2ab—b(v+b). 34, a(w—a)—b(@—b)=a-b. 

(a+b)(a—b)—(a—b)(@-—a)=a? +82. 

(a—3)(@—a)=2(8a— a — 2). 

4a? + (2a —x)(2b — x) =4b?+(2a+x)(26+2). 
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38. avt+b=bae+a*. 39. ax—a?=27 — 3a. 
40. a(w—a)+b(v— b)=2ab. 41. a(a+x)+b(b—«)=2ab. 


49. The Decimal System of Numeration. In accord- 
ance with the notation of Arithmetic, 237 stands for 


(100 x 2) +(10 x 3) +7, 
and 2, 3, 7 are called the digits of the number 237. In the same 


way, if the digits of a number, taken in order from left to right, 
are x, y, 2, the number is denoted by 


100z + 10y +z. 


Ex. 1. Find a number of two digits which is such that if 54 is 
added to the number, the order of the digits is reversed. How many 
such numbers are there ? 

Let 10z+¥y be such a number. Then, by hypothesis, 

10a+y+54=10y+2, 
*, 54=9(y—-2), 
y=2+6. 

Now the least value which « can have is 1, and the corre- 
sponding value of y1s 7; if e=2, y=8; if s=3, y=9, and 9.18 
the greatest value which y can have. Hence there are three 
numbers of the kind mentioned, namely 17, 28 and 39. 


50. Problems leading to Simple Equations. 


Ex. 1. A and B have £99 between them, and A wins from B 
twice as much as A had originally; A has then twice as much 
as B. What sum had each originally ? 

If 4 had £z originally, then B had £(99-«). After winning 
£(2«) from B, A has £(3x) and B has £(99 - 3x); and since A 
has now twice as much as B, 

(ot = 2(99 — 3x); 
ot — OSE Or. 
Soy a LOS, 
Bo tes 
Thus 4 had £22 and B had £77. 


N.A. I. F 


82 


10. 


NATURAL NUMBERS 


Ex. 2. Find the nth term of the arithmetical progression 


bol Lal ate 


Tf the nth term of this series is 125, what is the value of n? 
Here the common difference is 6, 


hence the nth term=5+(n—1)6=6n-1. [Art. 10] 


Also, 1f 67 =1=125, then 6%—= 126, 937 n=21 


EXERCISE XXII. 


. When A travels alone, he spends w shillings per day ; when B 


travels alone, he spends y shillings per day. When A and B 
travel together, it costs each z shillings per day. How much 
do A and B save between them by travelling together for 
days. 

(i) If in question 1 the total amount saved by the two is s 
shillings, what is the formula for s? (i) If v=16, y=15, z=12 
and the total amount saved is £7, for how many days did A 
and 6 travel together ? 

A father is forty years older than his son; seven years ago he was 
three times as old as his son: find their present ages. 

Find two consecutive numbers such that the difference of their 
squares is 49. 

A is twice as old as B; twenty-two years ago he was three times 
as old; what is A’s present age ? 

A sum of £5 is divided between two men, so that one receives 
eight times as many pence as the other receives shillings. 
What sum does each receive ? 

A man has five sons whose united ages equal his own. In twelve 
years’ time the united ages of the sons will be double that of 
the father. What is the father’s age now ? 

A father is 30 years older than his son ; in 20 years’ time his age 
will be double that of the son. Find the present age of the 
son. 

Find two numbers whose sum is 238, such that the difference 
between their squares is 161. 

A number is formed with two digits whose sum is 9; if 63 is 


subtracted from the number the order of the digits is reversed. 
Find the number. 


aL 


12. 


13. 


14, 


15. 


16. 


iT. 


18. 


19. 


20. 


21. 


22. 
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A and B have between them £400; A receives a legacy of £350 
and then he has twice as much as B. How much had each at 
first ? 


Tn five years from now a man will be three times as old as his son, 
and in seventeen years from now he will be twice as old: find 
their present ages. 


A has a certain number of shillings, and B has the same number 
of pennies. A gives B three shillings in exchange for their 
value in pennies, and it is now found that A has twice as many 
coins as B. How many coins had each at first ? 


A purse contains £9. 10s. in sovereigns and half crowns, and the 
total number of coins is 20. Find how many sovereigns there 
are in the purse. 

Twenty years hence I shall be seven times as old as I was 28 
years ago ; how old am I now? 


A bag contains 129 coins, some of which are sovereigns and 
the rest shillings ; they amount altogether in value to £41. 12s. 
How many coins of each kind are there ? 

Three times dA’s age exceeds twice L’s age by 35 years, and in 
20 years the sum of their ages will be double what it is now. 
Find their ages. 

A debt, which might have been paid with 5” half sovereigns and 
6x half crowns, was paid out of a £10 note, and the change 
was found to be equal to w half sovereigns and 10 half crowns. 
Find « and the amount of the debt. 


Find three consecutive numbers such that three times the greatest 
shall be equal to twice the sum of the other two. 

A bill of six guineas is paid in sovereigns, half crowns and 
shillings. There are twenty-six coins altogether, and there are 
four times as many half crowns as sovereigns. Find the 
number of each coin. 


Divide £400 between 4, B and @, so that C’s share may be £70 
more than twice A’s and £40 less than three times B’s. 


If 11 is taken from a certain integer we get the square of a 
whole number, and if 24 is added to the same integer we get 
the square of the next greater number. Find the integer. 
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23. I bought some engravings at 35s. each and some books at 16s. 
each. The total cost was £16. 15s. and the number of books 
was 5 more than the number of engravings. How many were 
there of each ? 


24, A square court is paved with flags, each a foot square. If the 
length of the court were increased by 5 feet and its breadth by 
2 feet, 164 more flags would be required. What is the length 
of the court ? 

25. Two towns are 60 miles apart; coaches ply between them in 
opposite directions, starting at the same time, one going 2 miles 
an hour faster than the other; they meet each other after 
3 hours: find where they meet. 


26. The prices of seats in the stalls, pit and gallery of a theatre are 
respectively seven shillings and sixpence, half-a-crown and one 
shilling. The pit can hold three times, and the gallery twice, 
as many people as the stalls. The receipts are £87. 6s. when 
all the seats in the pit and gallery are occupied and all but 
twelve in the stalls ; how many people are present ? 

27. There are two numbers of two digits such that each number is 14 
times its left-hand digit : find the numbers. 

28. There are four numbers of two digits such that each number is 
four times the sum of its digits. Find the numbers. 


29. Find a number of two digits such that if 36 is added to the 
number the order of its digits is reversed. Write down all the 
numbers of this kind. 

30. A number has three digits x, y, z Prove that 

(i) If the number is diminished by the sum of its digits the 
remainder is divisible by 9. 
Gi) If y=z+a, then the number is divisible by 11. 
(iii) Of what rules in Arithmetic are these properties of numbers 
instances ? 
31. A number W has four digits 2, y, z, w. Prove that 
(i) If ¢+y+2+w is divisibie by 9, then JW is divisible by 9. 
(i) V—(w-z+y—-—2) is divisible by 11. 
(iii) If w—z+y-—~- is divisible by 11, then J is divisible by 11. 
State the rule in Arithmetic of which (iii) is a particular case. 

32. Prove that the product of any two consecutive odd numbers 

increased by unity is the square of an even number. 
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33. Prove that the product of any two consecutive even numbers 
increased by unity is the square of an odd number. 

34. Prove that four times the product of two consecutive numbers 
increased by unity is the square of an odd number. 

35, Prove that the difference of the squares of any two consecutive 
odd numbers is divisible by 8. 

36, Find the xth term of the arithmetical progression 3, 8, 13,.... If 
the nth term is 203, what is n ? 

37. A clerk receives £100 for his first year’s service, and his salary is 
to rise £3 a year. During his nth and (n+1)th years he 
receives altogether £215. What is the value of n ? 

38. The ath term of the progression 2, (2+), (2+2m), ... is (7a—-5). 
Find the value of w, and write down the 11th term. 

39. The difference of the ath and bth terms of an arithmetic 
progression is 5(a@—6). Find the common difference of the 
progression. 


é 


51. Two or more Unknowns connected by one 


Equation. If the numbers 1, 2, 3, 4, ... are substituted in 
succession for # in the equation y=27+3, the corresponding 
values of y are 5, 7, 9, 11,.... Thus # and y may have any 


of the pairs of* values (1, 5), (2, 7), (3, 9), ..., where the first 
number in a “pair” is a possible value of # and the second 
number in the pair is the corresponding value of y. 


Der. If an equation contains more than one unknown, any 
set of values of the unknowns which satisfies the equation is 
called a solution. 


Thus, to say that (2, 7) is a solution of y=2a7+3 is to say 
that this equation is satisfied if = 2 and y=7. 

Again, if « and y denote natural numbers, 

(1) the solutions of #=5 - 2y are (3, 1), (1, 2); 

(2) the solutions of zy=6 are (6, 1), (3, 2), (2, 3), (1, 6). 

If # and y stand for two natural numbers which are connected 
by one equation, it appears from the preceding that the equation 
has in general several solutions ; the example at the end of this 
article shows that the number of solutions may be unlimited. 
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If the restriction that « and y are to stand for natural numbers 
is removed, and if these letters may denote numbers of the 
various classes not yet discussed, it will be found that every single 
equation in w and y has an unlimited number of solutions. 

It must be observed that when two unknowns, denoted by 
« and y, are considered, the equation s=3 means that 2 stands 
for 3 and that y may have any value. In this sense, the 
equation «=3 has an unlimited number of solutions. 


Ex. Show that if n stands for uny number, the equation 44 = 5a+3 
is satisfied when w= 4n+1, y=dn+ 2. 


If e=4n+1 and y=5n+2, we have 


4y=4(5n+2) =20n+8 
and 5@+3=5(4n+1)+3=20n+8 ; 
4y =5a4+3. 


Hence, the given equation is satisfied when 
v=4n4+1, y=5n +2, 


whatever value 7 may have. The number of solutions is therefore 
unlimited. 


52. Simultaneous Equations. We proceed to enquire if 
it is possible to find a pair of values of # and y which will 
satisfy two given equations in which these letters occur. 


Der. Equations containing two or more unknowns are called 
simultaneous equations if each unknown letter is supposed to 
stand for the same number in all the equations. Any set of 
values of the unknowns which satisfies all the equations is called 
a solution of the equations. 


Ex. Search for a solution of the equations 
Be ies UT crs Shey eae aetee eee ee (a) 
We ON se Bore Ae oa aah eae eae (B) 
We assume that two numbers exist such that if these are 


substituted for « and y in (a) and (8), the equations are satisfied, 
and we assume that #7 and y stand for two such numbers. 


From equation (8), we have 


v= 2y+ 3. 
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Thus (27 +3) stands for the same number as 2, and may there- 
fore be substituted for z in (a), so that 


(294 3) 4 Dye Ld sceitaswes daar teak (y) 
4y+3=11, 
ee 
Ucar heae ah REL MOR SME N AeRCS MeeVee (6) 


Thus y stands for 2, and we may eaubitnta' for y in either of 
the given equations. Putting 2 for y in (8), we have 


ead Aiea eae tes saat emcee (¢) 

It has now been shown that if there is a solution, the solution 
is (7, 2); it remains to prove that (7, 2) is a solution. 

When «=7 and y=2, we have 

Eaten Q=7+4=11 
and «-2y= .2=7-4=3., 

Hence the given ee are satisfied and (7, 2) is a solution, 

and is the only solution. 


53. Reversible Operations. The method employed in 
the last example is called the method of substitution. It will 
now be shown that every step in the process which leads from 
equations (a), (2) to rates (6), (€) is reversible. 

Starting with equations (a), (), it follows from (f) that # and 
(27 + 3) stand for the same number. Hence any solution of (a) 
and (8) is also a solution of (y) and (f). This justifies the first 
step in the solution, which is to replace equations (a), (8) by 
equations (y), (). 

That this step may be reversible, it must be shown that any 
solution of (y) and (f) is also a solution of (a) and (8). This is 
the case: for by (8), # and (2y+ a stand for the same number, 
and therefore equations (a), (8) can be derived from (y), (/). 

The step from (y) to (6) is reversible by the Rules for Equalities. 

The next step is to replace the equations y=2 and #—2v=3 
by the equations y=2 and 7-2.2=3. This step is reversible, 
for y stands for 2. 

The step from (€) to (¢) is reversible by the Rules for E ee 
Thus all the steps in the solution are reversible, and (7, 2) is the 
solution. 
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It will now be understood that 
(i) substitution is a reversible operation ; 


(ii) when a solution of a set of simultaneous equations is 
obtained by a series of reversible steps, no further verification 
is required. 


Ex. 1. Solwe the equations 


Dae BU mt Sat Ot chs ee Aorist eee (a) 
Si AO] OM a ae eee eee Rare ee (PB) 

Multiplying each side of (a) by 5, 
1 Osi = V5 aeos- cet se ee (y) 

Multiplying each side of (8) by 2, 
LOg 4 ye BB. GS wares oo oon rotten (8) 


Substituting 15y for 10x in (6), 
15y+ 4y= 38 ; 


19y =38; 
"9 OEM 
Substituting 2 for y in (a), 
2G OE 
or 


See 
The solution is therefore (3, 2). 


54. Elimination. To eliminate an unknown @ between two 
given equations, is to derive from these an equation which does 
not contain 2. 


Thus, (27+ 3)+2y=11 is the result of eliminating 2 between 
the equations 7+ 2y=11 and #- 2y=3. 
A modification of the method in Art. 52 is to compare the 


values of « in terms of y (or the values of y in terms of «) derived 
from the given equations. 


Thus, from equation (a) of Art. 52, 
%=11—-2y, 
and from ({), o= Qy +3. 
Hquating these values of a, 
2y+3=11—-2y, 
and the solution proceeds as before. 


10. 


13. 


14, 


15. 


16. 


17. 


18. 
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EXERCISE XXIII. 
Solve the equations : 


a2=2y, 2. v=bdy, 3. v=3y, 

a+y=21. t£—y—=s. “a+5y=16. 
n= 4y, 5. y=4a, 6. 20 =5y, 

24 — Ty =3. 9a — 24 =2. 3% — Ty =2. 
3y = 4.2, 8. 2y=7T2, 9: 3a = 5y, 
8x —5y=4. bra+y=51. Qu + 3y=38. 

yY=3r +2, Te a=by—4, 12. a= 2y +3, 
24 + 3y =28. 10y —37=2. ly —24=3. 


(i) What are the least integral values of v and y (that is the least 
values of w and y which are whole numbers) which satisfy the 
equation 27=3y? 

(ii) What are the least integral values of x, y and z which satisfy 
the equations 27=3y and e+y=z? 

If 3¢=5y and 4+ 2y=2: 

(i) Find the equation connecting y and z ; 

(ii) Find the equation connecting « and z ; 

(iii) Find the least integral values of x, y and z which satisfy all 
these equations. 

Eliminate y between the equations 

Y=224+3, 3y-—2xr=a. 

Also find the values of w and vy when a=29. 


If z and y stand for whole numbers which satisfy the equation 
v=3y+2, find the values of « which lie between 40 and 49. 


Eliminate 7 between the equations 
y=3xn—4, 5” —2y=a. 
Also find the values of 7 and vy when a=3. 
Find # and ¥ in terms of a and 6 from the equations 
By=a+227, Br=4y—b. 
Also find the values of a and 6 if these equations are satisfied 
when w=5 and y=6. 


If the three expressions 4y, 27+3y, c+y+25 have equal values, 
find the value of each expression. 
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55. Method by Addition and Subtraction. A third 
method of solution, called the method by addition or subtraction, 
is probably the method which is most generally useful. 


If the given equations are 
20 -BY = 200%. sican ese eoavecne eee (a) 


Sie Bypsalih,  qeced eaves Seca eee (B) 
Multiplying each side of (a) by 5, and each side of (9) by 3, 
5 (2a + 3y) = 100, 
3 (3a — 5y) = 33. 
By addition 5 (2x + 3y) + 3 (3% — 5y) =133, 2.0... cece seen: (y) 
19e = 133, 


Substituting 7 for x in () 
1+ 3y = 20, 
3y = 6, 
y=2. 


In this process, we replace equations (a) and (8) by equations 
(a) and (y). Now (a) and (8) can be derived from (a) and (y), 
so that this part of the process is reversible. As in Art. 23, it 
can be shown that the rest of the process is reversible; hence 
(7, 2) is the solution. 

It will be seen that the search for a solution depends on the 
application of Theorems 7 and 8 of Art. 20; whilst the reversi- 
bility of the steps depends on the truth of the converses of these 
theorems as stated in Art. 21. 


56. Practical Arrangement. In solving the equations of 
the last article, we may commence by eliminating x. In practice 
the solution of such equations is written as follows : 


Ex. 1. Solve the equations 


PO BY LO scr ah Been. seein wn See (a) 

BW OY = TA sen sys toe hide ce aE (2) 
Multiplying each side of (a) by 3, and each side of (8) by 2, 

OG: D7 = OO reciente Ree eee (y) 


Gr ~10j.00) deed eee nee (8) 
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From (y) and (6), by subtraction, 
19y = 38, 
Oe 
Substituting 2 for y in either (a) or (), ete. 


Ex. 2. Solve the equations 
LBA LOO, Ooi 4 ova w ates csicemite vee (a) 
Fo Folens 32 "ore 9 LY lie are RA RS A OK (B) 


Since 51=17 x 3 and 85=17x5, ©. 51x5=85x3. Thus, to 
eliminate x, we multiply both sides of (a) by 5 and both sides of 
(2) by 3 and subtract. The solution proceeds as before. 


Ex. 3. Find the values of « and y in terms of a from the equations 
FLT: SR ENC fa a hr ARs ye Pe AE (a) 


Mee Mee ery ona oahe ve Ee dayne cates tea (6) 
Multiplying each side of (a) by a, 
DORAL OD SONU See Soo eaiecaad vdaterasay engines as (y) 
From (() and (y), by addition, 
2022 —-x%=2a*+ a? -1, 
wx (2a? — 1) = 2a4 + a? — 1 = (2a? — 1) (a? +1). 
Dividing each side by 2a? - 1, 


t=a? +1. 


Substituting (a? +1) for x in (f), 
ay -(@+1)=a? -1, 
‘, ay=(a@-1)4+ (a? 4+ 1) = 20’, 
*. y=2a, 


Hence w=a?+1, y=2a. 


57. Equivalent sets of Equations. To say that a=b=c 
is to say that a, >, ¢ stand for the same number: this state- 
ment is therefore equivalent to any one of the three pairs of 
equations (1) b=c, c=a; (2) c=a, a=); (3) a=6, b=e. 
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Ex. 1. Solve the equations 
2(6u —7y) =5 (a - 2) — (2y +8) =3u - 11. 


The given equations are equivalent to (that is to say they 
have the same solutions as) 


PA e ah) aor al @ Berane nd pacha: n (a) 
and 5(%=2)— (2y+ 3)=39—1 1... 5...0eunes (f) 
From (a), 12% -14y = 32-11, 
. 1l=14y4 3a - 122, 
3 LE me Date LS Gs cisreains onssice one aatnnteetaeme (y) 
From (/), 5a - 10 - 2vy-3=32 - 11, 


*. 5a-—3e—-2y=104+3-11, 
*, 2¢— 2y=2, 


of im Y we VS: Fee ny aoivecadins ates naieu ante oeaey (6) 


Equations («), (8) are therefore equivalent to equations (y), (8). 
Multiplying both sides of (6) by 14 and adding to (y), we find 
z=5; substituting 5 for # in (6), we have y+ 4. 


EXERCISE XXIV. 


Solve the following simultaneous equations, and in questions 1-4 
verify the results by actual substitution : 


1, #+ y=112, 2. “+ 2y=23, 3. 5” —Ty=22, 
a- y=48. 2y— L=. llg—Ty=82. 
4, Ty-6x=2, 5. 2e+ Ty=25, 6. 57+3y=47, 
67+8y7=118. 30+ 97 =33. 32 —Sy—1. 
1. 1#—8y=1, 8. 19%— 3y=178, 9. 47=3y-3, 
5y—40=11. 17a + 24y = 266. 2y=3x—-1. 
10. 607—17y=285, ll, 377+57y=541, 
754 —19y=390. 43a — 95y= 145. 
12. 580—23y = 244, 13. 2367 -—51y=319, 


87a — 43y =349, 295x- B7y=389. 


14. 
15. 
16. 


17. 


18. 


20. 
21. 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


36. - 
37. 
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If 3v+4y=96 and 62—7y=12, prove that 37=4y,. 
If 97-—8y=65 and 27+38y=110, prove that 47=5y. 
Explain why no solutions exist in the case of the equations 
“a+2y=3, 4(v+2y)=8. 
Find all the integral solutions of the equations 
2+3y=13, 2(v+3y)=26 


(that is to say, find all the pairs of natural numbers which are 
solutions). 


7“ —5y+6=13y—5x-6, 19. 5(@—3)—-2(y¥+1)=2(2% —-3y), 
2y —£=2. L=yt2. 
62 —Ty+4=327+ 2y —-11=47—5y+6. 


5(@+y)—138(¢@—y)+7=20+3y4+2=3(24 —y)+2(2y—~2) -6. 


Find « and y in terms of the other letters from the following 
equations : 


a+y=2a, 23, 32+4y=7a+116, 
2—y=2. y— £=0. 
5a —6y=11b -a, 25. wv+y=3(a+b-c), 
a+ y=2a. 22—y=3a. 
an+y=a’, 27. ar+by=(at+by, 
y¥—x=1. ax — by =a? — b?. 
aa +b*y=ab(a+b), 29. exrty=a', 
ba+ay=a" + b?. (a+1l)7+1=y. 
an = by, 31. ax—y=a(a+l), 
(a+b)y —(a—b)2=a? +b. a(a—-1)=y-1. 
ax — by =a?, 33. v+y=2(bx —ay)=2(a+6). 


(b—a)u+ay=b". 


ar—y=x+a%y=a' +1. 35. (a+b)x—ay=3ab+0l’, 
au —(a—b)y =3ab — b?. 


If av+by=c and w—y=1, prove that x(e—a)=y(b +e). 
If y=ar+b and x=py—q, prove that y(q—bp)=«(aq— 6). 
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58. Problems leading to Simultaneous Equations. 


Ex. 1. A man spent £15 in buying two kinds of tea, one kind 
costing 2s. 6d. per Ib., and the other 2s. per lb. Having mixed the two 
kinds together, he sold the mixture at 3s. per lb., and gained £4, 10s. 
by the transaction. How much of each kind did he buy ? 

Suppose that he bought « lbs. of the first kind, and y lbs. of 
the second kind ; 


then 1 lb. of the first kind cost 5 sixpences, 


creas: . ai 5x sixpences ; 
and 1 lb. of the second kind cost 4 sixpences, 
*, y \bs. - 5 4y sixpences ; 


‘. total cost of tea = (52+ 4y) sixpences. 
Now the total cost = £15 = 600 sixpences ; 


"0 Oe AY = COON, sacatecs. eae eke (a) 
Again, since 1 lb. of the mixture sold for 6 sixpences ; 
". («+y) lbs. = rf 6(@+y) sixpences. 


Now the selling price of mixture = £19. 10s. =780 sixpences ; 
. 6(a+y) = 780 ; 
. +y=130. (PB) 
Solving the equations (a), (8), we find that 
t= 80) 7 = 50) 
Thus he bought 80 lbs. of the first kind, and 50 Ibs. of the 
second kind. 


Ex. 2. The perimeter of a rectangle is 26 inches ; if the length of 
the rectangle is increased by 2 inches and the breadth diminished by 
1 inch, the area 1s unaltered. Find the length and breadth. 

Tf the length is « inches and the breadth y inches, the perimeter 
is 2(@+y) inches. 2 (0 +4) = 26, 

Df LOS a vain ys Pee a eee (a) 

Again, the area of the rectangle is zy square inches, and when 
the length is increased by 2 inches and the breadth is diminished 
by 1 inch, the area is («+ 2)(y — 1) square inches.’ 

Hence, since the area is unaltered, 

(+ 2)(y—1) =a, 
*, “y+ 2y-x-2=cay, 


Lo LY) SH! Ae tee ee eo (2) 
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- From (a) and (8), by addition, 


3y = 15, 

50 ESS 
Also from (a), #%+5=13, 
ee: 


The length is therefore 8 inches and the breadth 5 inches. 


_ Ex. 3. The 8th term of an arithmetical progression is 88 and the 
15th term is 63 ; find the first term and the 10th term. 


Let the progression be 


dy, (0+), (0+ 2d)... oceccdeees (See Art. 10) 

The 8th term of this series is a+ 7d and the 13th term is a + 12d; 
Pe S LES Srl iy hs Parser ee (a) 

QUEL RE = FO Sack ooh oda) ads deve edee ve (B) 


.. (@+12d) — (a+7d) = 25; 
DE = 2D 


~ a=d, 
Substituting this value for d in (f), 
G-T.5=88; 


*. first term a=3 
and 10th term =a+ 9d=34+9.5=48. 


EXERCISE XXV. 

In each of the examples 1-4, two terms of an arithmetical 
progression are given, and it is required to find some other 
term. 

20th term=58, 30th term=88 ; find the 10th term. 

11th term =72, 19th term=128 ; find the 24th term. 

Qnd term=a+1, 5th term=a+19; find the Ist term. 

7th term=v+17y, 11th term=v+29y ; find the 4th term. 


SA i Sod Pol 


Of two numbers twice the excess of the first over the second 
exceeds the sum of the numbers by 11, and three times the 
first exceeds the second by 49; find the numbers. 
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10. 


11. 


12. 


13. 


14, 


15. 


16. 


NATURAL NUMBERS 


The cost of 7 ducks and 9 chickens is 55s., and the cost of 13 
ducks and 5 chickens is 67s. What is the cost of a chicken ? 


A bag contains only crowns and shillings, the number of coins 
being 120, and their value £11. 12s.; how many were there of 
each ? 

A has 13s. 4d. more than B. Find how much money each person 
has if 3 times A’s money added to twice 6’s money just makes 
up £5. 

Of a certain room, 3 times the breadth is equal to twice the 
length. If the breadth had been 3 ft. more and the length 3 ft. 


less, they would have been equal. Find the length and breadth 
of the room. 


If 5 lbs. of tea and 7 lbs. of coffee cost £1. 3s. 4d., and 8 lbs. of 
tea and 3 lbs. of coffee cost £1. 3s. 8d., find the cost of tea and 
coffee per Ib. 


A number of two digits is 7 times the sum of its digits, and if 
the order of the digits is reversed, the number is diminished 
by 9. Find the number. 


A certain number, consisting of two digits, exceeds four times 
the sum of its digits by 3; if the number is increased by 18, the 
result is the same as if the number formed by reversing the 
digits were diminished by 18. What is the number ? 


In 10 years A will be twice as old as B was 10 years ago. A is 
9 years older than B. Find their ages now. 


A man bought 86 yards of cloth, part of it at 3s. 6d. a yard and 
the rest at 4s. 6d. a yard. By selling the whole at 4s. 2d. a 
yard, he gained 7s. 4d. How many yards were there at each 
price ? 

A man bought for £9. 6s. two kinds of tea, one of which cost 
2s, 4d. per lb. and the other 1s. 10d. Having mixed them he 
sold the mixture for 2s. 2d. per lb. and gained 9s. by the trans- 
action ; how many lbs. of each sort did he buy ? 


A and & have 51 coins between them, which are all shillings or 
pennies. A has 4 times as many shillings as pennies, and B has 
3 times as many shillings as pennies. A has 3s. 11d. more than 
twice what B has. Find what money each had. 
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17, Find the price of a package of cloth and of a package of silk 
if five such packages of cloth and eight such of silk together 
cost £251, while seven such packages of cloth together cost 

£8 more than nine such of silk. $ 


18, A man’s estate, value £15,000, is to be divided between his wife, 
son and three daughters, so that the widow shall have £500 
less than the four children together, and the son twice as much 
as each daughter. Find the share of each. 


19, A man agreed to sell 2500 tons of cement at 20s. a ton. That 
which he had cost him 15s. a ton. Not having enough, he had 
to buy cement at 22s. a ton, to fulfil his agreement. He lost 
£5. How many tons had he to buy ? 


20. During a tour, A and B pay respectively £a and £b towards the 
common expenses. In order to share the expense equally A 
pays £7 to Bb. Write down an equation connecting 2, a, b. 
If the total expense of the tour is £66, and if A pays £10 to B, 
what are the values of a and b? 


21. During a tour A and B spend respectively £a and £b. These 
sums cover the expense of the tour and also include £1 spent 
by A and £5 spent by B on personal matters. In order to 
share the common expense equally, A pays £z to B. What is 
the equation connecting 7, a,b? If A’s total expenses are £18 
and if z=2a, find the value of 0. 


22. A farm consists of arable land let at 20s. per acre and pasture let 
at 30s. per acre, the total rent being £350; when the rent of 
the arable land is reduced by 5s. per acre, and that of the 
pasture by 8s. per acre, the total rent is reduced by £90. 
Find how many acres are in the farm. 

93. Three times A’s age is equal to four times B’s age: in a years, 

| four times A’s age will be equal to five times 4’s age, and in b 
| years five times dA’s age will be equal to six times J's age. 
Prove that b=2a. 


24, A train travelled a certain distance at a uniform rate of speed. 
Had the speed been 6 miles an hour more, the journey would 
have taken 4 hours less; and, had the speed been 6 miles an 
hour less, the journey would have occupied 6 hours more. Find 
the distance travelled. 

N.A. I. a 
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25. 


26. 


27. 


28. 


29. 


30. 
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Two cyclists who have started from two towns 7 miles apart, find, 
when they meet, that each of their wheels has made 2880 
complete revolutions. Find the circumference of each wheel in 
inches, it being observed that 18 revolutions of the smaller 
wheel cover 11 feet more ground than 12 revolutions of the 
larger. 

A page of print contains 1300 words if in large type and 1850 if 
in small type. If an article of 37250 words occupies exactly 
24 pages, how many pages are in small type and how many in 
large type ? 

Seven of A’s equal daily journeys to town cover altogether a 
distance 11 miles more than do nine of Bs. But A’s daily 
journey will soon be 13 miles longer than at present, and then 
two of A’s journeys will in distance be equal to five of DB's. 
Find the number of miles in a journey of A and in a journey 
of B. 

A person having in his possession a certain sum consisting of - 
pounds and shillings observes that, if the pounds were turned 
into shillings and the shillings into pounds, he would gain 
£2. 17s.; but that, if the pounds were turned into florins and 
the shillings into half-sovereigns, he would gain but nine 
shillings. Find the sum he had. 


There are two samples of tea, one of them weighing 7 lbs. more 
than the other ; if they are mixed, and the mixture is sold at 
ls. 10d. per Ib., the value realised will be the same as it would 
be if they were sold separately, the heavier sample at 1s. 6d. 
per lb. and the other at 2s. 4d. per lb. What is the weight of 
each sample ? 


Two boys, A and B, have money consisting of shillings and 
pennies. A has twice as many pennies as shillings; B, who 
has fivepence more than 4, has three times as many pennies as 
shillings ; together, twice the number of pennies they have is 
equal to five times the number of shillings they have. How 
much has each ? 


A certain sum of money is to be divided equally among a certain 
number of people. If the number of people had been greater 
by ten, the share of each would have been smaller by 9s. 2d. ; 
and, if the number of people had been fewer by ten, the share 


2s 


PROBLEMS 99 


of each would have been larger by 18s. 4d. What was the sum 
of money to be divided ? 

32. A tourist travels for 5 hours by a train (Y), then onward for 
4 hours by a train (Y), and thus passes over 244 miles. He 
might have done the same distance by travelling for 1 hour by 
a train going 3 miles an hour faster than 4A’, then onward for 
11 hours by a train going 2 miles an hour slower than Y. Find 
in miles per hour the rates of the trains Y and Y. 

33. A says to B, “I am twice as old as you were when I was as old as 
you are; when you are as old as I am, I shall then be 7 years 
younger than twice your present age.” Find the ages of A 
and B. 

34. A room is such that, if it had been 5 feet longer and 3 feet 
narrower, its area would have been unaltered, and such that, 
if it had been 5 feet wider, it would have been a square. Find 
the length and breadth. 

35. The garrison of a town has provisions for a certain number of 
days, and it is known that if a thousand men were to leave the 
garrison the provisions would last two days longer, but that if, 
instead, a thousand more men were to join it the provisions 
would last one day less. Find the number of the garrison. 

[Observe that the number of men multiplied by the number of 
days must be the same in each case. } 

36. Given xry=(7+2)(y—1)=24, where w and y stand for natural 
numbers : 

(i) Prove that y=2(#+1). 
(ii) Find the sets of integral solutions of vy= 24, 
(iii) Which of these sets satisfy y=2(¢+1)? 

37. Find two natural numbers, 7 and y, which are pointed by the 
equation #/=(x2+9)(y —3)=30. 

38. A room 432 square feet in area is to be covered, all except a margin 
of 2 feet in width all round, by a carpet ; the area of this carpet 
is 280 square feet. Find the dimensions of the room, 

39. A concert room seats 600 people, the chairs being disposed in rows 
right acrass the hall. Five chairs are taken out of each row to 
provide gangways, and it is found that, keeping the total 
number of chairs unaltered, the number of rows has to be 
increased by six. Find the original number of chairs in a row. 
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59. Simultaneous Equations with three or more 
Unknowns. If three unknowns 2, y, 2 are connected by the 


uve equations Bf af He = BS ong RRR RE (a) 
i Aer ol ES hee Rea UA sn (B) 

by addition it follows that 
4 —y=19.. Eee bevel) 
Thus z and yare connected by the Brac Rouen ay. Aaaine 
to « the values 5, 6, 7, ... in succession, “the corresponding values 
OLY are ely 55; 9, ae ~ Giving to « and y in succession the 
values (6, 5), (7, 9), ..., and substituting these in either 


of the equations (a) or (f), the corresponding values of z are 
ko eee 
Thus the integral solutions of (a) and (8) are (6, 5, 3), 
(7, 9, 8), ..., and the number of solutions is unlimited. 

It will now be understood that the values of three unknowns 
cannot be determined by two equations. 

The case where three unknowns 2, y, 2 are connected by three 
equations will now be considered. In searching for a solution 
of three such equations, we may proceed by the method of 
substitution, or by the method of addition or subtraction ; in 
either case we begin by assuming that a set of values can be 
found which satisfies the equations, and that z, y, z have these 
values. 


60. Method by Substitution. 


Vix, Solve the equations ~ fy 4 22 = 80, 25. tes sagen. at eee (a) 
LA OY Ae = Oe ae shoes sae ee (P) 
BAY AR A, ois ov roe dane (y) 
From (a), Do = BE AY,” os kde acca (8) 
From (y), 2026 DY 6 = Bo gos sce ata ae ee (e) 

Substituting, in (@) and (ce), the value of 27 derived from (8), 
Det BY) +O Si oA) =a 08 one (¢) 
20 Y= (30 2 AY) we Si oo onae ait ean a eee (7) 

Simplifying (¢) and (7), 

SE OY Se ocr ceciocn ene (0) 
OY] et eae Pee rrieres Hen E MBE rosotoco ct () 


Multiplying each side of (A) by 8, 
48y: = Be. 640°.) con tees i uensectereees (1) 
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From (@) and (), by addition, we have 43y=86, .. y=2. 
Substituting 2 for y in (A), we find #=4. 
Substituting 4 for # and 2 for y in (y), we find 7=2. 


The above steps are reversible, hence the solution is (4, 2, 2) 


61. Method by Addition or Subtraction. 
Ex. Solve the equations 


TNO Mec tS =e) Mateascte nate sean cine ones eRe (a) 
POA SOY = LBA. ST... uke We Ree (B) 
irra Oe aN kee nse tenet sca she see (y) 


We choose an unknown, say y, and eliminate it between two 
pairs of the given equations, say between (a) and (y) and between 
(B) and (y). 

Multiplying each side of (y) by 2, 


Ope mal OZ Ory eet aa tomers neioee ae: (0) 
From («) and (6), by addition, 
1% — 7z= 35, 
Sat Hee Oe tua ca vasiAv ante iat ees thea ath: (e) 
Multiplying each side of (y) by 3, 
Shi 280] — hay FEA Un in danaee deere ar och (¢) 
From (f) and (¢), by addition, 
DY Oem BO, Ge aiercsghsor sand vodnesnstes (7) 
Multiplying each side of (e) bye Us 
Ligeal Werte. soit) whan Rees (0) 
From (7) and (@), by subtraction, me VGA ea, 


Substituting 2 for z in (e), we find #=7. 
Substituting 7 for « and 2 for z in (y), we have 
Sey Sb" Feal0) 


*. y=l. 
The first step in this process consists in deriving Byers (€) 
from equations (a) and (y) and in replacing («) and ( v) by (e) 


and (y), This step is reversible, for equation («) ean ne pee 
from equations (c) and (y). It can be shown (as in Art. 23) 
that all the other steps are reversible, hence (7, 1, 2) is the 
solution. 
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62. Exceptional Cases. Notice that in every case where 
an attempt is made to obtain the solution of a set of simul- 
taneous equations, we begin by assuming that a solution exists. 

Consider the equations 7+y=2 andz+y=3. It is clear that 
these equations cannot be satisfied by the same values of x and y, 
for x+y cannot stand for both 2 and 3 at the same time. Hence 
there is no solution, and the equations are said to be inconsistent. 

Again, consider the equations y-2%=3 and 2(y—-2r)=6. 
One of these equations can be derived from the other by an 
algebraical process. The two equations are therefore equivalent 
to only one equation: the equations are therefore said to be not 
independent, and the number of solutions is unlimited. 


Ex. 1. Show that the equations 


AE YS Oe. cis 3 eas eee ARE kee ee (a) 
Si SY RL De seth en centers ra ani (B) 
HOA Yi LO Von sven «tna eee eee (y) 


are “not independent,” and find two solutions. 


From (a) and (8), by addition, 4a—-y=19; thus, equation (7) 
can be derived from equations (a) and (f), and the given 
equations are not independent. Two solutions of these equations 
have been obtained in Art. 59, namely (6, 5, 3), (7, 9, 8). 


Ex. 2. Show that the equations 


eA Ret Noy eA ere INES SE SBEHOME cb Oa. one xc (a) 
CH ets oh fea de WY peed a Re Mn ARM aR 25-5 (() 
YEU =WLO eevacdieaseic eee Oe (y) 


are “inconsistent.” 


From (a) and :(f), by addition, 4e-y=19. Now (4¢-y) 
cannot denote 13 and 19 for the same values of « and y, hence 
the given equations are inconsistent. 


EXERCISE XXVI. 


Solve the following sets of simultaneous equations : 

1. v+y=23, 2. v+5y=46, 3. 2c+7y=48, 
y+z2=25, u+ 2y = 22, oy — 24= 24, 
Z2+u=24, + 32= 338: w+y+2=10, 
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ra. x—(y+z)=4, 6. «#+y=3e+4y—-23. 6. Tr—5y=1, 
“+(y+z)=16, 5v—3y=5, 4y —32=1, 
y+5z=10. - “&+2y+32=35. og— 8n=1. 
7 «w+y+2=9, 8. 2r7+3y=4z, 9. y+2-—xc=19, 
2n —y+-2=8, 3a+4y=524+4, z+a2—y=15, 
—Yy=2z. 5a —3z=y — 2. uty—Z2z=7. 
10. 34+2y —32=4e—22=5x —3y=10. 


14. 


15. 


16. 


6(5e —62)+3=3(2y+2—327)4+12=3y=5z. 


If 34@+7(y—2z)=59 and 5c—7(y—z)=5, by what number does y 
exceed 2? 


Noticing the result in Ex. 12, explain oy no solution exists for 
the equations 
30+ 7(y—z)=59, 5e-—T(y—z)=5, y—z=10 
What are such equations called ? 


If w«+y+2=25 and 6x —y+z2=46, 
(i) prove that 5x2—2y=21. 
(ii) By giving integral values to x, find solutions of the equation 
ba —Qy=21. 
(iii) Find three integral solutions of the equations 
“e+y+z=25 and 6c—y+z2=46. 


Tf w+y—z=2 and 5x4—-2y—22=24, 
(i) prove that 3a —4y=20. 
(ii) Find three integral solutions of 3x7 —4y=20. 
(iii) Find three integral solutions of 
a+y-—2=2 and 5v—2y—22=24. 
(iv) How many sets of values of 7, y, 2 which are natural numbers 
satisfy the last two equations ? 


By choosing one of the unknowns and eliminating this letter 
between two pairs of equations, prove that 
(i) 4a+3y—22=4, 52—-x%-2y=10, 42+10%+5y=32 are not 

independent equations. 

(ii) The equations #+2y-—z=4, 7e—5y+z=5, 1l0w+y-2z2=22 
are inconsistent. 

(iii) The equations w+y+z2=23, 4yt+z2—-x=18, 4u-—y+2z2= 
are inconsistent. 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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A and B have £22 between them, and B and C together have £30, 
whilst Cand A have £28. How much has each ? 


A, B, C, D are four stations on a line. The distance from A to C 
is 8 miles, and from B to D is 12 miles. Also the distance from 
C to D exceeds twice the distance from A to B by 1 mile. How 
far is D from C? 


A and B are consecutive milestones on a straight road. Y and Y 
are two points on the road such that AY exceeds AX by 100 
yards and YB exceeds XY Y by 60 yards. Find the distance 
from Y to B in yards. 


A nunber of three digits is such that if the order of the digits is 
reversed, the number is diminished by 99, also the sum of the 
digits is 14, and the middle digit is equal to the sum of 
the other two. Find the number. 


When » has successively the values 1, 2 and 3, the corresponding 
values of the expression aa?+bx+e are 18, 45 and 86. Find 
the values of a, 6 and c. 


When w has successively the values 2, 3 and 4, the corresponding 
values of the expression av?—bx—c are 9, 30 and 61. Find the 
values of a, b and ec. 


When w and y have in succession the following values : 
Ol) Bae =3}, Chi) BS8s y4). Gii) 7=3, y=5, 
the corresponding values of the expression 
ay — az —by +e 
are 3,7 and 9. Find the values of a, 6 and ec. 


In a factory there are employed in one week 57 men, 14 women 
and 10 boys, the total wages for the week being £84. 5s.; 
the next week 60 men, 17 women and 11 boys are employed, 
the increase of wages amounting to £6. 5s.; if two women 
receive as much as a man anda boy, find the weekly earnings 
of a man, a woman and a boy respectively. 


A dealer exchanges 10 sheep and 17 lambs for 5 pigs and £28. 9s. 
cash ; in another exchange he gives 8 pigs for 2 sheep, 10 lambs 
and 12s. cash: in a third bargain he gives 3 lambs, 1 pig and 
£4. 15s. cash for 4 sheep: what is the value of each sheep, each 
lamb and each pig ? 


CHAPTER VIII. 
LAWS OF DIVISION. 


63. The Laws of Exact Division. If a and d stand for two 
natural numbers, and if a natural number z can be found such 
that zb=a, then a is said to be (exactly) divisible by 0, and a is 
written in any of the forms a~, ; or a/b. (See Art. 15.) 

Here we shall consider only the laws of exact division, and the 
letters will be assumed to have such values that all the divisions 
imdicated can be performed. 'The operations indicated in a.b.c, 
a.b+c, 4+b~+c are to be conducted in order from left to right 
(unless it has been proved that the order does not affect the 
result), and a bracket is to have its usual meaning: thus (a+b)c 
means the same number as a+b.c, and a~+(bc) means that a is 
to be divided by the product bc. 

From the definition of division, it follows that the equations 
a=be, a+b=c, a+c=b all mean the same thing; thus the 
equation «= be can be written in either of the forms 


@ a 
a OL) ==0, 
b C 


In particular, from the equation a=a.1, it follows that es 
» a 
and 17% 
The Fundamental Laws of Multiplication and Division are 
the Commutative, the Associative and the Distributive Laws, 


and on these laws all such operations depend. These laws are 
considered in Arts. 65, 66, 69. 


64. Multiplication and Division are Inverse Opera- 
tions, By the definition of division, 
(ab +b) b=ab=(a~+b.b)b; 
. ab+b=a=a-—b.b. 
Thus, to multiply a by 6 and divide the result by }, or to divide 
a by b and multiply the result by }, is to leave the number a 
unaltered. Hence, multiplication and division are inverse 
operations. 
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65. The Commutative Law. This law asserts that: 


In performing a series of operations, which may be either nvultipli- 
cations or divisions, the result is not affected by the order in whach the 
operations are conducted. ‘Thus 


: 5 74 4 . &@ ,_ac 
(i) at+b.c=a.c+b or PF.cHy, 


(ii) a+ b+c=a+e+b or 


Proof of (i). Let a+b=«; then, by hypothesis, is a natural 
number, and a= xb. (Def. of Division) 
Multiplying each side by ¢, 
ac = xbe = (xc)b. 
Dividing each side by 8, 


ac+b=ac=a~b.c. 


Proof of (ii). It will first be shown that a+b+c=a~ (be). 
Let a+(be)=a@; then, assuming that # is a natural number, 
we have 


a=7(bc) = (ac)b. 
Dividing each side by », 
a+b=2e. 
Dividing each side by ¢, 
a+b+c=u=a+(be). 
It can be proved in a similar manner that 
: a+c+b=a~(cb), 


and since be =cb, it follows that a~+b+c=a+c+b. 


66. The Associative Law. The Associative Law for 
addition and subtraction is contained in the identities : 


at+(b+e)=a+b-+e, a-(b+c)=a—b-—e, 
a+(b—c)=a+b—c, a-—(b-—c)=a—b+e. 


If in these identities we replace the signs for addition and 
subtraction by the signs for multiplication and division, respec- 


ASSOCIATIVE LAW 107 


tively, we shal] obtain a statement of the Associative Law for 
Multiplication and Division. This law is then contained in the 
formulae : 

(1) a(be)=abce, 


a 
eA 4, igh Boke a_b 
(11) ay (be) =a —b =—C or be o’ 
eat : = " ; b_ab 
(i) a.(b+c)=a.b=+e or aco 
i ~(b+c)=a~ ote 
(iv) a+(b+c)=a—+b.c or bb 


The Proof of (1) is given in Art. 26 and that of (ii) in Art. 65 (11). 


Proof of (iii). Let b+c=a; then, by hypothesis, « is a natural 


number, and b=20. (Def. of Division) 
Multiplying each side by a, 
ba = x0 ; 
pe dO == 006, (Commutative Law 
Dividing each side by e, Jor Multiplication) 


ab ~c=ar=a.(b+c). 


Proof of (iv). Let b+c=«; then, assuming that w is a natural 


number, b= 20. (Def. of Division) 
Hence it follows that a+b=a~(a) ; (Rule for Equalities) 
. d+b=4+0+06. (Identity (ii) above) 


Multiplying each side by ¢, 
a+b.c=a+un=a+(b+e). 


It may now be shown that if all the divisions indicated can 
be performed, the brackets can be removed from such expressions as 
a.(b.c+d+e) and a+(b.c+d+e) by a process similar to that of 
removing the brackets from a+(b+e—d—e) and a-(b+c-d-e), 
the sign x replacing +, and ~ replacing — ; thus 

a.(b.c+d+e)=a.b.c+d~e, 
a+(b.c+d+e)=a+b+ce.d.e. 


Also, the Commutative Law, as stated in Art. 65, can now be 
established for any number of multiplications and divisions. 
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67. Important Theorems on Exact Division. 


a ax 
Theorem 1. be 
Proof. (ax) + (bx) =a.a+b+a% (Associative Law) 
=.0+4+b (Commutative Law) 
=a+b; (Art. 64) 
a as 
bbe 


3 : at eee: 
Such an expresion as jp May therefore be simplified by removing 


any factor which is common to the diwidend and dwwisor. 


a et i 
Theorem 2. by by 
Proof. (a+b). (e+y)=a+b.n+y (Associative Law) 
=A.0+b+y (Commutative Law) 
= (au) + (by) ; (Associative Law) 
OD On : 
boy” by 
Theorem 3. i = : a aa 
Proof. (a+b)+(a+y)=a+b+u.y (Associative Law) 
=a~(bx).y (Associative Law) 
= (ay) + (bx) ; (Commutative and 
ae ay Associative Laws) 
bs 


68. Index Laws. The following examples are instances of 
Fundamental Index Laws : 


Ex. 1. Prove that 0 ~ a? =95-2, 


a + a = (avana) + (a0) (Def.) 
= (xara) (aa) + (ara) (Associative Law) 
= ram 


= 9-2, 
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are 
Ex. 2. Prove that () a 
(or ¥P= (er yery) (Def) 
=UTY.ULY (Associative Law) 
=£2.L+Y+Y 


(Commutative Law) 
= (xr) + (yy) (Associative Law) 
= 22+ 9. 


The argument in the above examples does not depend on the 
particular numbers chosen as indices so long as the operations . 
indicated are possible. We are therefore able to state the 
following Fundamental Index Laws : 

If m is greater than n, then 


m n n 
i) S_~=ym-n, (ij) (=) a 
x y 
pent: 9a%b 
Ex. 1. Simplify aap | 
The H.c.F. of the dividend and divisor is 3a?b, and 
9a%b — (3a)(3a*b) 3a PPT i ee al 
6a2b4 = (263) (Bub) 2b* (AT EL, Aer 
to mate: Lda . baby 
Simplify SUR ars 


Ide, 2 


i ee ee) Art. 67, Theorem 3 

The given CEPTERSIOT = i sia3y (Bay) (Art. 67, Th ) 
_ 15.6. aPary? 
~ 5.12. arbasy 


la ea (As in Ex. 1) 
Ex. 3. Simplify 
(i) (a+b)? (ii) 6a? + 12ab 
a? — b2° 


«+ (a3 — ab )? 
oe (ii) “(Bat 2b) 
nero (a+b) = G40 
0) @—P ~ (a-b)(a+b) a-b 
... 6a7+12ab 6a(a+2b) 6a 
(it) a—40? ~— (a—2b)(a+2b) a-20 
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sony, (08D = O08)? {COC 0" ))} 2 ae (GO) 
(0) “Gay ab?~ {24h}? — 4a +op 
ab? (a — b)? (a +b)? 


4(a+ by 
_ a2b2(a —b)? 
“oe. 


+b 6a a?b?(a—b)? 
=) Gai 

simplified unless the values of a and b are known: here, these values are 
supposed to be such that the divisions can be performed. 


: a 
Nore. The expressions cannot be further 
a 


EXERCISE XXVII. 


Note. Letters, of which the values are not given, are supposed to have such 
values that the operations indicated are possible. 


Simplify 
2ab Qatys 6 (ay)? (8ab?)3 
ct Oe & 4a3y” a Qatyt ” Bs 9a2b> - 
5 2 (ay?) 25a?b3ct, 14a%b%c? 3 10a2(b+c)8 
ay * 15a4b5c’ * QMabe " 5a3(b+e)?" 
9 apP(aty (ayy 0 e(Qe+y) W 2ab S 4ed 
"  vy(a+y)(e-yy " Wa+y)v® VE 3e 8b 
152y  8yz" 4ny7 | 3xy 3ab 4ab? 
beta L0xy” " QarrapP2r ~ Bye? te at+ab De 
ay? +274? + Wey (a? — wy ig ab? — arb ab +ab? 
16. 7 0 ANG Sore Iss = re 19. ee 
ett Dae Qu?(@—1)-—x+1 (~—2)? -24+4 
20. e+e AE x—l et See a) ; 


23. xb ee ee 94. x(b _ eve? + 2(b — c) 


25. Remove the brackets from 
: are 2 eae: ma 20 38y 42 
(i) ba ( e+ 5). (ii) 12(S+2 ‘). (iii) abo( 2 4 BY — a 


(iv) op (Sere). (v) 10(% ==) 
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26. Simplify 


ee De aD: FO ar beN\ (abc? 
BX ad od Ci) (Sx ma) +(e ae) 
cavetite re Tae ee . 4} SNS Ts CON 
Gh) a” aw \zw? we) a) yx (E+ ) x 
Loe eZ ee . =) : cae im n? 
@ (= | tp a np” p De ae Up xx) 


27. By means of the identity 


—b*=(a+6b)(a—b), 
simphfy the following : 


te — 1 Ren OMI =o ne Cleo : 1+w)?-4 
ee 
(w7+1P—-(x%-1) vey a ab — a 
(v) Oe : (vi) y—@+2) : (vii) 
.... 9ath? — 4a*b4 .\ (ab +ab?)? f 9x? — dy? 
ox 3a8b2 + 2a2b* Ce) (e-by° Ottis Ba+2Qy- 


28. By means of the identities 
(a+by=a?+2ab+b? 
and (a—6)?=a? —2ab+ b?, 


simplify the following expressions : 


’ 6(a+by Be (2a— by 
(i) Qa? + dab + 2b" (ii) 4a? — dab +b? 
a Elana Gy (x? + 5y2)( 2x? + 10yz) 
) 3a? 2 Gab + 3b a+ 1lOa2ys + 25y22 * 
(v) a+ 2ab+ 6? _ a? — 2ab +b” 


a+b a—b 


29. Of what expressions are the following the squares? Verify the 
results by substituting 1 for a : 


ea) Sy 16 100 


(i) 1+ + (ii) 25a +— 5 — 40. (iii) aa a eat pore —<, — 20. 
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30. By means of the identities 
a +b =(a+b)(a?— ab+b?) 
and a?—b?=(a—b)(a?+ab+6?), 


simplify the following expressions : 


é OU eee, @ = = EE 
abet a) ae coe 
w.., 6403 +4+27y3 : 823-1 atb+abt 

Mata OG ag ee 


Ge ee vy LOM? —9y(e@+yY) . 2x3 — 327+ 44 —6 
31. Simplify (i) Bak ya Hy)’ (ii) eae te a 


69. The Distributive Law. The complete statement of this 
Law is as follows: 


(i) (a+b)e=(ac)+(be). (ii) (at+b)+e=(a+c)+(b +c). 
(ill) (a—b)ec=(ac)—(be). (iv) (a—b)+ce=(a+c)—(b+e). 
(v) c(a+b)=(ca)+(cb). (vi) ce(a—b) = (ca) —(eb). 

Identities (ii) and (iv) m aes also be stated thus : 
atP— a iy) a~b_a_b 
(i) ary (Sages 18 


Identities (i), (111), (v), (vi) have been proved in Arts. 12, 33. 


Proof of (ii). By hypothesis a +¢ and )+¢ are natural numbers, 
. (@+¢+b+c)¢c=a+e.c+b+6.6 
=at+b. (Def. of Division) 
Dividing each side by ¢, 
a+c+b+c=(a+b) +e. 
The proof of (iv) is similar to that of (ii). 


It is important to observe that if a, b, ¢ stand for natural 


numbers, 
c+(at+b) is not equal io (ec+a)+(e+b), 


: ae pe C6 
1.0. — > 4 2 —+—,. 
a+b not equal to ams 
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In order to prove this, it is sufficient to show that the 
expressions are not equal for any particular set of values of ¢, a, 0. 
Thus, if c=24, a=2, b=6, we have 
C+ (a+b) =24 +(24+6)=24+8=3, 
(c+ a) + (¢+b)=(24+2) + (24+6)=124+4=16; 
*, ¢+(a+D5) is not equal to (c+a)+ (c+), 


that is to sa © is not equal to £ 
Y> a+b ‘4 ris 


In the same way it can be shown that 


g 
5 


is not equal to £5 


c 
a-—b b° 


70. Important Theorems. 


a e ayt be 


Theorem 1. aa ea: 
y Yy 
a LR a 
Proof. nee and ea bap? (Art. 67, Th. 1) 


a a ay. be 


ve Toe + ‘a (Rule for Equalities) 


y ij > 
mm a (Distributive Law) 
DY 
a 2 ay—be 
Theorem 2. ae 
y iby 


The proof is similar to that of Theorem 1. 


Notre. In theorems (1), (2) we have expressed @ 4” and 37 ” each as a 
single term. y Y 


Ex. 1. Express each of the following as a single term : 


Md, De rf 12 ee Me on : b? 
~—+--= f= ae bat 
(i) ae (ii) 5 ae (iit) | ate (iv) soe emery; 
yh aoe ake) (Distributive Law) 
GL @ a“ 
(iy 5_ 12 Be 12 5a-12 


L x x au 
NSA. Le H 
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v 


zab 


xbe 


(iii) y yeu 


+ 
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abe — yea + zab 


¢ abe abc abe 


h2 


b 


(iv) 


at+tb+ 
“ 


(a+b)(a—b) a 


abe 


b2 


= G20 


a? — b b? 


G0 


a—b 


Bu? + Lay 


ay + ¥? 
4X : 


BY 


Ex. 2. Simplify 


The given expression = 


a). 


a(du+4y) y(zt+y) 


4¢ 


_dat4y vty 


4 3 
_ 3(3x + 4y) 


By 


4(u+y)* 


1) 


_ (9%+ 12y) —-(4 


12 


w+ 4y) 


12 
dat 8y 
ante 


*In this step the number 12 is chosen as being the L.c.M. of 4 and 3. 


mee g(tee 6 
d ae ( Vi -8) 
Ex. 3. Simplify (i) nee (ii) a 
ee yo 
ah) ad + b¢ ad + be 
‘i ied. et bd ea _ ad + be 
@ ce  ad—be ad — be hd © Ge be 
b ad bd oF ) 
cee eae 
othe iw bs bod ad + be 
a ¢ é ) hd ad — be 
i a! bod 
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D2 gp on whe 
aCe) w(E-1) EG) 
ger te ee ce 


2g 24 24 
y i] y 


EXERCISE XXVIII. 


Express each of the following as a single term : 


1 ee. 2. a= e a opal 
We c y 
4 Bae i, 38432 6 eee 
x Gu, 
3 9 4 48 y @ 
DA a 38x x > 
ieee he sae ee ob 
DAO a-1 a—3l 
Simplify the following : 
Gi Hp a+2b° a—30 
3) a persey 7 pei 14, <4. == a P 
Qa?+3ab 362—4ab Qe+y Qu —y 
135, > manasa L6hese 5 aes 
3x 5(382 — x+2y 3x Qu + 3% 
17. Sir Fy) — 232 y) 18.” + Y CRG. Wp y 
7 2 2 3 4 
2-1 ,3%-1 527-1 a—8c 3(e—2b) 3a—5b 
19. 3 + y ak 20, = Z F 2 
a-2 a-8 a-4 a--6 9r—3 3a-5 5a+38 Ta+5 
al. > 3 4 Cale. 22. —s 5 6 snow 
4a 3a 7a 3a 
8¢-3 47-4 i 4u4+8y 2x+4y 
a 3a 5a ee 3a7y 
: w+ us Qe+2 4r4+4 26. v— By a (vw —3y)” 
b(2a+6) b(2a —b) 
27, a+b— oe 28. a—b+ a 
4a(a+b) 3a (46 — 3a) 


29. 2a+6- ne ee 30. 3a—2b+—, 7 a 
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6 9 12 4a 
or. @+1* (@tly WE a—-1 @-I?+a 
y ; oie 
33. a+y+ age 84. bi +ayty?+ ye 
8a? 5 ou o +3ab+ 46?) 
30; 2a+b — Ga oab 36. a +2ab+b weer 
37. a2?—2ab+b2+ ae ea) 38. ae dab. 
ee 
39, 4. 40, “ety Ana: 
b : x x 
= 1+-— -—] 
8 y y 
joey) sia 1 yer 
42. i_——. 43. ae ee 44, ; 
ee od 1 9--, L+— 
One a YZ 
9 4.2 2 
45. (14% sot a) oe 


46. Express by means of algebraical symbols the following directions : 
“ Subtract the product of 24+3b and 3a+ 46 from the product 
of 34+2b and 4a+36, and divide the difference by three times 
the sum of @ and 6.” 
Find the result in its simplest form. 


71. Rules for Equalities and Inequalities. 
If a is divisible by b and x is divisible by y, then 


a = x 
; >=or< v 
according as ay > = or < xb. 


Proof. (i) Let ay>xb; then since the character of this 
inequality is unaltered if each side is divided by by, which is 
the same as yb, (Rule 6 for Inequalities, Art. 22) 


ee 
* bys yb’ 

as 

by 
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(ii) Let ay=«xb; dividing each side of this equality by by, 
ay xb cs) tO Ae 


by yb? 


(iii) Let ay<zb, then as in (i) it can be shown that ; 


Conversely, ay > = or < xb according as - > = or -< a 


x 
Ry 
y 


This follows from the preceding, or we may proceed as 
follows : 


Proof. (i) Let ae, then since the character of this in- 


equality is unaltered if each side is multiplied by by (which is 
the same as yb), 


7 (by) a 7) ; > “> xb. 
The other cases may be proved in a similar manner. 


Ex. 1. Find x in terms of a from the equation = 3 


Multiplying each side of the given equation by 2z, 


6 a 
st ae : igh. 
phot) = 5 (22) 5 .. 12=a2. 
Ie a , 12 ' 12 
Dividing each side by a, pigs ae Jeter 


: ‘ ; (2% 3 A 
This process is reversible ; hence — is a solution, and is the 
only solution. a 


Ex. 2. Solve the equation 


Multiply each side by 30, the L.c.M. of the divisors 5, 3, 6. 
30a + 22 (3a +1) — 32(2x — 1) = 360 -- 3,2 (7 + 16) ;* 
*, 302+ 6(32+41)- 10(Se" 1) = 360 —- 5(x+ 16), 
and the solution can be completed as in Art. 47. 


* This step may be omitted in practice. 
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72. Fractions. When a is not exactly divisible by 0, ; 


belongs to a new class of numbers called fractions, whose 
properties will be considered later. Here, it is sufficient to re- 
mark that in Arithmetic, + of 10 units means the same as (10 +5) 
units and 2 of 10 units means the same as (10+5 x3) units. 
The expression 4(7+2) will be taken to mean the same as 
(w+ 2)+5and 2(@+2) will mean the same as (w+ 2)+5x3. In 
all such cases, 1t will be assumed for the present, that the letters 
have such values that the divisions can be performed. 


Ex. 1. Solve the simultaneous equations 


7 (2x — 3y) + (8 = OY) =O ncn eee (a) 
Flot 8y) —S(ety)=2. adediyineadopet ere (B) 


Multiplying each side of (a) by 14, 
2 (2% — 3y) + 7 (3a — 5y) = 84. 

Simplifying this equation, we have 
Digit iy 8d Lee te eee (y) 

Multiplying each side of (6) by 12, 

9(a+ 3y) - 8(a@+y)=24. 

Simplifying this equation, we have 

etal D7 Ae cars rarset tis ET (8) 


From equations (y), (6), we find that ~=5 and y=1; the 
solution is therefore (5, 1). 


Ex. 2. Find x and y in terms of a and b from the equations 


oY 
at pet iiibic Den Coos a) ad ease eee (a) 
B= YOU, ra Srncheeror se Sores (PB) 
Multiplying each side of (a) by ad, 
BF + OY = GOGO) iota vente ee (y) 


Multiplying each side of (8) by a, 
Od Oy = ONO 'b2 Na aera on, eee ee () 


FRACTIONAL EQUA‘TIONS 


From (y) and (6) by addition, 


ax + bu =ab(a +b) +u(a2 - 0B); 
. &(a+b)=(a+b) {ab+a(a-b)} ; 
*. a(at+b)=(a+b)a’; 
.. e=a*, 
Substituting a? for x in (8) we see that 
y = 02. 


EXERCISE XXIX. 


Find « in terms of the other letters from the equations : 
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G0 See See 6 a 
eae, 5 SS 3. ==. oS 
i Oe 3 ene 3aa $ Tf Se 
ei! are Wee Ota isha e Bene 
a c a e Le a 
Solve the following equations : 
LP ee gee Oe 27+1 £+6_ 
9, g% gt ti=e—5. 10. Sar fa 5 =f — 9, 
ew-1l. #-12 HOA ibaedl Po) 
11. aq T ll —2. 12; Sai = eed —1. 
1 3 1 
13. 3(@-1) +7 +1)=6(5¢ +13). 
2-2 v4+23 104+2 “+2 @+53 @+8 “+9 
Cee Aw BS a ee co a0 
] 1 
16. S(et1)+5(v+2)+4(et3)=16. 


eel 1 yg 
gt t 5 (ee +1)—F(w7-4)=2(@ —9)— ia” 


1 1 1 
18. ge — 11) — 5 (@-D)=zg (11-1). 
3@v+1 B2xr-1 eee 16 
19. «+ ae 2 ee 


3 1 5 
2 (On — =(3¢—7)==(e-+-5)+4 
; 5 (20 1)+-(30 —7) 5( ) 


24+3 
go 


: 9 
, “(r+ 1) — 5 (42 -5)=r+1. 
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3(20—9) 2(@-11) 4v-47 


= Hal uf Se 


23, 2(7v-3)-2(6x+1)=5(0+2)-8. 

24, 5(20—1)(0+2)—5(30—2)(n+1)=2. 

25. w+ 2(7v—8)(e+8) —3(2n—3)(5e+2)=10(7+ 1). 

26, (80 -9)(0 +3) —5(Br-+1)(2r—7)=(@ + 5 +23, 

27. De(w+1)(5e—2)(5r 8) ~} (8x ~2)(2n—1)(6x-+7)=52—7. 


28. (x- 1-5 (0 ~ 2) — E(w 8)(2e + 7)(20 +9) =! 25u+4, 


Boel ef 

29, 32-5, 30. 5+5=20, 
ces sg i= 
ome: : 4° ns 


31. 40—5y-1=5(77—8y—3)=10. 


32. a0 —S(y 20) =1 ; Qy — 3 (10x ~y)=19. 


Tw+3 _by~7_Qv+3y—5 


er: 4 3 
al OY Ly 
34, eas 5 =e 35. osha +4, 
2Qy — = 
Qn 531 Qype =20-2 
GMM PaO BUR) 2 Bo 
SO Sara eno Seg Po ee 
ae re ie BY — 2 4y —x# 
3 + 3 = 29. 7h +1= 5 


38, (7+2)(y—3)—(#@+4)(y—5)=10, 
Ty—6v _5e—3y 


3 ee 


B00 


39, 2-3 (y- 2—1)= 25s +y— “7 


=2. 


UNITARY METHOD - 121 


Find the values of # in terms of the other letters from the 
equations. 


40. awt+b=8ar+e. A ee Eee 
b a 
poe eS ee, 
a i eh 
fee, a(a—a) b(b+a) _ 
44, het - Pe 45, b ai 
uth 5a-—a@ an ab bea 
46. ae a+b: ai. 7~G+b a->b @—-e 
ae arn» b+a 
b a 
49. (v+2a)(v+b) —(@+a)(x7+2b)=(a+b) (a — 2b). 


50. 


51. 


53. 


54. 


a(“e—a—2b)+¢(v—ce—2a)=b(6+2c—x). (See Art. 37.) 


Find the values of v and y in terms of the other letters from the 
equations. 


pet+qy =r. BOP ee os =Y _UTy 
gat py =r. ree Bao ears Bi P+ 
ce aes ge 2(b+c)xa —(a+c)y=4c(a—Db). 


a—c b-e 


(a —b)(a7+2y)+(at+b)(Qa+y)=e. 
(a+b)(7+2y) + (a—6)(2Qa+y)=a +2ab?. 


73. Examples on the Unitary Method, and Problems. 
Ex. 1. Jf « oranges can be bought for y shillings, what is the 


price im pence per score ? 


x oranges cost 127 pence ; 


a 
1 orange costs —~ pence ; 


2407 
The price is therefore ——" pence per score. 
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Ex. 2. Express in fect per second the speed of a train whach, 
running ata uniform rate, travels x miles in y hours. 


In y hours the train travels x miles ; 


palling x00 5< GO seconds! cacnaatemnener ax 176003 tte: 
mdi LSC CON Cae wen teen toe ee ft. 
_ 2x22 
agin 
; 22¢ 
The speed is therefore ify ft. per second. 


Ex. 3. By selling a horse for £43 and one third as much as tt 
cost, a man gained £5. What was the cost of the horse ? 


Denote the cost price by £2, then the selling price was 


© 
£(434+3) 5 
and since the gain was £5, 


(43 +5) —v%=5) 5 


2 Eee 
: 43 +5 =. 


.“. gain in pounds = (43 25 3) =f, 


Multiplying each side by 3, 
(1294+a-3¢=15, 
whence «=57, and the cost price was £57, 


EXERCISE XXX. 


1. Find the cost of (i) 60 apples at # pence per dozen ; (ii) y apples 
at w pence per dozen. 
2. If « apples cost y pence, (i) how many can be bought for a 
sovereign ? (ii) what is the cost in shillings of z apples ? 
3. How many hours does it take to walk 
(i) w miles at the rate of 3 miles an hour ? 
(ii) w miles at y miles an hour? 


4. 


12. 


13. 


14. 


15. 


16. 
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In w hours a man walks y miles : 
(i) At what rate does he walk in miles per hour ? 
(ii) How many yards does he walk in 20 minutes ? 


If a train runs at the rate of w miles per hour what is its speed in 
yards per minute ? 


. Aman is walking at the uniform rate of m miles per hour: in 


how many seconds will he traverse 7 yards? 

If xv ounces of silver are worth y shillings, how many penny- 
weights of silver are worth z pence? 

If a clock gains w seconds in 24 hours, in how many days will it 
be y minutes fast ? 

A rectangular court « ft. by 7 ft. is to be paved with bricks each 
ain. by bin. How many bricks are necessary ? 


It takes 7 bricks each a in. long to pave a square court whose side 
is x feet. What is the breadth of a brick ? 


. A wall which is p feet long and ¢ inches thick contains & bricks ; 


each brick is a inches long, 6 inches broad and ¢ inches thick : 
find the height of the wall. 


If w« men take y hours to mow a certain field, (i) how long will 
one man take to mow the field? (ii) how long will z men take? 


If « men take 15 hours to mow a certain field and 10 men take y 
hours to mow the same field, what is the equation connecting 
wand y? 

A room is / ft. long and 6 ft. broad. 

(i) How many yards of linoleum 6 ft. wide are required to cover 
the floor ? 

(ii) Find the cost in shillings of the linoleum at the rate of z 
shillings per yard. 

A room is / ft. long, 6 ft. broad and / ft. high. 

(i) Find the area of the walls in square yards. 

(ii) Find the length in yards of paper ¢ ft. wide required to 
cover the walls. 

(iii) Find the cost in shillings of this paper at the rate of ” pence 
for 12 yds. 

If a men reap 4 acres in ¢ days, how many acres will p men reap 
in g days? 
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18. 
19. 


20. 


21. 


22. 


23. 


24. 


20. 


26. 


27. 


28. 


29. 
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If 10 horses eat a bushels of corn in 6 days and 15 horses eat 
y bushels in 2 days, find the equation connecting w and y. 


What sum of money exceeds its sixth part by £10? 


What is the sum of money such that its half exceeds the difference 
between its third and fourth parts by £10? 


A post is a quarter of its length in the ground, a third of its 
length in water, and rises 10 feet above the water ; what is its 
whole length ? 


There are two numbers whose sum is 125. Also # of the one 
number exceeds 2 of the other by 13. Find the numbers. 


A number is divided into two parts; the difference between the 
parts is 5, and two-thirds of the smaller part is less than three- 
fourths of the larger part by 8. Find the number. 


Divide 100 into 3 parts such that 2 of the first part, } of the 


second and 3% of the third are all equal. 

A man buys 2 of an estate at £12 per acre, and the remainder at 
£20 per acre, and, by selling the whole at £18 per acre, he 
makes a profit of £500 ; find the size of the estate. 


Find a number of three digits, each digit being greater by unity 
than that which follows it, so that the excess of this number 
above one-fourth of the number obtained by reversing the digits 
shall be 36 times the sum of the digits. 


A bag contains a certain number of gold coins. Half its contents 
and half a sovereign more are removed. Half of what remains 
and half a sovereign more are then removed, leaving £5 in the 
bag. Find how much the bag contained originally. 


A man sold a horse for £35 and half as much as it cost him, and 
by doing so gained £10. What was the original price of the 
horse ? 

A has 6 more marbles than B. If A were to give one-third of his 


marbles to B, B would then have 10 more than A. How many 
has each ? 


A had £50 more than B; A paid a third part of his money to B, 
and B paid back a fifth part of what he then had: the result 
was that B had £30 more than A. How much had each at 
first ? 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
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Find two numbers, whose sum is 620, which are such that twice 
the smaller number exceeds the greater number by one-seventh 
of the smaller number. 


A party consists of men, women and boys ; the men are one more 
than one-sixth of the whole party, the women two more than 
one-quarter of the whole, and the boys five more than one-half 
of the whole. How many are there altogether ? 


A man has a certain sum of money ; he pays a bill for £1. 3s. 6d., 
and gives away half of what he has left ; he then receives £2, 
and finds he has 6d. less than he had at first. Find how much 
he gave away ? 


A bill of £5 is paid partly in English shillings and partly in 
French francs. If the number of shillings were decreased by 
one-third, the number of francs would have to be increased by 
one-half. Find the number of each assuming that twenty-five 
francs are equal in value to £1. 


Two men, 4 and B, play at cards ; if B wins 12 shillings, he then 
has three-quarters of what A has; but if, instead, A wins a 
sovereign, he then has four times as much as B has. Find how 
much money each starts with. 


A man walks 18 miles from A to B in 4 hours and 34 minutes, — 
and does the return journey in 4 hours 50 minutes ; walking 4 
miles an hour on the level, 3 miles an hour uphill and 5 miles 
an hour downhill. Find how many miles there are on the level, 
how many up and how many down on his first journey. 


A grocer buys a number of eggs at 6s. 6d. a hundred. He sells 
all but 69 of them at the rate of 11 for a shilling, and then 
finds that he has received 30s. more than he gave for the whole 
number. How many eggs did he buy ? 


Out of a flock of sheep a farmer sells a number so that he has 14 
times as many left as he sold ; 15 of these die, and he has then 
only half the original number. How many were in the flock ? 


One-fifth of the books of a library are out on a certain day. 
Of these one-fourth are fiction, one-sixth are history and the 
rest of them (280 in number) are of other kinds. How many 
books are still in the library ? 


CHAPTER IX. 
EVOLUTION. 


74. Square Roots and Cube Roots. In Arithmetic, the 
relation between the numbers 7 and 49 is expressed in two ways: 
49 is called the square of 7, and 7 is called the square root of 49. 
The square root of 49 is denoted symbolically by ./49, and the 
sign ,/ is called the root (or radical) sign. 

Thus the equations 77=49 and ./49=7 express one and the 
same relation. 

Again, 8 is called the cube of 2 and 2 is called the cube root of 8, 
which is denoted by the expression 2/8, so that the equations 
23=8 and 2/8 = 2 express the same relation. 

The numbers 1, 4, 9, 16, ... are called perfect squares, and the 
numbers 1, 8, 27, 64, ... are called perfect cubes, these numbers 
being respectively the squares and cubes of the numbers 1, 2, 3, 
4, ... of the natural scale. Thus it is eaceptional for a number to 
be a perfect square or a perfect cube. 


75. The nt’ root of a number. If a and n stand for 
given numbers, and if a natural number « can be found such that 
a" =a, then a is called a perfect nt2 power, the number @ is called 
the nt) root of a, and is denoted by the expression 2/a. 

If a is a perfect n power, Va can be found by constructing a 
table of the n‘" powers of the natural numbers, that is by finding 
the values of 1", 2", 3", ..., and proceeding until a number is 
found whose n'" power is @. This number is the value of “/a. 

If a is not a perfect power, instead of saying that a has no 
nu root, we invent a new class of numbers called 4rrational 
numbers or surds, and we say that the n“ root of a is a number 
belonging to this class, which we denote by X/a. 

Thus ¥/2 stands for a surd or irrational number whose cube is 2. 

The process of finding a root of a given number is called 
Evolution. 
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76. Evolution and Involution are Inverse Operations. 
For by definition 
(Ria)? = a= n ae 


Thus, to take the n™ root of a number a and raise the result to 
the n™ power, or to raise a number @ to the n™ power and take 
the n™ root of the result is to leave the number a unaltered. 


Nore. The nt root of the product abc is denoted by x/abe or by 2/(abc), 
the line called a vinculum being equivalent to the bracket. 


77. Theorems on Roots, The following theorems are 
fundamental in connection with roots of numbers. In every 
case it is assumed that a root exists which is a natural number. 


Theorem 1. Va. b= X/ab. 


Proof. Let %/a=a and X/b=y, then, by hypothesis, # and y 
stand for natural numbers, and 


t=e, 0=7" » (Def) 
Nab = Y(a"y") 


= t/(ayy” (Index Law) 

= R/0. Ub. 
In the same way it can be shown that Va.Vb.Ve= Vabe. 
Theorem 2. RO = 
Proof. Let ”%/a=2, then, by hypothesis, # is a natural number, 

and a=“; 
oe rate yet (Index Law) 
Sng) Geel (Def.) 


2 Uf al =R/e? == Na. 
In the same way it can be shown that’ X/{"/a} ="s/a. 
Illustrations. (i) JEx 9x 49=JS4 x J9 x J/49 = 2.3.7; 
(ii) Ya= V{Ja}, 


so that the sixth root of a number a may be found by finding 
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the square root of a and then finding the cube root of the result. 
thus (i) §/64 = 2/8 a 

(ii) Jath® = Jat. S05 = J(a?)?. J (08)? = 03. 

(iii) Ya? = Va. Y09 = V(a2)3. V(08)8 = 3, 

(iv) alae npr? = bid Rone be ae Me Nie Akl (0”) ee ab". 

It will be seen from the above examples that if an expression 
is the product of factors such that (i) the index of the power to 
which each factor of the product is raised is an even number, 
then the square root of the expression can be found by dividing 
the index of every factor by 2; (ii) if the index of the power to 
which each factor of the product is raised is divisible by , then 
the n‘ root of the expression can be found by dividing the 
index of every factor by n. Thus if p, g, 7 are divisible by n, 


Pqr 
Rar bid = abc”. 


Ex. 1. Express 3969 as a product of prime factors, and find the 
square root of 5969. 
We have 3969= 34.72; .°. /3969 =/34. 7? = 32.7 =63. 


Ex. 2. If the lengths of the sides of a triangle, measured in inches, 
are denoted by a, b, c, and tf the area of the triangle is A square inches, 


it is found that 
f A=n/s(s = a)(s — 6)(s =e), 
where 2.=a+b+ce. Hence, find the area of a triangle whose sides 
are 70, 58 and 16 inches respectively. 
s=4h(at+b4+c)=4(704+58416)=72; 
*.. s-a=2, s—-b=14, s—c=56; 


.. A= vs(5 — a)(s — 6)(s—¢) 


== 39015 
", area of triangle = 336 square inches. 


The following points should be noticed : 
1. In the last example, the first step in the process of finding 
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the square root of the product 72.2.14.56 was to replace 72 by 
the product 36.2; the factor 36 was chosen as being a perfect 
square. Of course 72, 14, 56 might have been replaced each 
by a product of prime factors but this process would have been 
longer than the one employed. 

2. Observe that whilst 2/64 denotes the cube root of 64, the 
expression 3,/64 stands for 3 times the square root of 64, thus 

/64=4 and 3,/64=3.8=24. 


EXERCISE XXXI. 


Simplify 
to a? 2. 3/2, 3, a. 4, 5a/a'0. 
5. Vary. 6. Say). 3. 7. 2/(aSy!8), 8. V64054, 
9. 27x, 10. Vary. Th. A@nraty 12, 8 /(aey"), 


13. RI Cagesny, 14, (antl ms) 15. NG aN, 


By expressing each number concerned as a product of prime factors, 
find the values of 


16. ./196. 17. /441. 18. ./484. 19. ./10816. 

205 4/1728. 21. 4/3375. 22 R295: 23, R/32a19, 

24, N6250%. 25. /(49)?. 26. £/8*. 27. 1/(644a74). 
If a=5, b=4, c=3, find the values of 

28. V15abe. 29. V14(b+e)(c+a)(a+0). 

30. 2a? — 0? +3 0? — 2 +4) + 31. Vai + +03, 

32, V2(b —c)(a—e). 33, V(b+e—a)(c+a—by. 


34, Find the least value of 2 which will render each of the follow- 
ing expressions a perfect square : (i) 200v ; (ii) 363x°; (ili) 432°. 

35. Find the least yalue of which will render each of the follow- 
ing expressions a perfect cube : (i) 200x ; (ii) 3227; (ili) 675.2%. 

36. Assuming the formula used in Ex. 2 of Art. 77, find the areas 
of the triangles whose sides, measured in inches, are as follows : (i) 26, 
28, 30; (ii) 20, 34, 18; (iii) 34, 50, 56; (iv) 90, 80, 26. 

37. If a, b, c, d respectively denote the number of units of length 
in the sides of a quadrilateral inscribed in a circle, and if @ is the 
number of units of area contained in the quadrilateral, it is found that 

Q=<(s—a)(s—b)(s—c)(s—d), 
where 2s=a+b+c+d. ee. ; ; 

Hence find the area of a quadrilateral inscribed in a circle, the sides 

of the quadrilateral being 41, 59, 69 and 81 inches respectively. 


N.A. I. I 


CHAPTER X. 
GRAPHICAL REPRESENTATION OF NUMBER. 


78. Number as a Measure. Except in the case of certain 
problems, a number has so far been regarded as a symbol 
occupying a definite place in the scale. We here consider the 
use of number in measurement. 

If A and B denote two things of which it can be said that 4 
is greater than, equal to or less than B, A and B are called 
magnitudes of the same kind. The greater of two magnitudes is 
said to contain the less. 

To measure a magnitude is to compare it with some standard 
magnitude of the same kind called a unit. If it is found that 
the given magnitude contains the unit an exact number of times 
(say 4 times), this number (4) is called the measure of the given 
magnitude. 

In ordinary language, anything which answers the question 
“How many?” or “How much?” is called a Quantity. In 
mathematics the word Quantity means “anything to which 
mathematical processes are applicable” (Webster), thus a number 
is often called a quantity, and that without any reference to 
measurement. 


79. Addition and Subtraction of Lengths. Assuming 
that a straight line can be moved from any one position to any 
other position without altering its length, we say that the 
lengths of two straight lines are equal if one of the lines can be 
placed so as to coincide with the other. 

Let AB and CD be two given straight lines and let OX be a 
straight line of unlimited length. It is assumed that along OX 
lengths OP, PQ can be set off which are respectively equal to 
the lengths 46 and CP). If this is done, the length OQ is called 
the sum of the lengths 46 and CD, and we write 

0Q=0P+PQ=AB+CD, and PQ=0Q- OP. 

Here the signs =, +, — are used to affirm in a convenient 
manner that certain straight lines can be made to coincide, Observe 
that OP, OQ, PQ do not stand for numbers and the signs have 
a meaning totally different from that assigned in Arts. 3, 14. 
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80. Measurement of Length. If 4B and CD are two 
given straight lines, and if by setting off lengths along 4B in 
sticcession each equal to CD, it is found that 4B contains CD 
exactly 4 times, we say that 4B is 4 times CD and we write 
Ab=4CD; if CD is taken as the unit of length, say one inch, 
then the number 4 is the measure of the length AB. 


If AP does not contain an exact number of inches, we choose a 
smaller unit, say one-tenth of an inch or one-hundredth of an 
inch. If the length of 4B lies between 725 and 735 hundredths 
of an inch, we say that the length of 4B is 73 tenths of an inch 
approximately, or correct to the nearest tenth. 


If lengths OP, PQ, containing respectively 3 and 2 units of 
length, are set off along a straight line OX, and if OP, PQ stand 
Jor “the meusures of the lengths of the lines OP, PQ (that is for the 
numbers 3 and 2), then the Seclleng 00 = OP + PQ, PO=O00=0R 
are the same as 5=3+2 and 2=5-—3, and the signs =, +, — 
have their usual meanings. 


81. Representation of Numbers by Points. If, starting 
from a given point 0 in a straight line OX (which may be 
produced. to any length), an indefinite 
number of equal lengths are set off 
in succession along the line, and if ria: 
the points of division are marked 

EAD Oy apse 


in order, we obtain points which, by thei position, represent the 
numbers of the natural scale in the following respects : 

(i) for every number, there is one point and only one ; 

(ii) the points occur in the order in which the corresponding 
numbers stand on the scale. 


eo) 

& 
co—|— 
x< 


Fia. 2 


82. Representation of Pairs of Numbers by Points. 
Draw two straight lines OX, OY, each of indefinite length, and 
at right angles 60 one another (Fig. 3). Choose some convenient 
unit of length, say one tenth of an inch. Along OX set off a 
length ON “to contain 6 units, along OY set off a length OM 
to contain 4 units; through V draw NP parallel to OY and 
through M/ draw MP parallel to OX. The point P (Fig. 3) 
where MP, NP intersect will be said to represent by its position 


the pair of numbers (6, 4), and will be called the point (6, 4). 
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In Fig. 3 the points @, 2 represent the pairs of numbers 
(8, 8), (E 6) respectively. 

It will be seen that points con- 
structed in the manner just described, 
represent pairs of numbers in this 
respect :— 


For every pair of numbers there is one 
point and only one. 


Observe that the numbers forming 
a “pair” are written in a definite 
order ; thus the pair (4, 6) is different L 
from the pair (6, 4), and these pairs 
correspond to different points (namely to & and P in Fig. 3). 

Further, it can be shown that to every point in the plane OXY 
there corresponds one pair of numbers and one only, but in general 
the numbers are of a class different from the natural numbers. 

The point 0 is called the origin. The lines OX, OY are called 
the axes (of coordinates) ; of these OX is the axis of x and OY 
the axis of y. 

In Fig. 3, ON and NP (which is equal to OM) are called 
the coordinates of P; of these ON is called the abscissa of P and 
NP the ordinate of P. 

It is not essentiul to the method descrided in this article of represent- 
ing pairs of numbers by points that the unit of length chosen for 
measurement along OY should be the same as that for measurement 
along OX. If different units are to be used for measurements 
along the two axes this will be distinetly stated. 

To plot a point, whose coordinates are 


given, is to mark its position in a diagram. as 

In graphical work we shall take “the 11! deh 
length of the line 4B” to mean “the 
measure of the length 4B,” so that the 
statement 46=4 means that the line 4B 
contains 4 units of length. 

The unit of area is the area of a square N 
whose side is the unit of length; thus if 
the unit of length is one- tenth of an inch, Fie. 4. 
the unit of area is the area of the shaded 
square in Fig. 4. Now one square inch contains 10 x 10 or 100 
of these small squares, hence in this case the unit of area is 
one-hundredth of a square inch. 


Fig. 3. 
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83. Various Facts in Geometry. A knowledge of the 
following facts in geometry is required : 


1. Any side of a parallelogram may be called the base. The 
altitude or height of a parallelogram is the length of the perpen- 
dicular drawn from any point in the base to the opposite side. 

If b, h are the numbers of units of length in the base and 
height of a parallelogram (Fig. 5), 


area of parallelogram = (d/) units of area. 


2. If bis the base* and h the altitude of a triangle (Fig. 6), then 
area of triangle = 40h units of area. 
3. If a, b are the lengths of the parallel sides of a trapezium 
and if h is the perpendicular distance between these sides (lig. 7), 
area of trapezium =4(a+))h. 


B 
a Cc 
a Ee Gi i A 
Fig. 7. Fia. 8. 


4. In the triangle 4 BC, a, b, ¢ denote the lengths of the sides 
BC, CA, AB (Fig. 8). 

If ABC is a right-angled triangle, C being the right angle, 
then c? =a? + 0?. 


Conversely if, in the triangle 4 BC, c? =a? +0, then the angle 
Cis a right angle. 


*To say that is the base of a triangle means that ) represents the number of 
units of length in the base. 
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84, Examples. In the following, the unit of length is taken 
as Ol in. 

Ex. 1. Plot the point (6, 8). If this point is denoted by P and 
PN is the perpendicular from P to OX, find (i) the area of the triangle 
OPN ; (ii) the length of OP. 


V4 
(i) Area of AOPN [ 
=40N.NP 


Pl6,8] 


}.6.8 units of area 
= 24 units of area. 

Thus the area of AOPN is 24 1 
hundredths of a square inch, or | 
0-24 sq. in, 


CU) ess LN is a right angle, 2 x eo 
1 OF2 = ON 2 NE Fic. 9. 
= 67 4 Ot 2? (3744) a? De; 
OP] 20 0= 10; 


The length of OP is therefore 10 tenths of an inch, or 1 inch. 


Ex. 2. (i) Plot the points (3, 2), (15, 7). (ii) Find the distance 
between these points. (iil) If the points are denoted by P and Q 
and PM, QN are drawn perpendicular to OX, find the area of the 
trapezium PM NQ. 

(i) Draw PL 1LQN, then 

PL=MN=O0N-OM 
ie 


* LQ=NQ- NL 
=NQ-MP=7-2=65, 
and -; . PL@ is a right angle, 


PQ = PI? + LY 
= 122 4.57 = 169 = 132 
9 IAS hse Fig, 10. 
the distance P@ is therefore 13 tenths of an inch, or 1°3 inches. 
(iii) Area of PMNQ=3(MP+NQ)MN 
=$(2+7)(15-3)=4.9.12=54; 
.. PMNQ contains 54 units of area, or 0:54 sq. in. 
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Ex. 3. Plot the points (3, 2), (15, 6), (10, 10) and find the area 
of the triangle of which these are the vertices. 
If 4, B, C are the points 
in question, draw 4M || OX, —Y ! chaste 
BM, CN 1 AM, then aaa i 
AABC=AANC + fig. CNMB © 
-~AAMB . > ae 
LAN.NC+4(NC+MB)NM — 
-4AM.MB bal ee 
2 A(s,2] N M 
=4.7.844(84+4)5-4.12.4 


I 


Fia. 11, 
. area of AA BC = 34 units of area = 0°34 sq. in. 


Ex. 4. Plot the points (11, 4), (14, 8), (7, 16), (3, 7) and find 
the urea of the quadrilateral of which these are the vertices. 


Construct the rectangle 


DUNE by drawing RAL, eee 
NCM || OX and LBM, RDN , 
|| OY. Then 1 
area of ABCD = | hse 
=LMNR-AALB-ABMC 2 SE i Ts 
ACN = ADRA aa Ara (Sidi 
212.12 -4,4.4-4.:8,8 i 
a ey ee ee OE) ACR 
ei4d— 839-1819 e 
= (A. 6 = x 
.“. ABCD contains 74 units | Bees 


of area or 0°74 sq. in. 


Second method. By drawing parallels to OX through PF and D, 
and parallels to OY through 4 and C, divide 4 LCVD into four 
triangles and a rectangle. 
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EXERCISE XXXII. 


1. Plot the following sets of points (each set in a separate diagram). 
Draw the figures whose vertices are the points of each set. 
What kind of quadrilateral is each figure ? 

(i) (1, 1), (9, 3), (1, 8), (3, 6); Gil) (9, 1), (11, 5), (3, 9), C1, 5) 5 
(iii) (1, 1), (8, 4), (11, 11), 4, 8): Gv) G6, 2), (12, 5), @, 11), @ 8); 
(v) (5, 3), (12, 6), (9, 13), (2, 10). 


2. The points in the following sets are the vertices of rectangles ; 
draw the rectangles and calculate their areas. 


(i) @, 2), (11, 2), TL, 7), B75 Gi) @; 1), (6, 1), (6, 8), (2; 8). 
3. Draw the triangles whose vertices are the points given in (i)-(iv). 
Calculate the area of each triangle. 
(i) @, 3), (11, 8), (9, 7) Gi) C1, 2), , 2), (10, 8) ; 
(iii) (2, 2), 9,7), 8); Gv) @ 6), @, 1), @, 9). 


4, Draw the trapezium whose vertices are the points given in (i)-(iv). 
Calculate the area of each trapezium. 
() @, V), (1, 1), (7, 8), (4, 6); Gi) 1, 2), (6, 2, (2, 7), (9, 2) 
(iii) (3, 10), (9, 3), @, 15), (@, 13); (iv) @ 2), (8, 1), (8, 8), (2, 5). 


5. Draw triangles with one vertex at the origin, the other vertices 
being the points given in (i)-(ili). Calculate the area of each 
triangle. 

(i) (8, 5), (2, 9); (a1) (6, 2), (10, 9); aii) (10, 6), (6, 8). 


6. Draw the triangles whose vertices are given in (i)-(iv). Calculate 
the areas of the triangles. 
(i) (2, 3), (10, 6), (6, 9) ; (ii) (6, 1), (9, 3), (2, 7) 5 
¥/ (UNL) (D522) Cera bay cee: (VSN CL Ong) lays 


7. Draw the quadrilaterals whose vertices are given in (i)-(vii). 
Calculate the areas of the quadrilaterals. 
(i) (3, 2), (9, 2), (11, 6), (3, 10) ; (ii) (5, 1), (15, 8), (7, 13), GB, 8); 
(iii) (13, 1), (21, 8), (7, 15), (3, 4)3. Gv) (5, 1), (11, 8), (7, 16), (3, 6); 
(v) (10, 2), (16, 10), (7, 16), (5, 8); (vi) (2, 2), (16, 5), (11, 18), (5, 10) ; 
(vii) (5, 8), (17, 15), (9, 17), (3, 5). 


8. Calculate the distance of each of the following points from the 
origin : 


(9, 12), (10, 24), (16, 30), (14, 48). 
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9. Plot the pairs of points given in (i)-(iv). Calculate the distance 
between the points of each pair. 
(i) (2, 6), (5, 2); (ii) (3, 7); (il, 1); 
(iii) (2, 1), (14, 6); (iv) (2, 2), (10, 17). 
10. Show that the points (16, 63), (25, 60), (39, 52), (52, 39), (60, 25), 
(63, 16) lie on a circle whose centre is at the origin. Find the 
radius of the circle. 


11. Plot the points (2, 2), (3, 5), (4, 6), (10, 6), (11, 5), (12, 2). Prove 
that they all le on a circle whose centre is (7, 2). Find the 
radius of the circle. 


12. If (z, 7) is a point on a circle whose centre is at the origin and 
whose radius is 7, what is the equation connecting x, y and 7? 


13. If («, y) is a point on a circle whose centre is (a, 6) and whose 
radius is 7, what is the equation connecting w, y, a, b, 7? 


14, Prove that the straight line joining the origin to the point (24, 7) 
subtends a right angle at the point (12, 16). 


15. Prove that the triangle whose vertices are the points (4, 2), 
(12, 8), (1, 6) is a right-angled triangle. 


85. The Linear Equation. If # and y are variables, such 
equations as 7=4, 2u=3y, 3%+y=20, which are of the first 
degree in one or both of the variables, are called linear equations. 

We shall plot a number of points whose coordinates are 
connected by a linear equation. 

Take as an example the equation 

y = 2a +4. 

Giving to the values 1, 2, 3, 4, 5, ..., we find the corre- 

sponding values of y. Arranging the results as follows, 


2,3|4 5 


a (9 


y|6|8 | 10} 12 14 


plot the points (1, 6), (2, 8), (8, 10), (4, 12), (5, 14), and observe 
that they appear to lie on a straight line (4B in Fig. 13). 

That this is the case may be verified by applying a ruler to 
the diagram. 
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Next take any other solution of y=2u+4, say, (8, 20). Plot 
the point (8, 20), and observe that it lies on 4B. 

Again, take any point in db 
whose coordinates we are able to 
express by means of numbers, for 
instance the point /?, whose coordin- 
ates are (7, 18), and observe that 
if «= 7 and y=18, the equation 
y= 2u+A4 is satisfied. 

In this way we can satisfy our- 
selves that 

(i) every point whose coordinates 
satisfy y= 2a+4 lies on the straight 
line 4B (if produced far enough) ; 

(11) if the coordinates of a point 
do not satisfy the equation, then the 
point does not lie on the straight 
line ; 

(iii) the coordinates of every point 
in the line, which we are able to 
express by means of numbers, satisfy 
the equation. 

We have thus obtained experimentally a geometrical inter- 
pretation of the equation y=2xv+4. This equation has been 
found to correspond to a certain straight line 44, which is called 
the graph of the equation, whilst y= 2a+4 is called the equation 
to the straight line AB. 


Next consider the equation y=27. We tabulate a number 
of solutions 


he 2 


3) 4] 5 


y cal a BE UES 
and plot the points (1, 2), (2, 4), (3, 6), (4, 8), (5, 10) (Fig. 13). 
By applying a ruler to the diagram, we can verify the fact that 
these points lie on a straight line (OC in Fig. 13) which passes 
through the origin. We can also verify that the line OC, produced 
if necessary, contains any point whose coordinates satisty y= 2.. 
Hence the equation y= 2x, which contains no constant term, represents 
a straight line through the origin. 

Note also that if P is any point in OC whose ordinate VP 
meets 4B in Q, then PO=QN—-NP=4, so that PQ is constant 
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for different positions of P in OC, hence AB is parallel to OC. 
Thus the equations y= 2x and y=2x +4, which differ only as regards 
the constant term, represent parallel straight lines. 


86. Lines parallel to the Axes. Plot a number of points 
which have the same abscissa (4). 
Such points are (4, 1), (4, 2), (4, 3).... 

The coordinates of each of these 
points satisfy the equation x= 4, which 
asserts that x always stands for 4, whilst 
y may have any value. All these points 
hie on the line AB (Fig. 14) which 
is parallel to OY, and the abscissa 
of every point on 4B is 4, hence we 
say that x=4 is the equation to the 
straight line 4B. 

Again, the straight line CD (Fig. 14) 
contains all the points (1, 5), (2, 5), 
(3, 5)..., whose coordinates satisfy y=5, and the ordinate of 
every point in CD is 5, hence y=5 is the equation to the line CD 
which is parallel to OX. 


| 
Fic. 14. 


87. Summary. Experiments (like those described in Arts. 
84, 85) in plotting points whose coordinates satisfy a linear 
equation point to the truth of the following statements : 

1. Every linear equation in @ and y represents a certain 
straight line in the following respects: (i) every point whose 
coordinates satisfy the equation lies on the line; (11) if the 
coordinates of a certain point do not satisfy the equation, then 
the point is not on the line; (iii) the coordinates of every point 
on the line, which we can express by means of numbers, satisfy 
the equation. 

2. Equations like y= 37, 27=5y, which have no constant term, 
represent straight lines through the origin. 

3. Equations like 27 =3y, 20 =3y+4, 2”=3y-6, which differ 
only in respect to their constant terms, represent parallel straight 
lines. 

4. The equation x= represents a straight line parallel to the 
axis of y, and y=b represents a straight line parallel to the axis 
of x. 

The truth of these facts will now be assumed. 
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88. Graphical Solution of Simultaneous Equations. 
To solve graphically the equations 


a tae TS WER Ae oh re Siok ho oisor Eee (a) 
Bi = Qi =_ Oe acne ng eaecasaene meee (P) 


we draw the graphs of («) and (8), which are straight lines. To 
draw the graph of (a) we find any two points on it. That the 
drawing may be as accurate as possible, we choose two points as far 
apart as the size of the paper permits. 


| 
| ‘D481 |_|_| 
JAG 16) [ 
=) ee i L 
ee. 
i hale 
PEEEEEEEEE 
cE Ls) 9} 
LINE Bee 
ACi4.31 PSE | 
| B(16,1) 
O ral | IX 
| 
Fig. 15. 


In (a), when z=1, y=16, and when 2=16, y=1. Plot the 
points (1, 16), (16, 1) and join them ; this is the line 4B, which 
is the graph of (a). 

In (8), when +=4, y=3, and when +=14, y=18. Plot the 
points (4, 3), (14, 18) and join them; this is the graph CD 
of (8). 

The lines 45, CD meet in a point £, whose coordinates (if 
they can be expressed by numbers) satisfy both (a) and (8), for 
£ lies on both the lines. The coordinates of £ are (8, 9), hence 
(8, 9) is the solution of the given equations. 


89. Graph of a Linear Function of x. Any expression 
containing a variable z which has a definite value for every 
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value of x is called a function of x. Thus 222+ 37-4 and 5¢+6 
Or ireh 


contain no power of x higher than the first, are called linear 


are functions of z Such expressions as 5z+ 6, 32, 


functions of x. We can represent the values which 3%—§6 


“ 


assumes for different values of a graphically as follows : 


3t — 
Let 9 
equation is the same as 32-—2y=6, whose graph is a straight 
line CD in Fig. 15. 


We can read off from the diagram the value ae 


= =y; draw the graph of the equation we =y; this 


a (that is 
of y) for different values of z To read off a value of 


ie when x=8, we look for the point in CD whose abscissa is 


2 


8; this is the point #, whose ordinate is 9, hence 9 is the value 


of 2% when #=8. The line CD is called the graph of the 


equation y="".°, or the graph of the function ~”~ ©. 


Read off 


from the diagram the values of these (i) when «=12 ; (ii) when the 


: Bu - 
Ex. Draw graphs of the functions 17 —« and : 


functions have equal values. 
3x — 6 


that is of (a), (8) of Art. 88. The graphs are een 
straight lines 4B, CD of Fig. 15. 

(i) The points on 4B, CD whose abscissae are equal to 12 are 
the points Z, M, and the ordinates of L, M are 5 and 15 respec- 


The graphs are those of the equations y=17-—4, y= 


tively ; 
4 — 
os 6 Se; 


4 


*. when e=12, 17 -7=5 and 


(ii) The ordinate of , the intersection of the lines, is 9; this 
o 


a6 
is therefore the value of both 17—a and a when these 


expressions are equal. 
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EXERCISE XXXII. 


1. For the equations (i)-(ix), (a) Plot the points obtained by giving 
to w the values 2, 8, 12, 14, making a separate diagram for each 
equation. 

(b) Verify that the four points of each set lie on a straight 
line. 

(c) Plot the point on each line whose abscissa is 6 and the 
points whose ordinate is 15. Verify that the coordinates of 
each of these points satisfy the equation. 

GC) = Gps Gi) 8e=2y ; (iii) e+y=19; 

(iv) y—7=3; (v) y-2u=8; (vi) 2y—v=2 ; 
(vii) v+2y=32; (vill) 2y-—3r=6; (ix) 3r+2y=42. 

What is the equation to the path of a point which moves as 
deseribed in Ex. 2-5% In each case draw the graph. 

The abscissa of the point is constant and equal to 6. 

The ordinate is constant and equal to 8. 

The abscissa is always equal to the ordinate. 


The abscissa is always three times the ordinate. 


DU Sy ee es be 


A point moves so that the sum of its distances from two given 
straight lines OX, OY which are at right angles is always 
15 units of length. What is the equation to the path of the 
point? Draw the graph of the equation. 


7. Draw the lines whose equations referred to the same axes are 
aty=4, e#+y=8, v—y=2, y—-x=2. What kind of figure 
is bounded by the lines? What is the area of the figure ? 


Solve graphically the following simultaneous equations : 


8 y-«r=2 9, y=19-24 10. 47=3y 
Qe —y=5. 3v —y =21. v=2(y—10). 
Lie =7-F8 12. 23723 
3v=4(y +3). y=41 —3.2. 


In each of the examples 13-15 show graphically that the three 
equations are satisfied by the same values of # and y, and 
find these values. 


13. 9 v=) 14,0 «+y=28 15. 5a =6y 
25— y=11 AG — 37 = 20 —y=14 
3.7 — 2y =10. ¥y=3ux — 24. ty =22. 
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In each of the examples 16-18 draw the graphs of the two 
given functions, and find the value of each function when the 
two have the same value. 


16, 35-20; (w+21). 17. Br—8; ¥Br+4). 18, 3(10-2); }02—w), 


90. Applications. The following examples show how graphs 
may be employed to show at a glance the way in which a 
variable quantity changes. 


Ex. 1. The average yearly price of £100 stock of a certain Railway 
Company, for ten years, is shown in the following table, illustrate 
graphically. 


Year - 2 = - | 1897 


98/99 00) 01 | 02 03 | 04 | 05 06 | 07 


Average price of stock | 88 58 | 52 | 54 | 58 


95 85 64) 66 


50 | 42 


Take two thick lines y 


Ox OY on squared |] | 
aper. 90 
pap =i | 


Let lengths measured 
along OX represent time 
and lengths measured 
along OY represent price 
of stock. 

Next select suitable 
units of length to repre- 
sent time and_ price. 
Choosing these as de- 
seribed in Fig. 16, mark 
points 798, ’99, ... along 
Ox, distant.1,. 2, 2... 
centimetres from 0. Mark points 40, 50, ... along OY, distant 1, 
2,...em. from 0. The point 0 is the point ’97 on the scale of 
years and the point 30 on the scale of price. Along the ordinates 
through ’97, 98, ... set off lengths to represent prices of 88, 95, .... 

Observe that the price of a stock at any time is not connected with 
the time by any definite law ; thus if we were not told that in 1900 
the price was 64, the rest of the information would not enable us 
in the least to say what the price was in 1900. 

In such cases, it is usual to complete the diagram by joining 
consecutive points in the figure by straight lines. 


Half| Size 


= £10 

ae) 

eee 
| 


fo) 
° 


+ 
° 


Scale of Price Tem 


a 
° 


97 


98 99 oo o1 02 03 04 05 06 o7 
Scale of Years 1cm=Tyear 


Fia. 16, 
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Ex. 2. A rifle sighted at 1000 yards is fired from a point O close 
to the ground. The height of the bullet above the line of sight (whach 
is horizontal) is given in the following table : 


Horizontal distance \| 999 | 309 | 400 | 500 | 600 | 700 | 800 | 900 
from O in yards J 
; ; | 
Height of bullet m\/ 14-1 | 19°6 | 23-6 | 25:8 | 262 201 193/13 
beg RAS | 


Represent the path of the bullet on squared paper, and find (i) the 
wpproximate height of the bullet when its horizontal distance from O is 
100 yards ; (ii) the part of the range where a man 6 feet high may 
safely stand. 


n 
fo} 


10ft. 
= 


fo} 


Scale tem 
a 


| 
100 200 300 400 S00 600 700 800 900 1000 
Scale Tem = 200 yds. 


Fia. 17. 


Choosing the scales for measuring horizontal and vertical 
distances as described in Fig. 17, we set off lengths along the 
verticals through the points marked 200, 300, ... to represent 
heights of 14:1 ft, 19°6 ft.,.... We have now a number of 
points on the required graph. 

Next observe the following points in connection with the 
motion of the bullet : 

(i) The height of the bullet is connected with its distance 
from 0, measured horizontally, by a definite law (although we 
cannot at present state the law mathematically). 

(i) As the height changes from one value to another (say 
from 300 to 400 feet), cf passes through every intermediate value and 
does not alter by sudden jumps; it is therefore said to vary 
continuously. 

(ili) The direction of the bullet also varies continuously. We 
therefore draw what is called a smooth curve through the points 


which have been plotted, in order to represent the intermediate 
positions of the bullet. 


INTERPOLATION : 145 


The height of the bullet at 100 yards from 0 is given by 
the intersection of the graph with the vertical through the 
point 100, and is about 7:5 ft. 

The dotted lines in Fig. 17 are the ordinates of points on 
the graph which represent positions of the bullet 6 ft. above 
the ground. The horizontal line between the dotted lines there- 
fore represents that part of the range where the man may safely 
stand. Its length is about 870 yards. 


91. Graph of a Physical Quantity. Ex. 2 of Art. 90 is 
an instance of the graphical representation of a physical quantity. 
The method is as follows: certain points are found on the graph 
as the results of certain observations. A well-rounded curve 
is drawn to pass through or near to each point. If the points 
have been correctly plotted and such a curve has been drawn 
through or near to most of the points, and if it is found that 
some of the points are at a considerable distance from the curve, 
then it is probable that the corresponding observations are faulty. 

The process by which in Ex. 2 of Art. 90 we were able to find 
the approximate height of the bullet at 100 yards is called 
interpolation. 


EXERCISE XXXIV. 

1. The average yearly price of wheat and barley per quarter from 
1890 to 1900 is shown in the following table. Draw graphs 
referred to the same axes to show the variation in price of 
wheat and of barley. 


Year- - - -| 1890 1891 1892 1893 1894 1895 


Price of wheat |3ls.11d.| 37s. |30s.11d.| 26s. 4d. |22s8. 10d. | 28s. 1d. 


Price of barley | 28s. 8d. | 28s. 2d. | 26s. 2d. | 25s. 7d. | 248. 6d. |21s. 11d. 


Meari=- = -| 1896 1897 1898 1899 1900 


Price of wheat | 26s. 2d. | 30s. 2d. 34s, 25s. 2d. | 26s. 11d. 


Price of barley |22s.11d.| 23s. 6d. | 27s. 2d. | 25s. 6d. | 24s. 11d. 


Along OX take 2 small divisions of the paper to represent 1 year 
and along OF take 4 divisions to represent 1 shilling. Mark 
the origin as 1890 on the scale of years, and as 20s. on the 
scale of price. 

N.A. I. K 
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2. A rifle sighted at 800 yards is fired from a support 5 feet above 
the ground (which is horizontal) at an object 5 feet above the 
ground. The height of the bullet above the line of sight is 
given in the table. 


Horizontal distance from) 


firing point in yards f a 


| 600 | ab 700 


Helene of bullet in feet | 9°3 | 12: 3 | 13°9 | 13-8 


Roe the path of the bullet on squared paper, and find (i) the 
approximate height of the bullet above the ground at 100 yds. ; 
(ii) the part of the range which is safe for cavalry, taking the 
height of cavalry at 8 ft. 6 in., estimating the length of this part 
of the range. Show the height of the support in the diagram. 


3. A rifle sighted at 1200 yards is fired from a point O close to the 
ground. The height of the bullet above the line of sight 
(which is horizontal) is given in the table. 


Horizontal distance | | | 
from On yards } 200 om 400 | 500 | 700 | $00 | 900 | 1000 1100 
| | 
Be of bullet n\| 19:8 | 28°3 s52 404 44-4 | 42 4/375 | 28:8 16°6 


Represent on squared paper the path of the bullet, and estimate 
its height at 100 yds. and at 600 yds. from 0. 


4. The following table taken from the Daily Mail YVear-Book 
shows the percentage of the unemployed members of certain 
trade unions engaged in various trades: 


| Year - - | 1897 1898 | 1899 | 1900 | 1901 | 1902 | 1903 | 1904 | 1905 | 1906 


Pini | 38 |25|28|38| 51] 49170) 51 | 3-0 


Shipbuilding | 7:6 | 4-7 | 23 | 25 | 3-7 | 8-2 |12°0] 14-0] 11-9] 7-6 


Building - -| 16 13] 15 | 25 37 | 43 | 49 7-7 | 33 | 7-2 
| 


Draw three graphs referred to the same axes to show the 
variation of unemployment in the three trades. Indicate 
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that for the building trade by a dotted line. Take 10 small 
divisions of the paper along OX to represent 1 year and 
10 divisions along OY to represent 1 per cent. Mark the 
origin 97 and 0 on the two scales. 


5. A stone is thrown horizontally from the top of a cliff with a 
velocity of 100 feet per second. If « and y are the horizontal 
and vertical distances, measured in feet, travelled by the stone 
during the first ¢ seconds of its motion, it can be shown that, 
neglecting the resistance of the air, 

“c=100t, y=162?. 
Tabulate the values of w and y for the values 1, 2, 3, 4... 10 
of ¢, and by plotting these values obtain a representation of the 
path of the stone. Take OX horizontal and OY vertically 
downwards ; scale for z, 100 ft. to 2 em.; scale for y, 100 ft. 
to 1 cm. 


6. In an experiment on the reflection of light by a concave spherical 
mirror, the distances u, v of the object and image from the 
mirror, measured in centimetres, were found to be: 


w| 6 


75 10 (4 | 26 | 40 | 60 | 90 


ys | 30 | 15 | 10 |7'8| 62/57/55 53 


Find, from a graph, 


(i) the approximate values of v, when u=11, 20, 35 ; 
(ii) the approximate values of w, when v=8 and 6. 


7, A body is acted upon by a force which alters. When the body 
has passed through a distance of w feet from the starting 
point the force is equal to a weight of F' lbs., and corresponding 
values of w and Fare as follows : 


x | 0 [or |o2|03| 0-4 | 06] 08] 1-0 


F | 20 | 22 | 21 | 20 | 19 | 18 | 9 | 0 


How far has the body travelled when /’ has the values 15, 12, 
6, 3? 
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8. In an experiment on the compressibility of a certain gas under 
pressure the corresponding values of the pressure (p millimetres 
of mercury) and the volume (v cubic centimetres) were found 
to be: 


p | 750 | 1125 | 1500 | 2250 | 675 


500 | 375 | 300 


| 45 | 3 | 2-25 | 15 | 5 | 6°75 | 9 | 11-25 


Find, from a graph, 
(i) the approximate values of p, when v=2°5, 7°5 ; 
(ii) the approximate values of v, when p=1250, 450, 900. 


9, A combination is formed with a fixed lens and another lens of 
focal length f inches placed at a certain fixed distance from 
the fixed lens. The focal length of the combination is / inches. 
Corresponding values of / and # were found to be those in 
the table below : 


A | 3 | 4 5 | 10 | 15 | 20 | 30 | 45 


F | 3844) 5 |67| 75 s 13-6 


9 


It is required to make two combinations, one of focal length 6 and 
another of focal length 7. What values must be chosen for /? 


10. The current (C’) in amperes passing through a certain resistance, 
and the electro-motive force (/’) which drove it, in a certain 
experiment were found to be: 


CG | 7 | 5 | 3 | 2 jas| 1 2 


z \120| 85 


50 | 35 


26 a7 


9 35) 


Draw a smooth curve to pass as nearly as possible through the 
points corresponding to these values. State for which values 
of C you think the value of / is (i) too high, (ii) too low, 
(iii) nearly correct. 


PART II. ZERO AND NEGATIVE NUMBERS 


CHAPTER XI. 
THE EXTENDED SCALE. 


92. A New Class of Numbers. If letters are used to 
represent natural numbers only, no value of « can be found to 
satisfy the equation «+b=a unless a is greater than b. We 
therefore invent a new class of numbers, in order that this 
equation may always have a solution. 


93. Zero. As 1 is the first symbol in the natural scale, we 
cannot count back beyond it. We therefore invent « new symbol 0, 
called zero or nought, to place before 1. Zero is then the symbol 
reached by starting with any number a on the scale and counting 
a numbers backward along the scale ; or « is the number reached 
by starting at 0 and counting a places forward. In other words, 
0 is defined by either of the equations 


a—a=0 or 0+a=a. 


94. Negative Numbers. In order that the equation 
a+b=a may have a solution when 6 is greater than a, we 
extend the scale to the left of zero by mventing the symbols 
—1, —2, --3, ete., and placing —1 before 0, — 2 before -1, -3 
before — 2, ete. The scale thus extended is 


ep) Na ena Pt ee 


The symbols —1, —2, -3, ete., are called negative numbers in 
order to distinguish them from 1, 2, 3, etc., which are called 
positive numbers. In order to mark this distinction, the latter 
are often written +1, +2, +3, ete., and further, the numbers 
are often enclosed in brackets, thus (+2), (- 3). 
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The following points should be noticed : 

(1) The sign — as used here has nothing whatever to do with 
subtraction: “minus” is part of the name of one of the new 
numbers, and means that the number in question is to be reached 
by counting backwards from 0. 

(2) The scale extended as above is a collection of symbols 
arranged in a definite order. This is called the ordinal property 
of the scale, and the new numbers ... — 3, — 2, —1, 0 have this 
in common with the numbers 1, 2, 3, ... that they all form part of 
an ordinal system. This we consider to be a sufficient reason 
for calling the new symbols numbers, although other reasons for 
this will appear later on. 


(3) The numbers 1, 2, 3, etc., may be used to denote the number of 
things in a group. This is called the cardinal property of the 
natural numbers. The negative numbers have no cardinal 
property, and to speak of (—3) cows or of (- 3) steps is to talk 
nonsense. 

(4) If x stands for a natural number, the numbers z and (—2) 
are the same number of places to the right and left of zero on 
the scale: this is what is meant by the symmetry of the scale 
with regard to zero. 

(5) The scale extended as above has no first number and no last 
number, and can be used for counting as many places backwards 
or forwards as we please. 


95. Definitions of Equality and Inequality. If a and 6 
stand for any numbers, whether positive, zero, or negative, 

(1) @ is said to be equal to b if a and 2b stand for the same 
number. 

(2) a is said to be greater than 0, or less than 0) according as 
a follows 4, or as @ precedes b, on the scale. 

Thus 0>-2 and -5<-—3. It is important to observe that 
if a>, then —a < —), for if a>), then by definition, a follows 
b and therefore also —«@ precedes —+ on the scale. 

The following important example illustrates the symmetry of 
the scale with regard to the symbol 0: 


Ex. 1. Jf —x=a, then x= 4. 


For a and —a, and alsc » and —« are the same number of 
places from zero on the scale. If then —a is the same number 
as @, 1t follows that x is the same number as ~<a. 
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96. Addition and Subtraction. We can now extend the 
definitions of addition and subtraction contained in Arts. 3 and 
14 as follows : 

If a stands for any number which may be positive, zero or 
negative, and if ) stands for a positive number, then 

(1) a+ stands for the bth number after a on the scale ; 

_ (2) a—6b denotes the number to which if ) is added, the result 
is a. 

Hence subtraction is still the inverse of addition and the 
number. denoted by a -6 occupies the dth place before a on the 
scale. 


Thus, to subtract 5 from 3, start from 3 and count 5 symbols 
backwards on the scale, (2, 1, 0, —1, — 2); the number reached 
is (— 2), so that 3-5 =(-— 2). 

To subtract 2 from 0, start with 0 and count 2 places back- 
wards, thus 0 —- 2 =(-— 2). 

Observe that on the left-hand sides of these equations the 
sign — denotes subtraction, and on the right-hand sides “ minus ” 
is part of the name of a new number. 


Ex. 1. Jf b, ¢, & are positive numbers and c=c-b, prove that 
—%=+b-c¢. 

Since z and —«# are the same number of places from zero on 
the scale, if « is reached by counting ¢ forward and b backward 
along the scale, then ~—« is reached by counting ¢ backward and 
b forward, that is -7=+)-c¢ 


97. Laws of Addition and Subtraction. Starting with 
any symbol on the scale, we can now count forward or backward 
along the scale to any extent. We can therefore perform any 
series of additions and subtractions of positive numbers and the 
Commutative Law may be stated as follows: 


In performing a series of operations which may be either additions 
or subtractions of positive numbers, the result is not affected by the 
order of the operations. 


Here the restriction of Art 18, as to the operations being 
conducted in an order which is possible, is no longer necessary, 
tor all orderseare now possible. 


2 ZERO AND NEGATIVE NUMBERS 


The Associative Law. Jf a 2s any number (positive or negatiwe ) 
and b and ¢ are positive numbers, then ! 


ad¢+(b+c)=a+tb+e, ...... ceemmmnee.. (1) 

2—(D+C)=A—D—C § ......ecscceeess aoe es (2) 
and if b is greater than e, 

a (D— CHa D6, .s...2c5ss9ye canes (3) 

B= (DC) HARD. vises scovee va codmanaene (4) 


We will prove (4) and leave the rest as an exercise. 


a-—(b—c) denotes the last number counted in the following 
process: Starting with the number @ on the scale, count (0 - ¢) 
numbers backward along the scale. At present, this operation 
is only possible when (b—c) is a positive number, that is when b 
is greater than ¢, and this is the case by hypothesis. 

Now, to count (b —¢) numbers backward is the same as counting 
b backward and ¢ forward ; hence 


a—(b-—c)=a-b+t+e. 


98. Meaning of 3(—a). 3a is an abbreviation for a+a+a, 
and in the same way 3(—a) is an abbreviation for -a—a-a. 

To find the number denoted by —a—a-—a, we start with zero 
and count @ numbers backward along the scale, then a more 
numbers backward, and then @ more numbers backward ; that 
is, we count altogether 3a numbers backward along the scale. 
The number finally reached is — 3a; therefore 

3(-a)= -~a-a-a= — 3a. 

Thus “three times (—a)” is denoted by 3(—a) and has been 

shown to be the same number as — 3a. 


EXERCISE XXXV. MENTAL 1-37. 


Nore. Letters, whose values wre not given, stand for positive numbers. 


What is the value of 


1. 5-8. 2. —5-8. 3. —8a—Ta. 
4, a—5a. 5. at+7a—4a. 6. a—-2a+a. 
7. a—5at+6. 8. a—5a+6a. 9, a—5+6. 
10. —a+2a-3a. ll. 2a+3b—-7a. 12. a+5a—-6a. 
13. 7—5x+62. 14. 6(—2)-6r. 15. 5(—a)4+3a. 


16. 2a-—3¢-10r+6r. 17. —6x—8r—4x7+20z. 


18. 
20. 
22. 
24, 


26. 
28. 


30. 


34. 


38. 
40. 


42. 


43. 
44, 


45. 


46. 


47. 


48. 


49, 
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What are the following numbers in the scale ? 


The fifth number after 0. 19. The fifth number before 0. 
The tenth number after 2. 21. The nth number after 2. 
The tenth number before 2. 23. The xth number before 2. 
The zth number before x. 25. The nth number after x. 
What is the number 

Greater than 7-3 by 7? 27. Greater than 3—2 by 5x? 
Less than 7-3 by 7? 29. Less than 7-3 by 52? 

If a= —5 and b=9, state the values of 

a+b. 3l. a—BO. 32. a+2b. 33. a—2b. 
What value of « satisfies the following equations ? 

I=. 35. —r=2a—b. 36. 3—x2=2. 37. —«#+6= —4. 
If a=1, b=2, c=3, d=4, find the value of 

a+2b—30¢—4d. 39. a—2b—3c—4d. 

—4qa+3b -—2c+4+d. 41. —4a—36—2c—d. 

By performing the operations in the order indicated, verify the 


equality a+(b-—¢c)=a+b-c, firstly when a=10, b=8, c=7, 
secondly when a= —10, b=7, c=2. 


Prove the equality in the two cases of Ex. 42 by counting. 


Prove the equality a—(b—c)=a—6b+c in the following cases : 
(i) when a=10, D=8, c=7, and (ii) when a= — 10, b=7, c=2. 


If z=a+b, the process of addition does not as yet enable us to 
find a value of 2 when a=9 and b=—5, Explain this. 


Explain why our methods of subtraction do not enable us to say 
(as yet) that 5-(2-—3)=5-2+3. 
Find the 5th and 10th terms of the Arithmetical progression 
—2£,(—*%+2), (—7+4),.... 
Find the ath and éth term of the Arithmetical progression 
(—a-3), (-a-1), (-a+]),.... 


If the 5th and 8th terms of an Arithmetical progression are 
—a+2d and —a+14d respectively, find the first term and 
the third term. 
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99. Use of Zero and Negative Numbers in Measure- 
ment. A gain of £a followed by a loss of £a results in no 
gain; in this case it is convenient to say “the gain is zero,” and 
to write “Gain =£0.” 

Again, although we cannot speak of (—3) pennies as actually 
existing, the next example will show that a gain of (-—3) pence 
may be reasonably taken to mean @ loss of 3 pence. 


Ex. 1. Eapress as a gain the result of winning £3 and losing £8. 
“Gain” is found by subtracting what is lost from what is won. 

", gain in pounds = 3 — 5 =( —- 2). 
Thus, although £( — 2), standing by itself, has no meaning what- 
ever, yet a “gain of £( -2)” may be taken to mean a loss of £2. 


Ex. 2. Starting from a point O, I walk a miles eastwards to A, 
and then b miles westwards to B. (1) What is the distance from O to 
B measured eastwards? (2) Interpret the result when a=3 and b=6, 

(1) The distance from 0 to B measured eastwards is (a —}) 
miles. 

(2) When a=3 and J=5, a—b= — 2, and in this case B is 
2 miles west of O. If then a distance of (—2) miles measured east- 


wards is to have any meaning, it must mean a distance of (+2) 
miles measured westwards. 


We therefore make the following convention (or agreement) 
with regard to the meaning of the negative sign in the measure- 
ment of lengths: 


If lengths set off in one direction or sense along a straight 
line are considered positive, then lengths set off in the opposite 
sense are to be considered negative. 


Ex. 3. Starting from a point O, I walk a miles eastwards and 
then b miles westwards, finally reaching a point B. Describe the 
position of B with regard to O (1) algebraically, (2) arithmetically. 

Algebraicully. For all values of a and 0d, B is (a — 6) miles east 
of 0; or the answer may be given thus: for all values of w and b 
B is (b — a) miles west of 0. 

Arithmeticaily. Tf a>b, B is (a—b) miles east of O, and if 
a<b, Bis (b—a) miles west of 0. 

The algebraical statement has therefore the advantage of 
greater generality. 


St Lye ee 


10. 
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EXERCISE XXXVI. 


Express the results of the following (i) as a gain, (ii) as a loss : 

Gain of £a followed by loss of £0. 

Loss of £6 followed by gain of £a. 

Loss of £7. followed by gain of £.. 

Loss of £10x followed by gain of £(10. - 2). 

What is the range of temperature for the year, if the maximum 
temperature was 92° (Fahrenheit), and the minimum 6° below 
zero (Fahrenheit) ? 


Reasonably interpret the following: (i) A is (—w) miles north 
of B. (ii) The point A is (—2) metres above sea-level. (iii) A 
train is moving southwards at the rate of (—30) miles an hour. 
(iv) A owes B the sum of £(—10). (v) A has a handicap of 
(—.r) yards. 

In a race of a yards, dA’s handicap was (—w) yards and B's 
handicap was (+7) yards. How far had A and B respectively 
to run before reaching the winning post ? 

The road from A to B rises a feet, falls b feet, falls ¢ feet, rises 
d feet. (i) How high is B above A? (ii) How much is 
B below A? 

At the end of each week I reckon in shillings money earned, and 
money spent, writing +3 for 3 shillings earned. At the end of 
a quarter, the results are as follows: Ist month, +1—5-—6+7 ; 
2nd month, —3-—2+8+12; 3rd month, —-40—11+13+420. 

Fill up the blanks in the table : 


Month - - | 1 | 74 \) 83 | For the quarter ‘ 
| aul 


| 


The road from A to B (30 miles) rises a feet per mile for the first 
10 miles, then falls 6 feet per mile for 5 miles, then falls ¢ feet 
per mile for 4 miles and then rises d feet per mile for the rest 
of the way : 

(i) How high is A above B? (ii) How high is B above 4 ? 

(iii) If a=2, b=7, c=8, d=3, how many feet is A below B? 

(iv) If 6=20, e=30, d=40, and if A and B are both at the same 

level, what is the value of a? Give a reasonable inter- 
pretation to the result. 
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11. 


12. 


13. 


14. 
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On the centigrade thermometer, the freezing point is 0° (0 degrees) 
and the boiling point of water is 100°: if “degrees of frost” 
means degrees below zero, express the results of the following 
in degrees of frost: (i) Temperature is 14° and falls 10°. 
(ii) Temperature is 12° and falls 20°. (iii) Temperature is —5° 
and falls 10°. (iv) Temperature is -- 5° and rises 20°. 


The weight in water of a piece of iron, measured in ounces, is 
denoted by +2. The force necessary to keep a piece of cork 
under water is measured by a spring balance attached to the 
bottom of the vessel and found to be 2 ounces. How do you 
denote the weight in water of the cork ? 


If a stone is thrown vertically upwards with a velocity of w feet 
per second, and if after ¢ seconds its velocity upwards is v feet 
per second, and the space, measured upwards, through which it 
has moved is s feet, it can be shown that 

v=u-gt and s=ut- 490, 
where g=32. 

Find v and s in the following cases, and interpret any results 
which may be negative or zero : 


Gk — 405 2 (IL) et ==4 Oe 
Gil) w=160, ¢=4. (iv) w=160, ¢=5. 
Qi) GSI), uaaG (vi) w=160, ¢=10. 


Observe that when a stone, thrown vertically upwards, reaches 
its highest point, it is for a moment at rest, that is to say, its 
velocity is zero. (i) Put v=0 in the formulae of Ex. 13, and 
find the corresponding values of ¢ and s in terms of w. 
(ii) Show that a stone thrown upwards with velocity w con- 
tinues to rise for S seconds and that it rises through eS 
feet. g ve 


15. A stone is thrown vertically upwards from a point O with a 


velocity of 80 feet per second; (i) After how many seconds is 
its velocity reduced to 16 feet per second? (ii) When is its 
velocity 16 feet per second downwards? What is the position 
of the stone at this moment? (iii) After how many seconds 
does the stone reach the point O again (that is to say, what is 
the time of flight) ? 


CHAPTER XII. 
ADDITION AND SUBTRACTION. 


100. Addition and Subtraction of Negative Numbers. 
It will be seen from the following examples that our definitions 
of addition and subtraction do not enable us to interpret the 
expressions 2+(-—3) and 2 ~( ~ 3):— 


Ex. 1. Find the value of (- 3) +2. 

Here, 2 is to be added to —3; to do this, we start with the 
number —3 on the scale, and count two forward (—2, — 1), and 
we write (-3)+2= -1. 


Ex. 2. Try to find the value of 2 +(—3). 

(First attempt.) (-—3) is to be added to 2. We are to start 
with 2 on the scale and count (—3) numbers forward. Now we 
cannot count (—3) numbers, so that 2+(-3) has no meaning at 
present. 

(Second attempt.) Tf a gain of £2 is denoted by +2, then a 
loss of £3 is denoted by (- 3). It seems reasonable to denote “a 
gain of £2 taken with a loss of £3 by 2+(-3). If we agree to 
do this, then 2+(-—3) means the result of subtracting 3 from 2, 
and we conclude that 2+(-—3) ought to mean 2 — 3. 

Now we have no right to make a property of abstract numbers 
depend on our notion about pounds and shillings. If 2+(-—3) 
is the same as 2 — 3, then this example is merely an illustration. 


Ex. 3. Try to find a meaning for 2 +0. 

Here we are directed to start with 2 and count 0 numbers 
forward. Jf we take this to mean that we are to cownt no numbers, 
then 2+0 means the same as 2. If however there are no 
numbers to count, we cannot count them, and the assumption 
contained in the words in italics is unjustifiable. 
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101. Definition of Addition and Subtraction. The pro- 
cesses of Algebra will be much simplified if the letters used to 
denote number may stand for any numbers, whether positive, 
zero or negative. This will not be the case unless the letters 
used in the statements of the fundamental laws may stand for 
any numbers. 

If we assume that the identity a+b=)+-a holds for all values 
of a and b, whether positive, zero or negative, and if we sub- 
stitute 2 for uw and (—3) for b, we shall have 

24+(-3)=(-3)+2=2-3. (Art. 100, Ex. 1) 
Thus, to add(—3) isto subtract 3. 

Again, if we assume that for all values of a and 0), a—6 is 

defined by the equation 
(w-b)+b=a, 


then (ORS Nee easy eno 
2 (8) = a (by the preceding) 


| 2 (3) =2 63, 
Hence, to subtract (—3) is to add 3. 
Similarly it can be shown that 
24+0=2=2-0. 


The addition and subtraction of zero and of the negative 
number (—<) (hitherto meaningless operations) are defined by 


at+0 =a, 
a-0 =a, 
a+(—-x) = a-x, 


a-(-—a) = a+x, 
where w is any number whatever, positive, zero or negative. 
It can be shown that with the above definitions, the Funda- 
mental Laws of addition and subtraction hold good for all 


numbers, and that subtraction continues to be the inverse of 
addition. 


The fundamental laws referred to are 
(1) The Commutative Law. Additions and subtractions may 
be performed in any order. 
(2) The Associative Law. ‘This is contained in the equations 
(i) a+(b+c)=a+b+e, (ili) a+(b-c)=atbd-¢, 
(li) a—(b+c)=a-b-c, (iv) a—(b-c)=a-Dte. 
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Ex. 1. Assuming the above definitions, prove that 
a-—(b-c)=a-b+e 
in the case when u, b, ¢ are positive and c > b. 
Let «=c - b, so that x is positive ; 


.. ~@=b-¢; (Art. 96, Ex. 7) 
*. a-(b-c)=a-(-2) 
=a+% (Def.) 
=a+(¢c—b) 


=a-b+e. (Art. 97) 


102. Definitions. The sum of several numbers has been 
defined as the result of adding them together. This definition 
holds good for all numbers. 

Thus, 24+(-3b)+(-5) is the sum of the numbers 2a, — 3) 
and —5, and means the same as 2a - 3b — 5. 


The number (w—0) is called the excess of a over ); (a—)) is 
also called the algebraical difference of a and b (or simply the 
difference of a and 6). From Art. 95 it follows that a is greater 
than, equal to, or less than } according as (« —b) is positive, zero 
or negative. 

The numerical difference between two numbers a and 0b is 
denoted by a~b, and is the result of taking the less from the 
greater. 

Thus the algebraical difference of — 4 and 3 is —4—3. 

The excess of — 2 over 3 is —2-3 or (—5). 

The expressions 5 ~ 7, 7 +5, 7—5 mean the same thing. 


The numbers (+2) and (—2) are said to have the same 
absolute or numerical value, namely 2. 


When an expression is regarded as the swm of several numbers 
(positive, zero or negative), each of these numbers is called a 
term of the expression. 


The expression 2a — 3b — 4c, written as a sum, is 
(+ 2a) +(-— 3b) + (- 4c). 
Hence the terms of the expression are (+ 2a), (— 3b) and (- 4e). 


The numbers 2, ( — 3), (-— 4) are called the coefficients of a, D, ¢ 
in the expression 2a — 3) — 4c. 
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yf 


: 6 SP? 3 v+ 
Again, the expression — - 3(x@-y) -4axv is the sum of a, 


ie 
~3(x-y) and —4x%xy; these are therefore the terms of the 
expression. 


Algebraical expressions are called monomial, binomial, tri- 
nomial, or polynomial expressions according as they contain one, 
two, three or several terms. 


EXERCISE XXXVII MENTAL 1-38. 


What are the values of 
1. 5+(-8). 2. 5-(-3). 38. —5+(-3). 4. —5-(-8). 
5. 5(—3). 6. —5(—3). 7. —3~-(-5). 8 2-(4-6). 
9. (2-4)-6. 10. —2-(4-6). ll. -2--4-6. 12, —(-2-4)-6. 
If a= —2, what is the value of 
13. 4a. 14, 4+a. 15, 4+ 2a. 16. 4-a. 17. 4-2a. 


Simplify the following : 


18. a@+(3a—-72). 19. 7a—(8a—-7a). 20. 3a—(8a—T7a). 
Subtract (6—c) from each of the following : 

21. Zero. 22060; 23. b-+e. 24, 2a+26. 
Subtract (6-+¢) from each of the following : 

25. a+30. 26. a—3e. 27. Zero. 28. b—e. 
What is the excess 

29. of x+y over v—y? 30. of v-y over r+y? 

31. of 5 over —2? 32. of —2 over 5? 

33. of —3a over 4a? 34, of —3a over —4a? 

35. of a over -4? 36. of a over 4? 

37. of 2a over (2a—b)? 38. of 2a over (b—2a) ? 


By substituting the value —4 for y, find the value of 7 when 
39. 2+y=7. 40. 2-—y=7. 41, 2t2y=7. 42. «-2y=—7. 
43, 2v+y=8. 44. 4r—-y=0. 45. 4vt+y=0. 46. 4v-y=8. 
47, If ©+5y=11 and #«—5y=—9, what are the values of w and 7? 
48. If 7+z=8 and y+z= —4, what is the value of r-y? 
49. If s—y=2 and y—z=3, what is the value of x—z? 


50. If e—y=—5 and y+z=4, what is the value of v+z2? 
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103. Rules for Removing and Inserting Brackets. 
For practical purposes, the Associative Law is stated in the form 
of rules, thus :— 


The value of an expression will be unaltered 


(1) If a bracket preceded by + is removed, each term that 
was within the bracket retaining its original sign. 


(2) If a bracket preceded, by — is removed, the sign of each 
term that was within the bracket being changed from + to —-, 
or from — to +. 

Ex. 1. Simplify 4a -(a+2b — 3c) + (8a + 4b — 2c — d). 

The expression 

=4a-—a-2b+3¢+3a+4 4b-2¢-d (Associative Law) 
=4¢—a+ 3a — 26 + 40+ 3¢- 2c—d (Commutative Law) 
=6a+4+ 2b4+¢-d. 

Again the value of an expression will be unaltered 


(1) If any set of terms of the expression is enclosed in a 
bracket preceded by +, each term retaining its original sign. 


(2) If any set of terms is enclosed in a bracket preceded by — , 
the sign of each term enclosed in the bracket being changed from 
+ to —, or from — to +. 

Ex. 2. Find the sum of 2a, 8a, 4a, —5a, —6a, — 7a, 

The sum = 2u + 30+ 4a —- 5a —- 6a -7Ta 

=(2a+ 3a+4a)-(5a+6a+7a) (Associative Law) 
= 9a — 18a 
= — 9a. 

104, Method of Subtraction. The method of subtracting 
one expression from another will be understood from this example: 

Ex. 1. Subtract 5a+2b-5c from 2a —- 3b — fe. 

The result = (2a — 3b — 4c) - (5a + 2b - 5c) 


= 2a — 3b —4¢-— 5a -—2b+5¢ (Associative Law) 
= 2a - 5a — 3b — 2b - 4c + 5e (Commutative Law) 
= (2a—5a) — (3b + 2b)+(—4¢+4c) (Associative Law) 
= —3a-5b+6. 


When the dependence of each step on the Fundamental Laws 
is understood, the work may be arranged as follows : 


(2a — 3b — 4c) — (5a + 2b — 5c) = 2a — 5a - 3b — 2b - 4¢+ 5e 
= —3a-5bd+¢. 
N.A. IL. 7 
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What is often called the Rule of Subtraction in Algebra will 
be understood from the following arrangement of the above: 


To subtract 5a+2b-5c from 2a—3b-—4c, write the first 
expression under the second, thus : 


200046 
ba + 20 = 5e 


Next, (mentally) change the signs of the lower line and add ; 
the mental process is 


—5a+2a= -—34a; -2b-3b= -5b; +5ce-4c=¢, 


and the work stands as follows: 


Yop — BY) = Ae 
ba te Yp) = YP 
=3 =o & 


105. The Vinculum. The expression a -)+c-—d means the 
same as @—-(b+c-d). The line drawn over )+c-—d is called a 
vinculum and is frequently used instead of a bracket. Thus 
2.b-—c means the same as 2() —c). 

If an expression contains several brackets, in removing these 
we shall generally begin with the innermost bracket. The method 
will be understood from the following examples : 


Ex. 1. Simplify (i) 6x - {2(@+y)-3(y-2)}. 
(ii) a-2[b-3{c-4(a-6)}]. 

(i) The expression = 5a — {2% + 2y — 3y + 3x} 
= 5a - {5a - y} 
=5%—da+y 
Ye 

(ii) The expression =a —2[b-3{c-4a+ 4b}] 
=a-2[b-3¢+12a—- 126] 
=a—2[12a -11b- 3¢] 
=a— 24a + 22b4+ 66 
= — 23a + 22) + 6¢. 
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EXERCISE XXXVIII. 


Assuming the definitions given in Art. 101, verify the equalities : 
(i) a+(b+e)=a+b+e, (ii) a—(6+c)=a—b-e, 
(iii) a+(b-c)=a+b-c, (iv) a—(b-c)=a-b+te, 
when a, 6, c have the following values : 


aw —o.0—2C— 1. 2, a=—3, b=2, c= —7. 
oe —o, 0 — ee —ifie t 4, a=—3, b6=-—2, c=—7. 
Daa —3.0—0.1c—— pe 6. ¢@=/—3) b= —5, c=—0: 
Simplify the expressions (7-11), and refer to the law or definition 
which justifies each step : 
7. 1-(2+3-8). 8. 3a—5(-a) 9. 5a—(2a+b—4c)—(5b+¢e). 
10. Find the sum of —a, 2a, —3a, —4a, 5a. 
11, Find the result of subtracting 
(i) 4+2b—4c from —a—5b4+9c. (ii) —3b—6¢ from a+b—3e. 
Work out the following examples in the shortest way you 
can : 
12. Subtract #+2y+32 from 5x”—y-—2z. 
13. Subtract #—(2y —32) from (54—y)+2z. 
14, Subtract y—(2z+3z) from z—(v+y). 
15. Subtract (a+6)—(e—d) from zero. 
16. Subtract (a—6)—(e—d) from (d—c)—(b—a). 
17. By how much does zero exceed a—b— 2c? 
18. By how much does a—(b+c) exceed (a—b)+e? 
19. What is the excess of (a+b)—(c+d) over (ec—a)—(d—b)? 
20. Find the sum of 52?-38x-—2a, 4a+3a—327, a—207—5a. 
21, Add together a+(2b+3c), 2a—(b+2c), b—(c+a), c—(a+6). 
22. Add together 4(w—2y+3z), —5(y—22+32), 6(2-2”7+3y). 
23. From c(a—b)—w subtract «—c(a+b). 
24, What must be subtracted from —2v7+38y—5z in order that the 
remainder may be 2~—7y —4z? 
25. Add 5a—(7b—c) and 3b—(9a+c); subtract the sum from ¢— 4d. 
26, From 3«-—(y—z) subtract 22—(y—4x) ; add 27+y to the result. 
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27. Add together 
3a? —2art+5a2, 38a%—Ta?+5u7, 342-74? = 4ax ; 
and subtract «?—4av+a? from the sum. 
28, Add together 
6a? —(5a2b — 6°), Tab —(3ab?— 26°), 5ab?— (4a? + 6°) ; 
and subtract 2a) ~2ab? from the sum. 
29. From 5a°—6x?+7%—8 take the sum of 
—7a?—5e+3 and, —102°-82?+6r+4. 
Simplify the following : 
30. 4{b-c—3(c—a)}— 5{a-b-2(a-c)}. 
31. 2{a?—-(2ab+b?)} —4(b? — ab — a?) —{6 (a? — b?) — ab}. 
32. 1-[(2+{3-(14+2)—3}+1]-2. 
33. 3(a+c)—5(a+b+e) —[b-—{e+2a—-(b-c)}]. 
34. 2a—{3a—(46+2a)}+{5a—(4b—a)}. 
35. (wty+2)—[4y4 22-132 — (By —2)}— 22}. 
36. —[a—{b—(e—x)—(b+x)}+d] when a, b, c,d are all equal. 
37. 2a—[e—(a—b+ 2c)]—[4b —{3e+a—(4a+e—5b)}]. 
38. 2a —[3b—{5e—(8a—5b) — (2c — 5a)}+ 2b] +e. 
39. a? —[b? —{c? — (2a? — 3b? +. a2 — 2 — B®) +e], 
40, 57—4[#+3{2v—2(87-1-.2x)}}]. 
41, 2v—3[y - {324+ 2x—-(8y—2z)+y}-a#]-z 


106. Interpretation of the Negative Sign in Problems. 


Ex. 1. 0, A, and B are points in the same. vertical line, A is 
a feet above O, B is b feet above O, and C is the middle 


point of AB. Find the heig ght of C above O and inter pree = B 
the result when b - +c 
(1) a= -2, b=6, (2).when a= -6, b=2. if a 
Let C be x feet above O, then since 40 =CB, a ( 
C47 
. €=0=0—-#;  .. Wear, ee 
a+b eee’ 
Sayre Fria. 18. 


“ 


Observe that every step in the solution holds good whether 
the letters stand for positive or negative numbers, and that if 
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lengths measured upwards are denoted by positive numbers, 
then lengths measured downwards are denoted by negative 
numbers. 


(1) If a= —-2 and b=6, we have z= 


SEG 
9° 


yay 


Sh. 


In this case, 4 is 2 feet below 0, B is 6 feet above 0, and. C is 
2 feet above 0. 


(2) If a=—6 and b=2, z= a 


2 


ae 


Here A is 6 feet below O, B is 2 feet above O, and C is 2 feet 
below 0. 


Ex. 2. Af the present time, A’s age is a years, B’s age is b years, 
andin « years A will be twice as old as B. Find x in terms of a 
and b, and interpret the result when a=80 and b=20. 

In @ years, A’s age will be (+z) years and B’s age will be 

b+) years, hence 
ay oot) at+u=2(b+z2), 
x=a— 2b. 

Now every step in the solution holds good whether the letters 
stand for positive or negative numbers, and if a=30 and b= 20, 

x= 30—-—2.20= - 10. 

We interpret “(-—10) years hence” as meaning “10 years 
ago” and thus obtain the solution of the following problem :— 
“4’s age is now 30 years and B’s age is 20 years; how many 
years ago was A’s age double b’s age?” It is seen that the 
answer is “10 years ago.” 


EXERCISE XXXIX. 


1, OA and OB are lengths measured from a point 0 along a straight 
line, and Cis the middle point of Ab. If OA=a, OB=b and 
OC=zxz, it has been shown that 2r=a+b (Art. 106, Ex. 1). 
Draw figures to illustrate this formula when (i) a= —3, b= —7; 
Gi) @=3, b= —7; Gi) a=—3, b=7. 

2. The top of a pit-shaft is a feet above sea-level and the bottom 
of the shaft is 6 feet below sea-level ; the point Y is half way 
down the shaft, Y is two-thirds of the way down and Z is 
three-quarters of the way down. Find the depths of 4, Y 
and Z below sea-level. If a=900 and 6=600, how many feet 
are XY, ¥ and Z respectively above or below sea-level ? 
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3. 


10. 


11. 


12. 
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OA, AB, BC are lengths set off along a straight line OX, and P is 
the middle point of OC. If OA=a, AB=b, BO=c and OP=z2, 
write down the equation connecting a, b, ¢ and «. 

In question 3, if a, 6 and ¢ have the values given below, find the 
corresponding values of 2, and in each case verify the result 
with a diagram: (i) a=—2, b=4, c=6. (ii) a=—2, b=—4, 
e=6. (ill) a= —2, b=—4, c=10. Gv) a=—5, b=—3, c=4. 

At present 4’s age is a years and B’s age is b years. How many 
year's ago was A’s age three times B’s age? Interpret the 
result if a=70 and b= 20. 

A’s age is v years and B’s age is 4” years ; 3a years hence A’s age 
will be the same as B’s age will be 3b years hence. Find # in 
terms of a and b. 

Apply the formula obtained in Ex. 6 to answer the following : 
B’s age is 4 times A’s age and 30 years hence A’s age will be 
the same as B’s age was 6 years ago. What is A’s present age? 

A’s age is w years and 5’s age is y¥ years; @ year’s hence A’s age 
will be the same as 5’s was b years ago. Find y in terms of 
a,band v. Interpret the result when @=7, b=8, y=12. 

A and B play two rubbers. In the first rubber A wins a shillings 
and in the second B wins 6 shillings. In settling accounts A 
pays # shillings to 6. What is the equation connecting a, b 
and 2? Interpret the result when a is greater than b. 

A is to pay twice as much as B towards the upkeep of a joint 
establishment. A and B respectively pay £a and £6 towards 
the expenses ; B lends £c to A and in settlement of accounts A 
pays £v to B. (1) Find w in terms of a, band c. (2) If a=600, 
b=150, c=50, find the value of w and interpret the result. 

A, Band C are to share equally the expenses of a certain shoot. 
A, B, C respectively pay £a, £b, £c towards the joint expenses. 
In settlement of accounts B pays £v to A and C pays £y to A. 
(1) Find # and y in terms of a, b and c. (2) Interpret the 
result when @=90, 6=300, c=450. 

A, B, C join in a shoot ; Band C are to pay equal shares and A as 
much as B and C together. A, B, C respectively pay £a, £2, 
£c towards joint expenses. In settlement of accounts ( pays 
Lx to Band B pays £y to A. (1) Find w and y in terms 
of a, b,c. (2) Interpret the result when a=100, b=200, c=300. 


CHAPTER XIII. 


GRAPHICAL REPRESENTATION OF NUMBER. 
(Continued.) 


107. Representation of Numbers by Points, If an 
indefinite number of equal lengths are set off along a straight line 


} I I } | I | I 
I ie ] i | I ] | } 
-—4 -3 -2 -1 0 1 Z 3 4 


Fic. 19. 


and the points of division are marked 
esl) Ae EE ROO OK eS Nae ae 


in order, we obtain points which, by their position, represent the 
numbers of the complete scale of integers in these respects : 


(1) for every number, there is one point and only one ; 


(2) the points occur in the order in which the corresponding 
numbers stand on the scale. 


108. Representation of Pairs of Numbers by Points, 
Draw two straight lines XOX, Y’OY at right angles to one 
another. Choose some convenient unit of length, say one-tenth 
of an inch. 

Starting from 0, set off an indefinite number of lengths each 
equal to the unit of length along OX, OX’, OY, OY’. Let the 
points of division along OX and OY be marked 1, 2, 3, 4, ... in 
order ; let the points of division along OX’, OY’ be marked 
—1, -2, -3, -4, ... inorder. (Fig. 20.) 


18 » ZERO AND NEGATIVE NUMBERS 


To find the point which represents any pair of numbers (a, 0), 
through the point a in X’OX draw a parallel to YOY, and 
through the point b in Y’OY draw a parallel to X’OX; these 
parallels meet in the point (a, b), which is taken to represent 
the pair of numbers (a, 0). 


Fic. 20. 


Thus in Fig. 20, P, Q, R, 8 are the points which represent 
the pairs of numbers (6, 4), (—6, 4), (—6, —4), (6, — 4) respec- 
uve ys and the points N, M, N’, M’ represent the pairs of . 
numbers (6, 0), (0, 4), (- 6, 0), (0, — 4) respectively. The point 
O is called the origin and ‘the lines X’OX, YOY’ are called the 
axes of x and y respectively. 

Points constructed in the manner just described represent 
pairs of numbers in the following respect : — 

For every pair of numbers (either or both of which may be positive, 
negative or zero) there 1s one pornt and one only. 

If P is any point in the plane of XOY, and if PN is drawn 
perpendicular to X’OX, the lengths ON, NP are called the 
coordinates of P; of these ON is called the abscissa and NP 
the ordinate of P. The abscissa ON is considered positive or 
negative according as it is measured along OX or along OX’. 

If PM is drawn perpendicular to Y’OY, the ordinate NP is con- 
sidered positive or negative according as M les in OF or in OY’. 
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Thus it is seen that every point in the plane OXY, whose 
coordinates can be represented by numbers, corresponds to one 
pair of numbers and to one only. 

In Fig. 20 the abscissa of R is —6 and the ordinate of 
Ris -4. 


Ex. 1. Plot the points (- 2, 5), (—6, — 3), (8, —7) and find the 
area of the triangle of which these are the vertices. 
In Fig. 21 A PQFL=trapezium MNPQ+ ANREP - AMRQ. 


LIN 
PL-2,5] 
| 
Xx Xx 
O 
| | 
Q[-6,-3] 
Mi eee se TTT Ris,-71 
| Y 
Fic. 21. 


., area of APQR 
=3(MQ+NP).MN+4NE.NP-4ME.MQ 
=4$(4412),44+$:10.19-4.14.4 
= 64 units of area. 


Ex. 2. If & » are the coordinates of the middle point (h) of the 
straight line joining the points (P, Q), whose coordinates are (a, ¥), 


(2, y'), then E=}(@+a’), n=Zyty’). y wai 
Construct as in Fig. 22 ; show that el 
As QKk, RHP are congruent, and : 
hence that VK = RH and Kk= HP. Reem 7 hy 
Now QK=é-w, RH=2-6, eurany 
.. €-¢ =2-§ te 
meat, | 
g=4(u+2'). ora erin x, 


Similarly n=h(yty): 
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Ex. 3. In the equation «+ 2y=6, give to « the values — 10, — 4, 
0, 6, 10, and find the corresponding values of y. Plot the points which 
represent these pars of values of a and y. Verify that the points le in 
a straight line. Take any other point on the line whose coordinates 
can be represented by numbers, and verify that these numbers satisfy 
the equation «+ 2y=6. 


|[-Ho}8] LY. | 
SCs ,7] al 
ie 
(-4,5] 
él (3 [0,3] els} 
x! 
a O 
3, val 
Fig. 28, 


Corresponding values of x and y are shown in the table: 


AO 


a 


z | -10| -4 | 0 | 6 | 10 
| 
| 
| 


yee ee) ess iiee 


Plotting the points (—10, 8), (—4, 5), ..., we find by using a 
ruler that the points lie in a straight line. It is seen that the 
point (-—8, 7) is on the line, and when a= —8 and y=7, we 
have 7+ 2y=(-8)+2.7=6. 

.. the values (-8, 7) of z and y satisfy # + 27=6. 


109. The Linear Equation (continued). Experiments in 
plotting points, whose coordinates satisfy a linear equation, point 
to the fact that the conclusions of Art. 87 are also true when « 
and y have any integral values, whether positive, zero, or negative. 

To the facts stated in Art. 87 may be added the following : 

1. The points where a straight line cuts the axes of w and y 
respectively are to be found by putting y=0 and w=0 in the 
equation to the line. 

2. The ordinate of every point in X’OX is zero; the equation 
to the axis of x is therefore y=0; similarly, the equation to the 
axis of y is 7=0. 
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EXERCISE XL. 


. Draw the triangles whose vertices are the points given in (i)-(iv). 
Calculate the areas of the triangles. 

(i) (0, 0), (0, 7), (—8, 0); CO 4 (0) 4) (Sas 

(iit): (6; — 3), (—1,3), (—4, -9); (iv) (=2, 6) (55-8), 7; = 4): 


. Draw the quadrilaterals whose vertices are the points given in 
(i)-Gv). Calculate the areas of the quadrilaterals. 
(i) (0, 3), (=2, =4), G,=4), (8, 3) 5 
(ii) (0, 0), (—3, —5), (0, - 12), (10, 5); 
(iii) (6, — 10), (6, — 3), (es 3), (= 0) ; 
(iv) (-2, —10), (10, ane) C4, 6), (—6, 1). 


Prove that the distance of the point (w, y) from the origin is 
Ja? +72. Illustrate geometrically the inequality #+y>V2? +y’, 
where ~, 7 stand for positive numbers. 


. By substitution in the formula 
“ Distance of (2, v) from the origin=V 2? +7,” 
find the distance of each of the following points from the origin 
and verify by drawing diagrams. 

(i) (—6, —8); (ii) (12, —5); (iii) (—15, 8); Gv) (—20, —21). 

. Prove that the distance between the points (w, vy), (a, 6) is 

Ca) aCe) 

. By substitution in the formula of Ex. 5, find the distance between 

the points given in (i)-(iii). Verify by drawing diagrams. 

(i) (= 10, —3), (14, =e 10) ; (ii) c 5, 7), (7, =3) ; 
(iii) (12, 18), (0, —17). 

. By using the formulae of Art. 108, Ex. 2, find the coordinates of 
the middle points of the straight lines joining the points in 
(i)-(iv). Illustrate by diagrams. 

(i) (3, 2), (7, 8) 5 (ii) (2, 2), (8, - 10) ; 
(iii) (83, 3), (—7, —3); (iv) @, 2), (—5, -10). 

Find the coordinates of the points where the straight lines, whose 
equations are given in (i)-(iv), cut the axes; plot these points 
and draw the lines. 

(i) 5e+6y7=90 ; (ii) 3a —4y=36 ; 
(iii) 38y — 24 =24 ; (iv) 4e+7y= — 84. 
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9. In equations (i)-(ix), (~) Give to w in succession the values — 8, 
—6, 0, 6; find the corresponding values of y and plot the 
points which represent these pairs of values. 

(6) Verify that the four points of each set lie on a straight 
hhne. 

(c) Read off from the diagram the abscissa of the point on each 
line whose ordinate is —15. Verify that the coordinates of the 
point satisfy the equation to the line. 

(i) «+y=0; Gi) 8¢+2y=0; (iii) e+y=19; 
(iv) y-#7=3; (v) y-2¢=3; (vi) 2y-—#-2=0; 
(vil) 7+2y=32; (vili) 2y—37=6; (ix) 3v+2y=42. 


Solve graphically the following simultaneous equations : 


10. 3v-4y=~-1 ll. 54+6y=2 
4a+ y=24. CH es i) Tell WE 

12, 5¢+7y=0 13. 5(v+8)+4(y+6)=0 
r+ y= —8. 27+3y+34=0. 


14, Prove that the straight lines whose equations are 3v—4y=6, 
“—3y=12, 2y—5x2=24 pass through the same point. Verify 
by a diagram. 


15. If the lines whose equations are 37+5y=2, v+y=—2, ~+ay=10 
pass through the same point, find the value of a. Verify by a 
diagram. 


16. If (#, y) is a point which is equidistant from the points (a, 6), 
(a’, b’), prove that (x, y) satisfy the equation 
2u(a—a')+2y(b—b')=a? — a? +b? —b”. 
17. What is the equation to the perpendicular bisector of the line 
joining the points (a, 6), (a’, b’)? 


CHAPTER XIV. 
MULTIPLICATION, DIVISION, POWERS AND ROOTS. 


110. Zero as a Multiplier. In accordance with the defini- 

tion of multiplication in Art. 5, 
0x3=04+0+0=0; 
but the definition attaches no meaning to the expression 3 x 0, 
If, however, the identity ab =ba is to hold when one of the letters 
stands for zero, and if we substitute 3 for a, and O for b, then 
DOU — Osco); 

Assuming the Commutative Law for Multiplication to hold 
when one of the factors is zero, we are led to the following 
definition : 


DEF. ax0=0xa=0, 
or the result of multiplying any number by zero is zero. 
Hence a.0.b=(4.0).06=0.5=0, 
and @.0,0=(ab).0 =O; 
thus sb OS a.0 620.0. b=0 


and generally : 

If any factor of an expression is zero, then the expression 
is zero. 

It is easy to see that, with the above definition, the Distri- 
butive, Commutative and Associative Laws of Multiplication 
hold when any of the numbers concerned is zero. 
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111. Zero in Division. If cb=a, then, by the definition of 
division, o=5: if this definition is to hold, when either 0 or ¢ 
stands for zero, then 


(i) since Oxa=0; .. O=-; 


Sra ao 


(ii) since axO0=0; .. a= 


Thus, the expression : may stand for any number, and its value - 


is said to be indeterminate. 

Again, if bx 0=a, then a is zero, and we conclude that there 
is no number which, if multiplied by zero, will give as the 
product any number but zero; hence wnless a 1s zero, the 


ated 
expression — 1s meaningless, and can represent no number whatever. 


Thus, at present, we are unable to assign any definite meaning 
to the operation of dividing a number by zero. 


112. A Negative Multiplier. In accordance with the 
definition of multiplication in Art. 5, 


(-4)x3= —-4-4-4= - (4x 3), 
but the definition attaches no meaning to either of the expres- 
sions 3x(—4) or (-3)x(-4). 


Now the identity 
(a-—b)(x—-—y)=ax—ay —bx+ by 


has been proved to hold when a, 0, 2, y stand for positive 
numbers, anda>banda>y. If the letters used in Algebra to 
denote numbers may stand for any numbers, whether positive, 
zero or negative, then this identity must hold for all values of 
a, b, «, y. Assuming this to be the case, we have : 


(1) If b=0 and y=0, then 
(+4@)(+%)= +(az) -ax0-Oxa+0xQ; 
“. (+a)(+X) = tax, 
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(2) If a=0 and y=0, 

(—b)(+2)=0xw - 0x0 —- (ba) + bx0; 
. (—b)(+x) = —(bx). 

(3) If b=0 and x=0, 

(+a)(-y)=ax0 — (ay) -0x0+0xy; 
-*. (+a)(—y) = —(ay). 

(4) If a=0 and «=0, 

(-—6)(-—y)=0x0 - Oxy-— bx0 + (by); 
+ (—b)(—y) = + (by). 

The results (1) and (2) are in accordance with the definition 
of multiplication as explained above, and the results (3), (4) are 
to be regarded as defining the operation of multiplying by a 
negative number. 


The results (1)-(4) are generally stated as in the following 
article. 


113. Rule of Signs. The product of two factors with like 
signs is positive, and the product of two factors with unlike 
signs is negative; thus 


(+a)(+b)=+(ab); (—a)(—b)=+(ab), 
(+a)(-—b)=—(ab); (—a)(+b)=—(ab). 


It can be shown that, with the definitions of multiplication 
just given, the Distributive, Commutative and Associative Laws 
for multiplication hold good for all numbers, whether positive 
or negative. 

Particular cases of this statement are proved below, and the 
student should have no difficulty in supplying the proof of any 
other case. The justice of these definitions will be confirmed by 
the fact that, as the student advances, he will find that they 
never lead to inconsistent results. 


Ex. 1. Prove that (ab)c=a(be) in the case when a, b, ¢ are all 
negative. 


Let a= —2, b= -—y, c= —2, then 4, y, 2 are all positive, and 
(ad)e= {(—2)(-) 2) 
= {xy}(-2) (Rule of Signs) 


= — Lz. (Rule of Signs) 
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Again, a(be) =(-#){(—9)(—2)} 
=(-2){yz} (Rule of Signs) 
= —2(Y2) (Rule of Signs) 
= — 2Yz ; (Associative Law for 
". (ab)e=a(be). Positive Numbers) 


Ex. 2. Assuming the definitions contained in the Rule of Signs for 
Multiplication by a Negative Number, prove that 
a(b—c) =ab —ac 
in the case when a is negative, b and ¢ are positive and b <c. 
Let a= —% and b-c=-—y; then, by hypothesis, x and y are 


positive ; also x= —a and y=c-b; hence 
a(b-0)=(—2)(=y) » 
= + (ay) (Rule of Signs) 
=2(c - b) 
= xe — xb (Distributive Law for 


=(-a)e—(-a)b Positive Numbers) 
=-ac—{-—(ab)} (Rule of Signs) 


=ab — ae. 


114. Powers of a Negative Number. If # stands for any 


number, (—2a)?=(-2)(-2) 
=o, (Lule of Signs) 
(=2)8=(-2)(-2)(-2) 
=(47)(—2) (Lule of Signs) 
= — 2. (Rule of Signs) 
Continuing the process, it is seen that (-2)*=a4, (—a)>= — a; 


and, in general, 
if n is even (~2%)”"= +42", 
if m is odd ( - z)"=—2”. 


The three Index Laws contained in the identities 
am atsaMt?; (aMPaamt; (ab)™=a™b™ 


depend on the Commutative and Associative Laws of Multi- 
plication, and therefore hold whether a, b stand for positive or 
negative numbers. 
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Ex. 1. Find the value of 3a?b?ct when a= —1, b= —2, c= —5. 

Here 3a7b%c4 = 3( — 1)?( — 2)8( — 5)4. 

We first find the sign of the result by counting the total number 
of negative factors: (—1) occurs twice, (—2) occurs three times 
and (—5) occurs four times. The total number of negative 
factors is therefore 2+3+4 or 9; and since 9 is an odd number, 
by the Rule of Signs, the sign of the result is minus. Hence 


S070 = — 5.1228 -5* 
= —3.(2.5)3,5 
= —3.1000.5 
= — 15000. 
EXERCISE XLI. 
Simplify , 
ty (=2)(—7)(—2): 2, eon): 3. (= 2x), 
4, (—2)3(—2). D4 = 1) 2), 6. (—.«)?(—2"). 
aates Ls Gren) Of (3)? (2) 
10. 1—(-1). LS Gas 12 42-+(—2) 7. 


13, If 7 is any positive integer, state the values of 
(i) (- ID) ; (ii) (— Lyrtt ; (iii) (- 1722) 
ie lia¢——), b>——2,c—3. a, 5, find the values of 


(i) 20762. Gi) a bec’. (iii) — 5a*b?c?. 
(iv) —8b7c?d¥. (v) 25a4b4c4. (vi) be+ca+ab, 
(vii) +6? +c’. (viii) a + 6° +c — Babe. 


(ix) (b+c)(c+a)(a+b)+abe. (x) a+b? +0?+2be+ 2ca+ 2ab. 


15. By substituting 1 for a, —1 for 6, and —2 for c, verify the 
following identities :— 
(i) &—b'=(a—b)(a?+ab+ b*). 
(ii) (b¢e+ca+ab)(a+b+e)=a(b+e)+b(e+a)+c?(a+b)+ 8abe, 
(ili) (6+c)(c+a)(a+b)=a?(b+c)+b%(e+a)+e(a+b)+2abe 
(iv) (b-c)(e—a)(a—b)= —[a?(b—c) + 0%(c— a) +.c2(a—)]. 


16. Remembering that the square of any number is positive, whether 
the number itself is positive or negative, prove that for all 
values of w and y which are unequal 

w+ yt > Wry. 

17. Prove the identity (e+yY=(e—y)?+4ay. Hence show that if 

x2 and y are two numbers whose sum is given, their product is 
NLA. I. M 
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greatest when they are equal. Illustrate this by writing down 
the product of every pair of numbers whose sum is 10. 


18. Prove that if w and y are two numbers whose product is given, 
their sum diminishes as their difference diminishes. Illustrate 
this by writing down the sum and difference of every pair of 
factors of 24. 

19. Prove the identity 
(y—2P+(2—x%P+(@—y)P=2(v? + y2 +2 — ys — 20 — 2y). 

Hence show that for all values of x, y, 2 which are not all equal 
e+ Pte > yet out vy. 
Illustrate by putting v=1, y=2, z=3. 

20. Assuming the definitions contained in the “ Rule of Signs,” prove 
that a(b+c)=ab+ae in the case when a and 6 are negative, 
¢ is positive and (b+ c) is negative. 


115. A Negative Divisor. If division, when the divisor is 
a negative number, is defined as the inverse of multiplication, it 
follows that 


() =4=2-8; (i) B=-8; (ii) aa ye 
Proof of (i). Let ete 
ch=«a. (Def. of Division) 
Also (—¢)b= — (cb) (Rule of Signs) 

‘. (-e)b= -a. 
Hence, if division is to be the inverse of multiplication, 

-G@ a 

ie ame 


The proofs of (ii) and (ii1) are similar to that of (i). 
The Rule of Signs is therefore often stated as follows :— 


In multiplication and division like signs produce plus and 
unlike signs produce minus. 


The Laws of Division, as stated in Chapter VIII., and the 
Theorems proved in that chapter depend on the Definition of 
Division and on the Fundamental Laws of Multiplication ; 
these Laws and Theorems therefore hold good for all numbers 
whether positive or negative. 
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Ex. 1. Simplify 


18y? 
\ Y-% LUO Weaiees Gone! Sa 
(i) ty? (ii) ab — a?’ (iit) 5a 
ays 
(i) Went ne) & poy S27) 
“—Yy xy LY 
ob oR 
(a) ab—a? a(b— a) 
_(a+6)(a—-6) 
—a(a—b) 
_ _(a+6)(a—-6) 
os a(a—b) 
Bane? 
a ae 
10z+ 3y - y (10243y- “a 
COUN, eal SER ad A FS a cll 
Da ayy 
6 —-— (6-)ey 
y y 
_ (102? + 3ay — 18y?)y 
- (6y — 5a)a 
_ _ (5a by) (2a + 3y)y 
i (5a—6y)n 
__ et By)y 
x 
Qh3e3q5 
Ex. 2. Find the value of ° g sa when a=—2, b=4, c=—-6 
A 2a8 : 
Bb%e8d®  3.48(—5)8.(—1)° 
Here oy te a - 28 


We first find the sign of the result by counting the total number 
of negative factors in the dividend and the divisor: (—5) occurs 
3 times, (— 1) occurs 5 times, (— 2) occurs 3 times ; thus the total 
number of negative factors is 3+5+3 or 11. The number 11 is 
odd ; hence, by the Rule of Signs, the sign of the result is -, and 

3b%¢7d> Bier aes 6 Seavey: 


Oge = 2 98 cae aa 94 = —3.2758= —1500. 
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EXERCISE XLII. 


Norn. Letters, of which the values are not given, are supposed to have 
such values that the operations indicated are possible. 


Simplify the following : 


ay — a0 a? —a (b-ap gi—4 
Ye by” Ca Py Se GSE = (2—x)* 
(ay ry)? 4, °) ( ) 
» 5 eG), 6. (a+6)- eae 1. (@=—6) 7) tsa 
A ae le +( a a b 
8, (a+b)+(1-§). Ge (GPa ts ye 10 
a 2b b?—a? ba? B—a> B+a3 
Tee ne a+b a—b° ere G5 a+b- 
Oe Xe b 16 12 
ae a on alee 
La: 15. : 16 —. 17 
pe ait ay 3 1 
dc b ah te 
= se 
18 Qu? — Bay +27? 19 ee rs 6x? — xy — 127? 
net ae, = ; ; a i : 205 ee 
If a= —2, b= —1, c= —5, d= —4, find the values of 
2a—ad ed? (abcd)? ab + 8 aS — $8 
Beg 2) ate a gad 2A aoe coe 
ce - (3b)? — a‘ + a?b?+ bt a+) a?—(b—c)? 
ee Comin Cer eve imp sO Gaia MT 


116. Square Roots. Since (-«)?=a?, we see that 


(i) A square root of a number being defined as a number 
whose square is the given number, it follows that both +a and 
—# are square roots of z?. It will be convenient to call +a the 
square root of 2. 

(ii) The square of any number, whether positive or negative, 
is a positive number, and there is no number (of a class yet 
considered) whose square is negative. Instead, however, of saying 
that a negative number has no square root, we invent a new 
class of numbers called complex or imaginary numbers, and we 
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say that the square root of a negative number is a number 
belonging to this new class. Numbers which are not imaginary 
are called real. 


Established custom is the only justification for restricting the 
word imaginary to refer to complex numbers ; correctly speaking, 
wil numbers are imaginary. 


117. Cube Roots. It has been shown that (-2)?= —23; 
moreover, there is no number, positive or negative, other than 
(—«), whose cube is (—2*): the cube root of ( —2*) will therefore 
be defined as (—«), and we shall write 3/-x3 = —x, 

It can be shown that every number, positive or negative, has 
three cube roots, two of which are imaginary numbers. 


118. Illustrations. (i) The number 16 has two square roots, 
namely +4 and —4; the square root of 16 is +4, and we write 


J16= +4. 
(i) There is no number, of a class yet considered, whose 


square is (—16); such an expression as /—16 denotes an 
imaginary number. 
(iti) Since (- 3)?= - 27 and (—2)'= — 32, we have 


oO es =F and (fe 8o= — 9: 
Ex. 1. Find the value of /- 4.14". 28. 
4.142, 98=4.9?.72,4.7=28. 78: 
RAM TRG cee A) OF Ghee 0 a 8, 


Ex. 2. Find two values of « which satisfy the equation 
(24 +7)? = 26. 
Here 27+7 must stand for a number whose square is 25 ; such 
numbers are 5 and —5. Hence we may have 
9+7=5 or w+T=-5; 
rc hore = 205 
and the required values of # are —1 and — 6. 


119. Roots of Algebraical Expressions. If 4 stands 
for a given algebraical expression, it may happen that A is a 
perfect nth power, that is to say an expression B may exist 
such that B”= A. In this case, Bis called an nth root of 4. 
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Observing that 
(a -— 6)? =(b - a)? =a? — 2ab + B?, 
we see that both (a — 6) and (b — a) are square roots of a? — 2ab + b?. 
In general, an expression which is a perfect square has two square 
roots, which differ only in sign. It will be convenient to call (a — 6) 
the square root of a? — 2ab + b°. 


Ex. 1. Find the cube root of 125(a + 6)® + 8a3y'. 
plas 1 9 2G eae 


8x3y}2 aie 2373y12 2ay4 


Ex. 2. Find the square root of (4a? — 1) (2x7 — % — 1) (2x? - a+ 1). 
The expression = (24+ 1)(2” — 1)(2a+1)(a@—1)(2%—-1)(@-1) 
= (2a + 1)?(2% —1)?(@—-1)?; 
. Square root = (2a+ 1)(2x—-1)(#—- 1). 


Ex. 3. Find the square root of 
(i) 25%? - 7Oxy + 49y?; (il) 9x? + 4y? + 252 — 2Oyz — 8Ozx + 12ay. 
Here we use the identities 
(a+b)? =a? + 2ab+l?; (a—b) =a? - 2ab +b. 
(i) 25a? — 70ay + 49y? = (5x)? - 2(5x) (Ty) + (Ty)? = (5a — Ty)? ; 
*, Square root = 5a — 7y. 
(ii) Arrange the expression in descending powers of 2, thus: 
The expression = 92? + 62 (2y — 52) + (4y? — 20y2 + 252?) 
= (3x)? + 2(3x) (2y — 5z) + (2y — 52)? 
= (3% + 2y — 52)? ; 
.. Square root = 3a + 2y — 5z. 


EXERCISE XLII. 


Simplify 
a 0a. 2. A(—9a°)(—9a?). 3, 8/8205, 
A, ON (a)? ay 6, Satay 6. (NS) S979) 
Wes 2 816297". 8. -9.24.28.98. 9. V—49.75. 315. 
oy 3 hayes Pipa’ sy > -<ae = 
10. NE Me af 1 aft 13. V@= KTH a). 


14. What are the two square roots of a?+2ab4+ b?? 
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Find the square roots of 
15, 42?-127+49., 16. 25x? + 80vy + 64y’. 17. 16a*— 56x? + 49. 
18, 42° — 36a3y2+ 81y?2”. 19, (a?—3%+2)(a? — 40+3)(a? —5r+6). 
20. (3”?+ 2a —1)(8a? —10x”4+3)(a? — 2x — 3). 
21, (527+ 4% —6)(10a? — 3x” —18)(2u?- 5x +3). 
22, 4a? + y? +252? — 10yz + 20za — Avy. 
23. 9x? + 4y? + 1627+ 16y24+ 242r 4 122. 
24, 2° —4vy+4y?+2e—4y4+1. 25, 9at+ 30x%y? + 25y4 — 124? — 2072+ 4, 
26. 2? + 6x?y + 9y? + 4vy + 120 +4. 
Find two values of « which satisfy the following equations : 
27. z?=a0% 28. (v+a)=b% 29, (Qx—5)?=25. 30, (Qr—5)?=49, 
31, (27+5)?=(e+1)2. SYA, ae ailley 30, 7°=729. 34) 70k 
Find a value of 2 which satisfies the following equations : 
30. ¢@=—8. 36. (7+a)?+278=0. 37. 2+a°=0. 38. 27"*'+1=0. 


120. Rules for Equalities. The Rules for Equalities stated 
in Art. 16 are 


(1) If a=b, then b=a, (2) If a=b and b=c,, then az=c. 
If a=b, then 


(3) a+x=b+x; (5) axx=bxx; 

(4) a—-x=b—x; (6) at+x=b+x. 
If axb and x=y, then 

(7) a+x=bt+y; (OS) axexeD xy ; 

(8) a—x=b-—y; (10) ajx=b-+y. 


These Theorems and their Converses are true if the letters 
stand for any positive or negative numbers. 

Any of the letters may also stand for zero, so long us zero is not 
used as a divisor ; thus (6) and (10) become meaningless if « and y 
are zero. Again, the converse of (5) is as follows: “If ax =bdz, 
then a=b.” This does not hold if « is zero. Thus we have 
3x0=0=4 x0, but it does not follow from this that 3= 4. 


121. Rules for Inequalities. In Rules 1-4, 7, 8, 11 and 13 
in Art. 22, the letters may have zero or negative as well as 
positive values. 

Rules 5 and 6 must be stated as follows: Jf a and b stand for 
any numbers such that a>b, then if « is positive, ax>bx and 
ara>b+zx; if x is negative, ax<ba and a+u<b+e. 
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122. Permanence of Algebraic Form. The truth of 
every algebraical identity depends on (i) the Rules for Equalities, 
(ii) the laws which govern the operations of addition, subtraction, 
multiplication and division. These rules and laws are the same 
for the class of numbers consisting of zero and negative numbers 
as for the class consisting of natural numbers, excepting only 
that zero is not to be used as a divisor. We conclude ‘that 
in the identities proved in Part I., the letters may stand for any 
numbers, positive, zero or negative, so long as zero does not occur as a 
divisor. 

We may also state the matter thus: Jf a number of algebraical 
operations are performed, the form of the result is the same for all 
values of the letters concerned, provided that zero is not used as a 
divisor. 


Ex. 1. From the identity 


(a+ b)8 =a + 8076+ Sab? +08 oo. cece ec eens (1) 
deduce the identity 
(a= b)® =a? — Sa") + 8abe= 08s) anew (2) 


The identity (1) is true for all values of a@ and 0, whether 
positive or negative ; we may therefore substitute (—0) for 0; 
thus 


{a+(—-)}> =a? + 3a?(— b) + 3a(—b)?+(- 6); 
.. (a4 -b)% =a8 — 307) + 8ab? — 0°. 


Ex. 2. From the identity 
(atyt2z)? =a? +? +22 + Qye + Qex + Lay 
deduce the expanded form of (2a — 5b — 8e)?. 


In the given identity, the letters may stand for any numbers, 
whether positive, zero or negative ; we may therefore substitute 
(2a) for «, (- 5b) for y and ( — 3c) for 2; thus 
{(2a) + (— 5b) + ( — 3c)}? = (2a)? + ( — 5d)? + ( — 8¢)? + 2( — 5d)( — 3c) 

+ 2(— 3c) (2a) + 2(2a)( — 5d) ; 
“. (2a—5b — 3c)? = 4a? + 250? + 90? + 2(15dc) 
+ 2( — 6ca) + 2( — 10ad) 
= 4a? + 250? + 9c? + 30be — 12ca — 20ab. 
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Ex. 3. Write down the expansion of (a — 2b - 3c + d)?. 
As in Art. 37, we have 
(a— 2b -3¢+d)? = {a+(- 2b) +(- 3c) +d}? 
=a? + ( — 2b)? + ( — 3c)? +d? + 2a(— 2b) 
+ 2a(— 3c) + 2ad + 2( — 2b)( — 3c) 
+ 2(-2b)d+2(- 3c)d 
=a? + 4b? + 9c? + d? — dab — 6ac + 2ad 
+ 12be — 4bd — Ged. 


2 _. f2 
Ex. 4. From the identity “ =a =a+bh deduce the value of 
ee geN2 2 fe — Oy/\2 
(y 56 . zh , and mention any exceptional case. 


In the given identity, the letters may stand for any numbers, 
positive, zero or negative, so long as a is not equal to b (for in 
this case zero would be used as a divisor); we may therefore 
substitute (y — 32) for a and (x— 2y) for 0, so that 


a? — bP = (y — 32z)? ~ (@ — 2y)?, 
a—-b=(y— 32) —(«—- 2y) 
=3(y-2)-4, 
at+b=(y— 32) +(a—-2y) 

=2£-Y — 32; 


.. the given expression = -—¥- 32, unless 3(y—-z)-—a=0, in 
which case the expression is meaningless. 


EXERCISE XLIV. 


1. Write down the expansions of 


(i) (a-b+e); (ii) (a—b-e)?; 
(iil) (2a—b—3e) ; (iv) (—8a-—4b+5c)?; 
(v) (a—b+e-d); (vi) (a—b-c-—d)y; 


(vii) (a—2b—5e+d)*; (viii) (a—2b—3¢+4d)*. 
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2. Expand the following, arranging the results in descending 
powers of «: 


(i) (v2 -2e-1)? ; (ii) (#8 -3x2-—4)?; 
(ili) (v? — Qu? — 37+ 4)? ; (iv) (#—#?-5xr—3)?; 
(v) (#+axr— 6b); (vi) (a — av? — b)?. 


3. Simplify the expressions : 
(i) (6-cy+(e—a)?+(a— by? +2(e-—a)(a—b)+2(a—b)(b-e) 
+2(b—c)(c—a); 
(ii) (@+y+2P+(y+2-2P+e+e-yP+wty -2P 


4, By making proper substitutions in the identity Cis: g =a-—b, 
simplify ean 
(22 —y)?—(# — 29)? “) (Y¥te—2)*—@+a—yy 
(i) 3@ = Y) > (ii) 27 > 


2(a—d) 
5. You are given the identity a?+6?=(a+6)(a?— ab+6?). 
Explain how to derive the identity 
a? — b8=(a—b)(a?+ab+b?). 
(w-yP+1 
@—yP—wtytt 
7. Prove that if b-c=0, orife—a=0, or if a—b=0, then each of 
the following expressions is zero : 
G) @(b—¢c)+h(e-a)+e(a—bd) ; 
(ii) a(b—c)+ b(e—a)+e(a—b). 
8. Prove that the expression 
a*(b+c)+6?(e+a)+¢?(a+b)+4+ 2abe 
is zero. (i) if b+e=0; (ii) if c+a=0; (iii) if a+b=0. 
9. If e+y+2=0, prove that #+43+2 — 32yz=0. 


6. Simplify 


10. By means of the result in Ex. 9, prove the following : 
(i) If w=2y—32, then x — 87° +2724 182y2=0. 
(ii) (y—2)3+ (2-2)? +(e@-y)3=38(y —2)(z-2) (ay). 
(iii) (y—2z)? + 72-2) +3 (e—y)=3ay2(y —2)(¢—-2)(4—-y). 
(iv) (64+¢-2a)?+(e+a—-2b)°+(a+b—2c)3 
=3(b+e-2a)(c+a—2b)(a+b—2e), 


11. Prove that the expression 
20°? + 207a? + 2a*b? — a4 — bt — ct 
is zero (i) if a+b+c=0, (ii) if any one of the numbers a, 
b, ¢ is equal to the sum of the other two. 


CHAPTER XV. 


MISCELLANEOUS FACTORS. H.C.F. AND L.C.M. 


Note. <A¢ this point the student is recommended to revise Chapter VI. 
123. Miscellaneous Examples on Factors. 


Ex. 1. Factorize the following expressions - 
(i) 46ay — 15x? — 35y?; (ii) a - x(a — 6b) — 5b(a—b). 
(i) 46ay — 15a? — 35y? = — (15a? — 462y + 35y?) 
= — (3a — 5y) (5a — Ty). 
(ii) Employing the method of Art. 41, we seek two expres- 


sions whose product is 5)(a—6) and whose difference is a— 6b; 
these are a—6 and 5d, and 


a — x(a — 6b) — 5b(a — b) =a? — a(a — b — 5b) - 5b(a — b) 
= {x — x(a —b)} + {5bx - 5b(a —)} 
=ax{x-(a—6)} +5b{x- (a—})} 
= (a -a+b)(@+5b). 


Ex. 2. Factorize the following expressions : 
(i) 9at — 25a?y? + 16y4; (11) Yat — 49x7y? + 16y4. 


(1) 9at — 25424? + 1644 = (a? — y) (9a? — 16y?) 

=(a+y)(w—y) (3a + 4y) (3a — 4y). 

(ii) It will be found on trial that the method just employed 
does not enable us to factorize 9x* — 49”°y? + 16y*; we therefore 
| try the method of Art. 45, Ex. 4, and endeavour to express 
| 9a* — 49277? + 16y! as the difference of two squares. Now 


(3a? — 4y?)? = 9a4 — 2427/7 + 16y4 § 
. Oat — 49424? + 16y4 = (32? — 4y?)? — 25227? 
= (3a? + Bay — 4y*) (3a? — Say — 4y?). 
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Ex. 3. Show that (a—b) is a factor of a?(b—c)+0?(c—a), and 
prove that 
a?(b—c) +02 (¢—a)+e(a—b) = —(b-¢)(¢-—a)(a— 9). 
a®(b — ¢) +b? (c — a) = (ab — ab?) — (ca? — cb?) 
= ab(a —b) — ¢(a? — 6?) 
=(a—b){ab—c(at+d)} ; 

*. @(b-c) +? (¢-a)+C(a—b) 
=(a—b){ab-c(at+b)} +2 (a-b) 
=(a—b){c?-—c(a+b) +ab} 
=(a—-b)(¢-a)(c- 0b). 

Now (c-b)=-(b-¢); 
. @(b-¢6)+P(¢-a)+C(a-b)= —(b-c)(c-a)(a—-0). 


EXERCISE XLV. 
A. 
Express the followin g as the product of as many factors as 
possible : 
1. 927— 18%. 2. ax?+bx. 3. pamiary* — gn8aty?. 
4, a(b—3)—-b6+3. 5. ac+be+uad+bd. 6. ac+bd—ad— be. 
7, @—ab+ac—be. 8, 2bd+ac+2ad+be. 9, 2wx+3qy+qut 6py. 


10. 12x? + 3xy — 824 —2yz. ll. xvy+4a—9y—36. 

12. p?+p(m—n)—mn. 13. #?-2a-%(2-a). 

14, 2 +a%y+ay+y°. 15. 623+ 4277 + Ixy? + 6y?. 
16. 6(w° +7") —xvy (9x +4y). 1 (ae -b*)+(a+0). 

18. a?—3a—46?— 66. 19. p(a?—1)—2(p?-1). 
20. v(v—1) -y(y-1). 21. a(a+ec)—b(b+c). 


22. (4t+c)(b—d)—(a+d)(b-c). 23. aw+br+cut+ay+by+cy. 
24. (av—bytaz)—(be—ay+bz). 25. (v@+1)\(v+29P4(v+2)(e+1). 
26. a(a—b+c—d)—b(c—ad). 27. a(a*—c*?)+b(c—a)(b—c) 
28. Show that (a+6+¢) is a factor of each of the following expressions, 
and in each case find the other factor : 
G) ®+0+8+a2(b+c)+b(e+a)+(a+b) ; 
(ii) be(b+e)+ca(c+a)+ab(a+b)+38abe. 
29. Show that (b—c) is a faetor of b°(e—a)+c(a—b), and prove that 
a3(b—c)+b3(e—a)+e3(a—b)= —(b—c)(c—a)(a—b)(a+b+0e). 


31. 
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. Prove that (+c) is a factor of b?(c+a)+c(a+b)+2abe, and 


hence show that 
a(b+e)+b*(c+a)+c2(a+b)+2abe=(b+c)(e+a)(a+b). 
By substituting 2 for a, y? for b and 2 for ¢ in the idenviy 
proved ip Art. 123, Ex. 3, factorize the expression : 
oy — 2) +y'(2—22) + Aa? — 9), 


B. 


Express as the product of as many factors as possible : 


1. 10xy — x? — 257°. 2. 26ny—(x?+169y?). 3. x*-—9x?—70. 
4, v?-2xe— 323. 5. 2° — 2023 — 96. 6. vy? —4xy—77. 
7. atbt + a5? — 200762. 8.° ax? — ax — 30a!. 
9. Papo. 10. «?-—#—-182. 
11. 2? — xyz — 24072 12. «#?-—37—340. 
13. 52?—10x7—315. 14, 44xy —242y? — 2x, 
15. 902? — 33.2ry24+ 3772. 16. 24 —28v?y72+ 187722”. 
17. «+(a—b)x—ab. 18, 7 —2x(a+2b)+8ab. 
19. #+(a+b+c)v+c(at+D). 20. 2?-(a+5)r7+3(a+2). 
21. «2-(a+b-c)x—c(a+b). 22. «?-(a+1)e—2(a+3). 
23. 1-a+b-—110(a—b)*. 24, 1-3a—3b-—4(a+b)2. 
C. 
Express as the product of as many factors as possible : 
1, 392-18 —2027, 2. 60? —17aye— 45y%2?, 
8. 1522-16ry—15y%, 4, 20x”?-—x—30. 5. 2473 —Qr-— 152. 
6. 1877+ 53x —35. 7. 36a? — 427+ 12. 8. 37?+31r7+56. 
9. 542?—-5lay—14y, 10, 247?+ 417-35. 11, 2427+ 70xy —'757/. 
12. 404+20x?+ 25. 13. 9”? +55xry— 1367”. 
14, 25aty — 40x37? + 16.077°. 15. 10822-2407 —175. 
16. 15(7—y)(«@+y) -16xy. 17. 18.2? — 8427 +987. 
18. 90xy — 25x? — 817/. 19. 60x —9x? — 1007. 
20. 2(a+6)? —T(a+b)(v+y)+3(e+y). 
21. —9(a—6)?+30(a—b)c—25c*. 22. pru?+(pstqr)e+gqs. 
23, pu+(pqt+l)e+g. 24, px? +(pq—l)a—q. 
25. (®—1)(7+2)+ (0? + 2x) +1). 26. v(v+1)(7—-1)-67-6. 
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13. 
15. 
17. 
19. 
21. 
23. 
25. 
27. 
28. 
29. 
3l. 
33. 


35. 
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iD: 


Express as the product of as many factors as possible : 


(8a — 6b)? — (6b — 4c)”. 

(8a +b — 2c)? —(a— 264 3c)”. 
of? + 42? — a? — x? — dyz+2an. 
v(e+3)—4(v+3). 

(a? — b?) ~(a—b), 

arn? + bey? — bx? — ay? 

a + ab — ab? — b°. 
B-v—ax+1. 

w+ 47 — 4x —4, 
(ct+y)—(@—y). 

(bx — ay)? — (aux — by). 

at — 5x? — 36. 

a — 132? + 36. 


2. (a—2b+3c)? —(a—2b— 3c). 
4, (a+b+c)?—4(b—c). 
6. v(w?—4)+5(x? —4). 
8. a? —2ab4+ 2be — c?. 
10. 222 — b2y2 — b2a2 + ay? 
12. a?—b?42be-c¢?. 
14. 1-37-3ry—-y*. 
16. w+axr+2ay— 47’. 
13. 7% 
20. (w+y)!— (22-7). 
22. (2x — yz)? — (ze — 2y)?. 
24. «*-18x7?+81. 
26. «!- 25274144, 


(@+2)(a?—1)+(a@+1)(a?+ 2043). 


(2? —1)(@+2)+ (2 —4)(#—1). 
4¢* +81. 

a — 982? +1. 

Aart + Buy? + 94, 


Prove the identity 


30. «t— 1827+ 49. 
32, «*—102x7y? +1. 
34. 404 —21a?y? + 25y'. 


4a7b? — (a? + b? — c*)? = 2b%c? + 2c?a? + 2a?b? — at — bt — c4. 
Hence express 267c? + 2c*a?+2a*b?—at-b+-ct as the product 


of four factors. 


E. 


Express as the product of as many factors as possible : 


(a+ 2b)? — (a — 2b)8. 2. (5a+3b)' + (38a + 5d). 
(27 +y)8 — (Be — 2y). 4, ax — dy + aby — bx, 
aa + dy +a3y+ dix. 6. 8 + a8 y? — x43 — x, 
w-eB+e-. 8. 2-8-2? +1. 
v(et+l)-y(y+1). 10. +7 +3ry(e+y). 


» B+ baty + bny + yp. 12, -p+(e+y)(e ~ Qay+y’). 
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124. Highest Common Factor and Lowest Common 
Multiple. If it is possible to find all the factors of two or more 
algebraical expressions, the H.C.F. and L.¢.M. of the expressions 
can be at once found by comparing the results as in Arts. 31, 32. 


Ex. 1 Find the u.c.r. and t.e.m. of 224+ 40+8 and a - jx- 6. 


a +4¢0+3=(4+1)(7+3), 
x” — 4x -5=(%+1)(x-5); 


.. HOF. =2+1; LOM. =(%+1)(a+3)(a—-5).* 


Ex. 2. Find the u.c.r. and L.c.M. of 
120y (a? — y?)?, 15 (ay — ay?)?, 6 (a3y? + 024). 
12a8y(a? — 7)? = l2ay{(a+y)(a-y)}? = 12a8y(a+y)? (we —y)?, 
15 (ay — ay’)? = 15 {ay(~—y)}? = 150% (a — 9), 
6 (ay + 0%)? = 6{xP(+y)}2 = Baty (a+ 9)?; 
*, HOF. =32°y; L.C.M. = 60a4y4(7 +)? (2 -y)*. 


Ex. 3. Find the u.c.r. and t.c.m. of a+ + 2a2 +a, @-a?-a+1, 
a* — 203 + 2a —1. 
a+ 203 +a? = a? (a? +2041) = (a+), 

(a? — a?) —-(a-1) 

= a(a—1)-(a-1) 

= (a -1)(a-1) 

= (a+1)(a—1)(a—-1) 

= (a+1)(a—-1)?. 
at — 203+ 2a-—1 = at - 1 — (203 - 2a) 

= (a? +1)(a? -1) - 2a(a?-1) 

= (a? +1 - 2a) (a? - 1) 

= (a -1)?(a-—1)(a+1) 

= (a—-1)?(a+1); 


. HOF. = a+1; L.O.M. = a?(a+1)?(a—- 1). 


a —a?—a+l 


*Note. In practical applications of the above method, it will generally be 
found that the result is required to be expressed as the product of its simplest 
factors. 
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125. Theorem. The product of any two algebraical ex- 
pressions is equal to the product of the H.C.F. and L.C.M. 
of the given expressions. 


Proof. Let X and Y denote any two algebraical expressions, 
and let H and L be respectively the H.c.F. and L.c.M. of X and 
Y; then, by hypothesis, H is the factor of highest degree which 
is common to both X and Y; hence, if 


X=Hz and Y=Hy, 
it follows that ~ and y have no common factor other than unity ; 
wo = Hoy: 
wo HL = Fy = (Ha) (iy) =X Ye 
It follows from this theorem that if H is known, L can be found 
by dividing one of the given expressions by H and multiplying the result 
by the other expression. 


EXERCISE XLVI. 
1. Find the factor common to 3v?—47+1 and 4a*— 5x34 x. 
Find the u.c.F. of 

2. v?-344+2 and w#-—x-6. 3. 10z?—w#-—21 and 14%?-—11x7—16. 

4, 3v?+x”-2 and 32?+47-4. 5. 2v?+7e7—-15 and «?+9x+20. 

6. Find the simplest expression which contains both #?+2r7-—3 and 

uv? —3x7+2 as factors. 
In the following examples, find the L.c.m. of the given expressions ; 
find also the u.c.F, in the cases where this exists. 

7. ax+ay and axr—ay. 8. w-Land 27-3742. 

9. 4a(a+b) and 6ab(a?—ab—26?). 10. a®—a%, ab+ab?’, ab —b?. 
ll. ab’ct(xa—y),. bietz(a—y), a—y)re. 
12. a-ab, b?+ab, a —6°, a —6?, a +b. 
13. 4a?b?(~+y), 12a1b(x? —¥?), 10a7b?(v+y)°. 
14, 30a?b?%c(a — b°), 36a2bc? (a—b)*, 48a°b?c(a? — 67). 
15. 2(a?-y*), 3(@—y°), 4(a4—-y?). 
16. 6xy?(@+y), 327(~-—y), 4y (v3 —-y"). 
17. 27(@—3)*, 24(7+4), 3(@?+4—-12). 
18. 32(v?-2v7—35), 2u(a?—4x — 45). 
19. 4a%y —12uy?+9ny?, 40*—Qu2y?, dary? — Bary’, 


20. 
21. 
22. 
23. 
24. 
25. 
526. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34, 
35. 
36. 
37. 
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2u*—x—6, 3a*—Txe+2, 6x? + Tr —-3. 

wv +an—-2a7, x? -Qar+a?, 2x? —axr— a? 

Qu" — 2-6, Qv27+5x7+38, 22 — x? —Qx. 

8a? —18ab?, 8a*+8a*b —6ab?, 8a? —2ab — b*. 

624 — 11a? +32, 323 —Ta? +22, 202—-Tx +6. 

a'b — 40°, a° +3a°b?+2ab4, a®b+2ab°, at—a2b? — 26%. 
Qa? —12%+10, 2u? -—11ae?+52, 2xt— 327+ x. 
1047+132—-—3, 150?-1387+2, 5”?+14x7—-3. 

Say —6(a?—y*), 5ay+6(a?—y?), 1Bxy —6(a7+y"). 
a1, 2-6-7, 2 -—30?+2x, 302-Tr+2. 

a? — a? + 2ab— 6%, 2*+2ar+a2—b*. 

Qabe, b(a—c), 4a(ac+ab—be—c?*). 

207 —a“2—-3, #7?-Q2xe—3, 2 -3e?-#4+3. 

w+ae—-2, v7? -3r+2, a +07-40—-4. 

a2—(y +2), y2—-(e+2), 2- (ety) 

a? +2ab+6?—@ and a?+2ac—b? +c’. 

473 — a? —4¢+1, 32°-32?+r7-1. 


P—av+er—a, +an+enr+a’, 2+an*—a’xs—a. 


. (2a? + 3y")v+ (2074+ 8a)y, (2a? — By") x + (20? —3a*)y. 
, 40° —842+3r—6 and 12a°+42?+9r+3., 

. oy, B+y, At+oyPt+y’ 

. a1, #—-1, 2+1, 2t+a?4+1. 

, 82 +27y3, 8x3 —Q7y, 16a*+ 36x%y" + 81y4, 


PB +x, 8-2, o-oo, P+ +o. 


. a+a2b?+b4, a —b3, a?+b3, (a? — b*)4. 
. Find the u.c.r. of 


1402 —5(a—b)a—(a—by and 21x?—(1la+3b)a#—2a(a—b). 


. Find the u.c.¥. of (v—2)(2x?— 77 +6)+(v—2)(2x—3) 


and (x —1)(Qu? —7x# +6) —(w—1)(24—3). 
Find the t.c.m. of 7?+(2b—a)x-2ab, «®—(2b+4+a)a+ 2ab, 
x2 +(2b+a)x7+2ab, x? -(2b-—a)u—2ab. 
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CHAPTER XVI. 


LONG MULTIPLICATION AND DIVISION. 
THE DIVISION TRANSFORMATION. 


126. Long Multiplication. By the Distributive Law 
(2a + 3) (4a — 5) = (2a + 3) (4%) + (24+ 3)(-5); 
so that to multiply (2a+3) by (4%-5), we multiply (2x+3) by 


(42) and by (—5) in succession, and add the results. The work 
may be arranged as follows : 


27 + 3 
Ap =~ 45) 
8a? + 12a 

= LOZ NS 
8a27+ 2e—15 


Ex. Multiply 5a + 2a? - 3a? —7 by — 14+ 3a? + 2a. 
We arrange both capressions in descending powers of a, or both wm 
ascending powers of a and proceed as on the left hand side below : 


203 — 302+ ba —7 Yass Ho 7 
SOF SEO I Dae I 
6a° — 9a4 + 15a? — 21a? 6-9+15-21 
4a*— 6a°+ 10a? —- 14a 4— 6+10-14 
— 203+ 3a?- 5at+T7 = 28 = eee 
6a°—5at+ Tae?— 8a?-19a+7 eee 7S Be ab 7 


“. product = 6a° — 5at + 7a? — 8a? - 19a +7. 


We can shorten the work by detaching the coefficients, keeping 
each in its proper relative place, as on the right hand side above : 

If we employ this method of “Detached Coefficients,” when 
we supply the letters in the last step, it must be noticed that the 
degree of the product is the sum of the degrees of the given 
expressions, that is 3+2 or 5; thus the first term in the product 
is 60’. 
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127. Homogeneous Expressions. 


Theorem. If A and B are homogeneous expressions of the 
mth and nth degrees respectively in x, y, z..., then the product 
of A and B is a homogeneous expression of degree m+n in 
> eh at A 

For by the definition of a homogeneous expression (Art. 29), 
every term in A is of degree m and every term in B is of 
degree 7. Also any term in the product 4B is obtained by 
multiplying some term in 4 by some term in B. 

Hence the degree of every term in AB is m+n, that is 4B is 
homogeneous and of degree m+n. 

Expressions which are homogeneous in two letters can be 
conveniently multiplied together by the method of detached 
coefficients. 


Ex. Multiply v + 2xy? — 3y? by a — ay + 2y°. 

The expressions are arranged in descending powers of 2, and 
if we proceed by the method of detached coefficients, it must be 
noted that the first expression has no term containing x and the 
second has no term containing z. These terms must be supplied 
with zero coefficients, and we multiply 


av + Oxy + 2ay? — 3y3 by a3 — ay + Oy? + 2y°. 
1+0+2-3 
1-1+0+2 
14+0+4+2-3 
—1-0-243 
+24+04+4-6 


1-14+2-84+3+4+4-6 


Since each of the given expressions is homogeneous and of the 
third degree in x and y, the product is homogeneous and of 
the sixth degree in # and y. The coefficients, standing in the 
above order, therefore belong to a°, ay, wty?, a®y?, ay", ay’, y° ; 


product = 2 — ay + 2047? — 323 y3 + 3a%yt + day? — by. 


128. Product of Expressions containing several 
Letters. In multiplying together expressions which contain 
several letters, the work can frequently be shortened by choosing 
one letter and arranging both expressions in ascending powers, 
or both in descending powers of this letter. 
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Ex. Find the product of a+02+0e—-be-ca—ab and a+b+e. 
Long Method. 


a2+ 02+ c- be—ca — ab 


a+b+ 6 
a+ab2+ac2— abe —ca* — a*b 
— ab? = hee +a2b + 63 + bc? — b2¢* 
—w2— abe+ca? — bc? + b?e + 63 
as — 3abe + 53 +6 


*In multiplying by a, the terms are written down in the order in which they 
are obtained ; in multiplying by } and c, the terms are arranged so that lke 
terms occur in vertical columns. 


Short Method. Arrange the multiplicand and the multipher in 
descending powers of a; thus: 


a®— a(b+c)+ (b?- be+c*) 
a+ (b+¢c) 
a —a?(b+c)+a(b?— be +e?) 
a? (b-+ 6) — a (0? + 2be + 0?) + (PF +e) 
a — 3abe + B+ 


In the first line of the work we multiply by a, and in the 
second by (b+ ¢), noting that 


(b+¢)?=b? + 2be+c? and (0? —be+0?)(b+0e)=B+0. 


129. Expansion of Powers of x+a. The following table 
shows the coefficients of the terms in the expansion of powers of 
the binomial « + a. 


+a | 1, 1. 

(Core D all ey Rule 

(Ea) as eS ese ls 

(Se a)e al erento 
(ays \eipeo, Oe 10; eran 
(c+a)®| 1, 6, 15, 20, 15, 6, 1. 


It will be observed that any number in the above table is obtained 
by adding the number immediately above it and the number to the left 
of the one immediately above. 


Thus above 20 is 10, to the left of 10 is 10, and 20=10+10. 
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That the numbers in the above table are connected by the 
relation just mentioned will appear from the next example : 
Ex. 1. Obtain the expansion of («+ .a)* from that of (a+ a). 
(e+ a) =a + 32a + 3820? + a8 
z+ a 


Le oer tos te. 
1 + 3 +.38 +1 


(a+ a)* =a + 4a%a + 6270? + 40a + a4 
Here each line of detached coefficients is the same, but the 
lower row is displaced one step to the right. 


Ex. 2. Obtain the eapansion of (%+ a)" from that of («+ a)°®. 
The coefficients in (2+«)' are obtained as below : 


(e+a)® | 1>6>15> 20> 15> 6 1. 
tee RE Cs ee 
Gea Nem ie le 3855 She Oli. 7 1. 
The arrows indicate the way in which the coefficients are 
found ; thus 1+6=7, 6+15=21, ete. 
Again, («+a)' is homogeneous and of the seventh degree in 
z and a and the coefficients just obtained belong to 2’, xa, aa’, 
«a3, etc. ; so that 
(a+ a)’ =a" + Tra + 21 aa? + 35at08 + 35a%a4 + 21070 + Txa® +a", 


Ex. 3. Write down the expansion of (2a - 3)‘. 
(2x — 3)4 = (2x)4 + 4(2x)8( — 3) + 6 (2x)? — 3)? + 4 (2x) ( — 3)? + ( - 3)4 
= 16z+-4.8.30°+6.4.90? -4.2.27¢+81 
= 16x4 — 9603 + 2162? — 2167+ 81. 


130. Picking out Coefficients. It often happens that 
only certain coefficients in the product of two given expressions 
are required. In such cases it is unnecessary to find the 
complete product. 

Much labour will be saved by remembering that 

(i) The product of two expressions A and B is obtained by multi- 
plying each term of A by every term of B and adding the results. 

(ii) In finding a particular coefficient in a product, we are concerned 
only with those terms which give vise to this coefficient. 
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Ex. 1. Find the coefficient of x? im 
(1 + 2x + 3a? + 4a?) (2 — 8a + 4a? — 52), 

The term containing 2? in the product is obtained by multi- 
plying 1 by (— 52%), (2:7) by (4a?), (3a?) by (— 32), (42°) by 2 and 
adding the results. 

’. coefficient of a? 


a(S 5)Se2 eA 3 (23) tee 


(- 
5+8-—9+8 


Wi UE an 


Ex. 2. Find the coefficient of a* in (1 — x? +-24)?. 
Write y for 2? - a4, then 
(1-2? + a4)? =(1-9) 
=1- 3y+ 37-9 
=1—3(x? — at) + 3(a? — xt)? — (a? — x4). 
The coefficient of 2 in — 3 (a? — a4) is 3. 
The coefficient of x* in 3(2? — a+)? is 3 
(for (x? — x4)? = a4 — 246 + a8). 
The coefficient of «* in —(a?-—2*) is 0 (for a is the lowest 
power of # in (#? — x4)?), 
’, the coefficient of «! in the given expression is 3+ 3+0 or 6. 


EXERCISE XLVII. 
Expand the following products : 
1. (8a?—5ab + 2b?) (a? — Tab). 2. (vw? —-2u4+5)(7?+4—8). 
3. (a? —38a+7)(20?+ 5x —3). 4, (a —Txy t+ 8y")(— 3x? + day — 27). 
5. (2a? -5a+38)(7u? +x -8). 6. (at — aa — abv + a4)(x? — a?). 
cd 
9 


. (a +a4b — abt — 6°)(a7b — ab’). 8. («3-72 +6)(7?— 52742). 
» (543 — xy? — Ty?) (a2 — day +3y?), 10. (823 - 4v4+8)(-14+274.2), 
ll. (6-112?+.°)(2x?+ 7x -3). 12. (v@+1)(v+2)(74+3)(a+4). 


13, (27+1)(3"—-2)(47+3)(5a—-4). 14, (Qu-—3)?(3x—-1)%. 

15. (203-4? +a —2)(8x?+a—-5),. 

16. (2a7b? — 4ab3 + 5a%b) (5a? — 2ab — 4b?), 

17, (1427430? + 4v*)(1 — x). 18. (#403 -—wvw—-1)(2?-v+1). 
19. (a+2u3 — 8x —16)(xv? -27-+-4). 

20. (v4 20° 43a? + 27+1)(v-1). 21. (24+ 404 6x? +32)(1 — 2), 
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22. (203 — 322+ #—11)(w3 — v2 — 2043). 

23. (3-2 — 3x? +5x°)(2 — 3x? — 52°). 

24. (543+ 24? — 3x —7)(2x° — 3422+ 2-5). 

25. (at+az)(b-x)(c+2). 26. (a? +9? +22 —yz+cr+ay)(x-y—-2). 
27. (4a? + 9y? + 2 + 3Byz — Qer + Bry) (Qe — 8y +2). 

28. (23 —ax®—be+c)(a2—ax7—-1). 


Write down the expansions of the following : 
29. (~—-1)*. 30. (1—2zy. Sl. (¢=y- 
32. (2e+1)4 33. (2-32). 34, (1+ 22)% 
35. Find the coefficient of w in the product of 3x°—427?+5x—6 and 
4x3 — 242 — x — 4, 
36. Find the coefficient of 7° in the product of 
(1 — 2u 4+ 4a? — 843 + 162+) (1+ 24+ 4a? + 847 + 1624), 
37. Find the coefficient of «* in the expansions of the following : 
(i) (3+2x”y%(1—x); (ii) (2—377(14+5x)?; (iii) d-#+.2°)?; 
(iv) 1+7+.27) ; (v) (L4+27+32? + 40°). 
38. Find the coefficient of 7 in the expansion of (1 —~)°(1 ++ 2.”). 
39. Find the coefficient of w? in (v+a)?(~+b)?—(a+b)y(a+a4+b). 
40. If the coefficients of «+ and w in the product 
(223 + 32? + ax — 10)(823 — ax? — 10% + 4) 
are equal to one another, find the value of a. 


131. The two Meanings of “Division.” In arithmetic 
the word “division” has two distinct meanings which are as 
follows: 


1. Division is the inverse of multiplication, and to divide a by b 
is to find the number which when multiplied by } produces a. 

2. Division is a process of continued subtraction, and to divide 
17 by 5 is to answer the following questions : 

(i) How many times must 5 be subtracted from 17 that the 
remainder may be less than 5? (ii) what is this remainder ? 

Now =o bE DoD = 553 ED. 


Thus if 5 is subtracted 3 times from 17, the remainder is 2. 
b) 


200 ZERO AND NEGATIVE NUMBERS 


The meaning of division as continued subtraction in arithmetic 
is then as follows : 


To divide a number WV by a number D, which is less than J, is 
to find numbers @ and R# such that 
N=DQ+8, 
where £# is less than D. 


If Nand D stand for given numbers, the values of @ and & 
can be found by continued subtraction (as in the instance given 
above), and each has one value and one only. 

The number J is called the Dividend, ) the Divisor, Q the 
Quotient and # the Remainder. 


In the important special case when K is zero, N is exactly 
divisible by D, and the two meanings of ‘‘ division” coincide. 


132. Long Division. In the last article V and D represented 
known numbers: now let these letters stand for polynomials in 
some letter x, and let the degree of V be not lower than that 
of D. It is possible that N may he exactly divisible by D (that is 
to say D may be a factor of V). We shall describe a process of 
continued subtraction, called Long Division, whereby we can 
always discover if WV is exactly divisible by D. 


Take two particular instances :— 
(1) Let N=62?+19%415; D=3x2+4+5. 


In the process both expressions must be arranged in descending 
powers of x or both in ascending powers. We take them arranged 
in descending powers and proceed as follows : 

Divide the left-hand term of NV by the left-hand term of D; 
the quotient is 22. Subtract 27D from NV; thus: 


N = 6a? +19%4+15 
20D = 622+102 
N-22D = 9a+15 
Divide the left-hand term of the remainder by the left-hand 


term of D; the quotient is 3. Subtract 3D from the remainder; 
thus : 


N-2aD = 94+15 
3D = 9%+15 


N-2D-3D= 0 
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The final remainder is zero. This remainder has been obtained 
by subtracting D(2%+3) from V; hence 


N=D(2e+3) or 62?+19%+15=(32 +5) (2x4 3). 
The process is usually arranged as follows: 
30+5 >) 6a? + 19%+15 ( 2e4+3 
6a? + 10x 
92+ 15 
9a +15 


~. 627+ 19%+ 15 =(34+5)(20+4 3). 


(2) Let N = 6x4 + 223 — 322+ 72+ 10, 
D = 3a? + 4a —5, 


Both N and D being arranged in descending powers of 2, the 
process is as follows: 
3a? + 40-5) 6at+ 2a? -— 322+ 77 +10 ( 20? - 2245 
624 + 823 — 102? 
— 62+ Ta? + Tx 
—6a°— 827 +102 
1522-— 32+10 
15a? + 20x — 25 
— 232+ 35 
*, N= D(2x? — 22 +5) + (— 237+ 35). 


In the first step we divide 62+ by 327; the quotient is 2a? 
We subtract 2a?(37?+42-—5) from N, and the remainder is 
— 643 + 702 + Tx +10, 

The term +10 is not “brought down ” till later. 

We next divide (—6z*) by 327; the quotient is (— 22), and we 
subtract (—2a)(32?+4a%—5) from the first remainder. The 
second remainder is 15%?—37+10. We divide 152? by 322; 
the quotient is 5, and we subtract 5(32? + 4a —5) from the second 
remainder. 

The third remainder (— 237+ 35) is of lower degree than D, and 
the process cannot be continued any further. This last remainder 
is the result of subtracting D(22?—2¢+5) from JN, so that NV is 
not divisible by D, but the process leads to the identity 

N= D (2a? ~ 24+5) +(- 23% +4 35). 
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The process just described is called long division, and, although 
no division actually takes place, it is customary to say that NV has 
been divided by D and to call 2u?-27+5 the quotient (Q) and 
(-—232+35) the remainder (fh). The result of the process is 
to express N in the form DQ+ ft, where F£ is of lower degree than D. 


This result is called the Division Transformation. When 
(later) we employ fractional coefficients, it will be seen that : 


If D is not of higher degree than N, this transformation can 
always be effected in one way and in one way only. 


133. Arrangement in Ascending Powers. In the last 
article, the expressions denoted by NV and D were arranged in 
descending powers of a: if they are arranged in ascending 
powers, the process of long division is as follows : 


(1) Let N=15+192+62?; D=5+ 3x. 
5+ 3a) 154+192+4+ 62? (34 2a 
15+ 9a 
107 + 62? 
10+ 60° 


J. 154+ 190+ 60? = (5 + 3x) (3 + 22). 


Thus JN is divisible by D, and the result is the same as that 
obtained by arranging NV and D in descending powers. 


(2) Let VN=10+ 7x — 3a? + 20° 4+ 624; 
D= —5+ 40+ 32°. 


—5+44+32?)10+ Ta- 3a?+ 2203+ 6at( -2—- 3a —- 32? 
10— 8%- 62? 


15¢%+ 302+ 2x3 
15a—12¢7— 923 


15a? + 1123 + 6x4 
15a? = 12%3— 9a4 


2308 + Bat 
.. N=D(-2 - 3x — 327) + (2323 + 1524). 
Here N is not exactly divisible by D, and the identity resulting from 
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this process of long division is totally different from that obtained by 
arranging N and D in descending powers. 

Observe that the degree of every term of the remainder 
232° +1524 is higher than that of any term of the quotient 
(—2-3x- 32°), and it will be seen later that by employing 
fractional coefficients the process of division can be continued 
indefinitely so as to obtain a quotient with any number of terms. 


If then N and D are polynomials arranged in ascending 
powers of some letter x, the process of long division enables us 
to find polynomials Q and R such that 

N=DQ+R, 
where Q has any number of terms, and the degree of the lowest 
term in R is higher than that of the highest term in Q 


Ex. Divide 1 by 1-« so as to obtain a quotient of four terms and 
the corresponding remainder. State the result of the division in the 
form of an identity. 


l-v)l (l+a+a?+23 


1-2 
uv 
5 
Y— X 
— 
3 ts 
rt? — 2 
fie 
ye — oA 
= 
.. Quotient =1+27+2? +2, Remainder = a4, 


The resulting identity is 
Ll=(l-a#)(1l+a+a%+2°) +24, 


134. Method of Detached Coefficients.—The labour 
connected with “long division” can be shortened by detaching the 
coefficients, at the same time keeping each in its proper relative 
position. In the following example divisions already performed 
in Arts. 132, 133 are worked out in this manner. 
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Ex. Jf N=6x'+ 203 — 322+ 7%+10, D=3a?+ 40-6, find the 
quotient and remainder when N is divided by D: (1) when N and D 
are arranged in descending powers of a, and (i) when they are 
arranged in ascending powers: in the latter case find a quotient of 
three terms. 


(i) 34+4-5)64+2- 34+ 74+10(2-2+5 
6+8-10 
-6+ 7+ 7 
-6- 8+10 
15-— 3410 
15 +20 — 25 
— 234 35 
Supplying the letters, we have 
Quotient = 2x? - 24+5, Remainder = — 23x + 35. 
(ii) -54+44+3)104 7- 3+ 2+ 6( -2-3-3 
10- 8- 6 
15+ 34 2 
15-12 9 
15+11+4+ 6 
15-12- 9 
23415 
.. Quotient = — 2 — 3x —- 3a?, Remainder = 23a? + 1524, 


In using this method, the following points must be noticed : 

(i) The coefficients belonging to the same power of # should 
be written in a vertical line: we are thus able to supply the 
letters correctly in the remainder. 

(it) The left-hand term of the quotient is obtained by dividing 
the left-hand term of N by the left-hand term of D. This 
enables us to supply the letters in the quotient. 

(iii) If any terms are missing from N or from D, these must 
be supplied with zero coefficients. Thus, to divide a*—1 by 2-1, 
we divide a + 023 + 0x? +0a2—1 by a?+0x -1, commencing thus : 

1+0-1)14+0+0+0-1/( 

If any coefficients of the quotient are zero, these should be 
written down; in the case just considered the quotient is given 
by 1+0+1, and is therefore a? +1. 
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EXERCISE XLVITI. 


Tu each of the examples 1-32, apply the process of long division to 
show that the first expression is exactly divisible by the second and 
to find the quotient. 


1. 2?+924+20; #44. 2. v°+54—-14; £+7. 

3. #?—11l7+24; #38. 4, 622+3174+35; 37+5. 

5. 15a2—-29¢%—48; 52-+6. 6. 212?—132y—18y?; 3x+2y. 
1), see eee 8. wt-1; «v+1. 

9. #°+1; #+1. 10. «+; #7? +7". 

Il. 2-7; #—-y. 12. 2723-—6x-4; 34-2. 

13. 20° +40?+87+16; v4+2. 14. 24° -—342-19%-15; 2443. 


15. 224-5x23—647+197—-10; 2v—5. 

16. 2244 23y+4 2%y*+ay—y*; 2e—y. 

17. 12%4-172*y+19xy?—10y4; 3x—2Qy. 

18. 2 —234+327-627-9; 2?-3. 19. vt-—4a2-127-9; x?+2¢743. 
20. 2a*—923+4x?—-25; Qxr?-3xr+5, 

21. 81%4+3627+16; 92?-67r+4. 

22. 224+ 27y4 —5ary — 2407? ; 2 —Qy? - Bxy. 

93. 1+3¢—2427+82'; 277+3e7-1. 

94. a*—56r7+15; x?+47+15. 

25. 2° +5274 -92° —3840?-x7+6; #—Tr-3. 

26. 5a*—4a3+34?+297r+55; 2?—34a4+5. 

27. 2a — Tay — 12074? —27y* 5 x? -—8axy —9y?. 

28. 82° —-120°+3527?+16%—-7; 207+30-1. 

29. 1205+ 11a*—254°+1442-27-4; 442-3742. 
30. 32°—52*-—4874+80; 7-10+327. 

81. 102° +-444+314?+82-—39; 13—7x+527. 

32. 6a°—17a*+ 420° —664°+720—72 5 2u2-3Ba+6. 


In each of the Examples 33-36, find the value of a for which the 
first expression is exactly divisible by the second. 
33, 2+2027+a; v-1. 34. Qa4-—a; x+1. 
35. 242-92? +5e+a; 2-3. 86. 4472? +an4; 2+42. 
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In each of the Examples 37-41, find the expression of lowest degree 
in v which must be subtracted from the first expression that the 
result may be exactly divisible by the second expression. 


37. 404+ 92° — 3527+ 447-10; a?+40-3. 
38. 152*— 7° 4227+374%—70; 3a?-Qv+7. 
89. «§ —4a34+207?-5a—8; x?-—x7+4+2. 

40. 21+22? —15x?-—152+32; 2?4+327—5. 

41, —14+4-—2074+ 323 —47'+52°; 3-274 2%. 


In Examples 42 and 43, find the quotient and remainder when VW is 
divided by D (i) when WV and P are arranged in descending powers 
of «; (ii) when WV and D are arranged in ascending powers of x: in 
this case find a quotient of three terms. 

42. N=6a'+112°+92?+177+10; D=3a2?2+4x—5. 
48, N=8x'—6x° —33822—497-15; D=22?—3x2—-5. 


In Examples 44-51, given that the second polynomial is a factor of 
the first, express the first polynomial as the product of linear factors 


44, #+20?-297+42; w-2Q. 45, «°—640?+1lla—6; #1. 

46. «?-—6x?-7x+60; x—5. 47. 1223—1622—8lx—35; 3x7+5. 
48. 624 -—a@ -—274?-274+24; 342-278. 

49. 60x? — 834° —847?+174+6; 4x72—5x—-6. 

50. v°+v4-2e3-20?+r4+1; (#+1)*. 

D1. 62° + 7x4 — 9493 + 113274 28%—60; («@—1)(4-2)(@+5). 


PART III. RATIONAL NUMBERS 


CHAPTER XVII. 
FRACTIONS. 


135. Fractions. In order that a value of « may exist which 
satisfies the equation z)=a, when a is not divisible by 0, we 
invent a new class of numbers called fractions. 


When a is not divisible by 0, the symbol ; denotes a fraction 


whose numerator is a and denominator 0. The fraction | is 
called the reciprocal of a. G 
When a is divisible by 6, by the Rule of Signs, 
-& a, a a, -a a 
Wie Se ae er et ee bb 

When a is not divisible by b, these equations will be assumed 
to hold, and will enable us to assign a value to a negative 
fraction. 

It has been explained that the value of an integer depends on 
its place on the scale; it will be shown in Art. 136 that the 
system of numbers consisting of integers (positive and negative, 
including zero) and fractions can be arran ged im a definite order 
and the value of a fraction will be defined by its place in the 
scale so formed. 


136. Definitions of Equality and Inequality. In connec- 
tion with two integers denoted by a and 8, the terms ‘greater than,’ 
‘equal to’ and ‘Jess than’ have been defined as referring to the 
relative position of a and b on the scale 
Pe? Soe hn Page aaa, 
We proceed to extend the ideas of equality and inequality to 
fractions. 
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In Art. 71 it has been shown that if a is divisible by } and « is 

pene a a : 
divisible by y, then Fe ee Or 7 according as ay >, = or <b. 
If then the rules of equality and inequality are to be the same 
for fractions as for integers, we are led to the following rule, 
which in the case of fractions amounts to a definition : 

Rule. If a, «, stand for any integers, whether positive, 
zero or negative, and if ), y stand for any positive integers, 


aw x ; 
then Ae ao <i according as ay>, = or <ab. 


This rule assigns to every fraction a definite place in the scale 
MO a re al OT ee 
Thus (i) §>3, for 5x4>3x6; again, —43 is to be placed 
between — 6 and —7 on the scale, for 
-13<-l2and -13>-14. 


(ii) If a=0 and a, 0b, y are positive, the rule asserts that 
a 


ar 4793 


i> if ay>0.b. Now ay>0, for a and y are positive, 


hence every positive fraction is greater than zero. 
; a —-a -a _0 
Again, — ee and pe 7 for -—ay<0; hence every 


negative fraction is less than zero. 


137. The Rational System of Numbers. The system of 
numbers comprising positive and negative integers (including 
zero) and positive and negative fractions is called the Rational 
System of Numbers, and every number of this system is said to 
be rational. 

The Rational Scale is constructed by placing the rational 
numbers in the order determined by the rule of Art. 136. 


138. Fundamental Operations with Fractions. If a 
and b stand for natural numbers, a+b has been defined as 
the bth number after a@ on the natural scale, and ax 0b has been 
defined as the sum of ) numbers, each equal to a. 

These definitions assign no meaning to such expressions as 
2+4and 2x4. 

As in the case of negative numbers, we invent new operations 
with fractions which are called addition, subtraction, multi- 
plication and division. 
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Addition and Subtraction. If both a and 0 are divisiple by c, 
it has been shown Bue 
ee _a+b -. d b a—b 
Os area 10 Weare aeees 
These Pea are iat to define addition and subtraction when 


Sra ; ; : 
one or both of the expressions —, — are fractions. It is evident that 
é ¢ 
addition and subtraction continue to be inverse operations, and 
to obey the commutative and associative laws. 


Multiplication and Division. If a is divisible by 6 and @ is 
divisible by y, it has been shown that 


av ae iy) 1% _Y 
(a) by by mw) by ba 
In case one or both of the expressions ay ” are fractions, these 


formulae will be taken to define Pen and diwsion. It is 
evident that multiplication and division continue to be inverse 
operations, and it can be shown that they conform to the 
commutative, associative and distributive laws. 


We may now define ; by the equation (;)o=4 for 
7 a b ab w 
(vf. aoe 


139. Reduction of a Fraction to Lowest Terms. 


Theorem. If 738 a fraction, then 


a“ a --. gO 
—_ PY). ge ee 
@) bab wy b 
Proof. By the laws of multiplication and division for integers, 


(ax)b=a(ba) and (“) b= () a. 


Hence it follows from the definition of equality for fractions 
that 


(See Art. 136) 


SS 


a 
ba 6 


Sy) 
= 
on 
gisrsis 
I 
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Hence a fraction is unaltered if its numerator and denominator 
are both multiplied, or both divided, by the same number. 


The fraction is said to be expressed in its lowest terms if 
w and b have no common factor except unity. 


Rule. To express a fraction in its lowest terms, divide the numerator 
and denominator by the H.0.¥. of the numerator and denominator. 


140. Rules for Addition and Subtraction of Fractions. 
ji) @, XK _ ay bx _ay+bx 
Oi Ge sihedtips = abe 


ii) @_ KX _ay_ bx_ay—bx 
a bacmiy DY meaDY an 


141. Index Laws. The results of Art. 68 are: 
: : ae 
(i) If m is greater than n, then At! 


(ii) If x is divisible by y, then (=) =o 
If m is less than n, dividing numerator and denominator of the 


mm 


by Vries 
fraction — by a” we have 
a” 


rie 1 
“ 


ae een ey es. 2 (iii) 


If x is not divisible by y, it follows from the definition of multi- 
plication for fractions that 


for (2) eg eres e SD he ea 
YEP WOLD a 

and the formula (iv) can be proved for the values 4, 5, 6... of 

n in succession. 


142, Permanence of Algebraic Form. Since all rational 
numbers are subject to the same Rules of Equality, and combine 
with one another according to the same fundamental laws, it 
follows that every formula which is true when the letters stand for 
natural numbers is also true for all rational values of the letters. 


SUBSTITUTION 


143, Examples on Substitution. 
Ex. Jf 2a= -3 and 3b=4, find the values of 


(i) j 5 (ii) a8; (iii) JTF) Ra45). 


Since 2a= -—3 and 3)=4, .. a=-5,b=5; hence 
eo ae 
(i) ae = pel a WOOP eos, 
CTS TE ae wae he V WE 
ae 6 
7 3\3 /4\2 38, 94 
(ii) a%t?=(-5) . (5) = oe Oe. 
eae 3.4 -9+8 if 
(iii) a+b eat iace 9 
4 9+4 5 
9 ve ars <— c 
2a+b 3+5 3 3) 
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is 


°. Y10(+ 0/2048) = s/10( -5)(-3)= ao 


EXERCISE XLIX. 


1. If e=-i, y=-1, z=3, find the value of x*y°z8. 


9° 
v 


. If a=1, b=—2, c=3, and d=0, find the value of the expression 


b2c2 ate? _ bd? 


OP eal alee (iy Bohea= bd 
Cc 


b+ce+d — 
. If 3a= —2 and 4b6=3, find the numerical values of 


@ es © 1S; on(s-¥- 4). 
a5 


. Find thesum of a+2b—3c, —3a+b+4+2c and 2a—36+4+2c. 


Verify your answer when a=}, b=}, c=}. 


. If a=5, b=—1, find the value of 


Eth, Gy f(s) 404209} 
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6. If 3v=1, 2y=—-3, z= —4, find the values of 
z Z 


3a 
36a? ©) yet ery’ 


(a) 6xy—4yz+2zu; (b) nee 


7. If 2a=3, 4y=3 and z= —2Q, find the values of 


(a) /(8y+22+7)+,/(6"%—8y+z); (0) a 


8. If 2a=1 and b= —2, find the value of 
. Ba+46 4a Be vf ; ; ( b y+ 
Ug =nb ee NG ab) oN a er) oi 
9. If a=7 and x= -— 16, find the value of 
5 aioe 
(i) Be EEO (ii) fhaty+hatoy—(2 a a 


a—x a+2x’ Va+x 


10. If z=-1, y=—2, z=4, find the values of 
(a) 2”—{9y—8a+22—(4a+y)} ; 
(b) (vty 2° (ety (e-y-+2) + (a-y. 
ll. If 24=1, 3y=—1, 5z=1, find the value of 
oe an ergs GR x 
0 Syteetyas) C= FEET, 


12. If r=2, y=4, z=5, find the value of 
Ye 2-2 ee ES iy i_=ac 
(i) Yyre—2Q04 2+a—2y ty 22° ©) V(z +(e—+( 2y ): 


13, If 2a=-—3 and 5b=1, find the values of 


3b 2(2—4ab) | 
Oia a ae 


3ab(2a—b) 


ee 
(i) Jar PI 5G aa). 


14, If a=3, b=5, c=, find the value of 
a b Cc 


(@—e)\(e—a) (¢—ay(a—b) * (@—b)(b—0) 


15, Given w=25'24, v=13°27, calculate x to four significant figures 
from the equation 


1 1 
——— 
ax Vv 


16, From the equation 
t=2rJ/(l+g) 


find 7 in terms of the other quantities, and calculate its value 
to three significant figures when ¢=1, y=32'18, 7=3'1416. 


CHAPTER XVIII. 
SIMPLIFICATION OF FRACTIONS. 


144. Examples on Reduction of a Fraction to Lowest 
Terms. 


Ex. Reduce to their lowest terms the fractions 
-. (20> — fab?\? 2? + Bary — By? 
(i) 2a%b — Sab ? (a) Tay -- 2x? — By* 


(2a7b—4ab?)?  4a7b?(a— 2b)? _ 2ab(a — 2b) 


() “dab — 8a5® ~ Dab(a? 4B) ~~ a+b 
(ii) 2a?+ Bay—2y? = Qa? +3ay—-2Qy? = (2a —y) (w+: 2y) 
Tay — 202 — 3y2 a — Tay + 3y? (2a — y) (a — 3y) 
_ &+2y 
6 — By 


EXERCISE L. 
Simplify the following : 


3, (4+ ay)” 9, Wet l2n+ 4 g, Au ay-y 
* 8x2+ Bay +2y” (942+ 6x)? dn” — Bary — yy” 
4, @—Mix+70 5, 62? — 49x +65 ia al 
9? — 2 —35- * 149? — 932 +13 " Bay — 2? — Qy? 


q, liay-a—T0y g _ Babo— 3B og (yaw? tary +-y") 
* 2 — Qay — 359" ' a—be—b(1-e) SS GaYeCrH) 
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Simplify the following : 
10. (a? + Bry + 2y?)(y? — Baxy + 2a) 11. vy + 4ab + 2ay + 2bx 


(a? — 9) . (a — 4y) : xy — 4ab+ 2ay —2bx 
we —vt—ax+1 B+2x7-x1-2 
has B+e+et+l iS, w+ 3a? — 40-12 
14 3abe — 3b : 15 «# = why = xy' Se 
* @—abe—ab(1—e) * ot —asy — oP tay? 
16 4x4 —5x?2 +1 17 e—T2? +1 
* at — 693 + Qa? "(4194 4a(a? +1)4 327 
18 (a? +6a+11)?—9(@7+3) 19 (12.0? + 52 — 2)? — (232+ 10)? 
* ((@+72+9P—-Qr+5)P- * (x? + 4a — 15) —(4e+17F— 
2 O0y il w—5e2+6 %?—97+4 
20m ; 
Oa ple He0 1k eer Ear ae ys ay er 
29 e+ab fe ab — b? e ab — be 23 a — : ab , b? + be i Zac — be 
* @—ab-ab+b?~ ab+be * Ibe—-ab~ ac—be” ab+ac 
24 (a+b+ey ye (A= = 25 w+24—-3 , #+r—6 
' @—(b+c) (ctap— ee ' 2 —60+9° a -5e+6 
26 6x? — ax — 2a? ee we, ane +24 
; ax — a 9x2 — 4a2* a(Qa+3a) 
27 —462 b+bce-2c? F?-—be— 2c? 


Be Se eae 
98 (at ee 2, #e— yet? 
* sy-y ye x + ay —x2° 2 —(y—2P 
2e?+a-1 9n?—5e+3 3272—7Tr—6 


29. we — 4043 62+ 4-2 * Oe — Te +6 

at — 8x w+27+1 . 2 "+ 20+4 
30. e—4¢—5 Ba 2° ~~ BB 
31. a?—1 a —4a+4 a?—9 


2 3X 2. 55 0 
a*+a—6 @—4a+3 a+e@+l 
a—A4 (@+1)? | #-—x2-2 

32. Pte +2 P—e—12 * 9 — Ag” 
93, of, Oty. Hr eypty 
* ey?” a+ ay =e 0? + Bay + By? 
we 5r+6 | ae (v—2)—2# 

a+u—12 ~ (@+2)?— 2a 
35, aw — a3 oe a — bh? . @Mrarta® 
* 2 -axu+be-—ab”~ x+ax—be—ab* e+artbe+tab 


34, 
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145. Examples on the Addition of Fractions. 


ci 6 he 1 i 
ae TES Fo OT aa) EC Bx) 


The L.c.M. of the denominators is 2(1 + 3z)(1 — 37) and 
— (1 - 3x) —(1 + 32) 
2(1 + 32) (1 — 32) 


the expression = 


21430) =82) 1 = 92" 
sore 5 i 
: a 
Ex. 2. Simplify 557.43 - GPa Gea 
5 1 


The expression 


(22—1)(e—3)* (2x — 1)(3e—1) 
_ _5(8%-—1)+(@- 3) 
= @z— I) —3)(r—1) 
16z-8 
~ (22 —1)(a— 3) (3a —1) 
= 8(2¢ —1) 
~ (2a —1)(x— 3) (3a -1) 
8 
~ (@— 3)(3a—1) 
Mees 7a- 24 Ba — 4 
2 bat+6 w@—7ar 12 @-ba+8 


Ex. 3. Simplify - Ys 


The expression 
5x —12 Ta — 24 Pe 3a —4 
~ (w@—2)(a—3) (a@—3)(@—-4)  (@-2)(a- 4) 
_ (5a — 12)(@ — 4) — (Ta — 24) (w — 2) + (3a — 4) (a — 3) 
(~ — 2)(a — 3\(@- 4) 
_ 5a? — 320+ 48 — Ta? + 38a — 48 + 32 — 187+ 12 
@-2)(@—3)@-4) 
—T#+12 
~ @= 2)(@- 3) w- 4) 
(a — 3) (a — 4) Sle 
~ (%— 2)(a@ — 3)(« — 4) a—2 


16 


RATIONAL NUMBERS 


EXERCISE LI. 


Simplify the following expressions : 


i. 
2 


3 


5. 


(6 


29. 


oa ea a-1 9. y) o Diets 
—-1 #-1 #+1 a—2b° a+2b a?—4b? 
a+b 2ab v-1l «+1 u?+1 
ee a2 — OF 4. eee ee 
ze S r , [ee a eels 
(@+1)(@+2) (w+1)(w+2)(7+3) "2-9 w+2-6 
1 > 1 ; 8 2 Z ins 
PRS? (w@—3)(@+1)(~—-2) " g—4v+3 2 -3H+2 
a—b 10. @ (a—be)r a 
(GS heme (~—a)(a+b)(~+a) e ¢c(¢+2) c+a% 
1 b eel 2) 2 


CRIN CELTS CERCA eC eet 


2 3 4 5 6 


' Gan Pe Ph ae SS (Qa—7)(4v—9) (2a—'7)(10e — 29) 


1 1 16. —67+8 a? +3a—10 
Qa? —Bax—2a2 %x*—5axv+20? v—”%-12 xv2+8xH4+15 
i a ae ae b+e 19 fey 229 
(a—b)(w—a) (a—b)(a—b) L-Y LAY 2B 
eS NER ay en 1 
2—3a «*-5ar+6a? x-2a Gee | Gp 4e43 —Ta +12 
1 ee ee ee 
—52+4 2-84-40 v1 * 8227 =¢=2 3 r—2° 71) 
1 2 1 
wi 3242 P—4e43') Bate 
1 2 il 
—5ab+2b? 2a?— 3ab — 26? cs Qa? + 3ab —2b7 
G—3 2(4—2) 2-5 


* (@—4)(a—5) wer 3)(a—5)! (@—8)(a—4) 


ri ] 4 


© (@+1)(@-1)\(~-2) 6@+1) 3(@—2) 
27. 


5 _@ _ 2a? — 3% —10 v+4 L+2 5 —2Qa 

2 £2+1 4-4 w-34-4 °°" w(a—2)' 2(@—4)° #?-624+8 
a+b-c a—bte  4(b-c? 30, @2¥ _ #ty 2 (0+ 42) 
a-—b+e atb-e a-(b-c?% ~" By a+ y3" att apPty® 
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ye 3 2 
@—18e+35 292420 ' —Bn+15 
“+l 8 a 3 
e—5be+6 22-4943 av? —38r4+2 
De a oe 6 ee es 
22° —Te+3 4a?-8x7+3 Qx?—-9r4+9 
é 5a —4 2-4 
4, a : = 
3 9x7 — 5x +3 a 32z*—5e+2 6x27—134%+6 
35 “+1 ‘ 22-1 Ms 307+1 
* g+n—-—6' #?497-3 22-8442 
3¢+11 x—-—T7 b 924 —2 
w—2-6 v—Tr+12 2-6r+8 
i 2+6 6 
37. a 
7 ines br Le v+474+3 
38. 2@+1) 2-1 5a — 1 
90? —3a +a 8r*-—32°+27?—3x 


31. 


32. 


33. 


36. 


146, Addition of Fractions (continued). 

It is generally advisable to arrange all the numerators and all 
the denominators of fractions which are to be added in ascending (or 
descending) powers of some letter. 

ie 3b fb-a 
a+b ab—a@ 


Ex. 1. Simplify 


If we arrange the numerators and denominators in descending 
powers of a, noting that 


ab —a? = —(a?-ab)= —a(a—b) and 4b-a= —(a—-4b), 
: : 3b a — 4b 
the given expression = nia ANC CER CED 
_ a(a—b) — 3b(a+b) —a(a — 40) 
is a(a+b)(a—b) 


a? — ab — 3ab — 3b? — a? + 4ab 
a(a+b)(a—b) 


(Art. 185) 


— 30? 3b? , 
= . (Art. 136 
a(a® — b?) a(b? — a*) kee 
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In many cases the work is shortened by adding the fractions 
im groups. 


3 3 Ll 
Ex. 2. Simplify t-aptaey aad 


a+6 +2 a+t4 
6 3 2 
a(at+6) ©" (a+2)(a+4) 


, : lie 
The given expression -* gee ee - \ 


-6 eee ee \ 

~  (a(a+6) (a+2)(a+4) 
(a+2)(a+4)—a(a+6) 
* a(a+6)(a+2)(a+ 4) 
a? + 6a+ 8 — a? — 6a 
“a(a+6)(@+ 2)(a+4) 

f. 48 

~ aat2)(a+4)(a+6) 


EXERCISE LIT. 


Simplify the following expressions : 


1 1 b 6a 2 3 
Ls —b ab—a® 2. Gd Poa oe 
3 Sigrte. 00 4 2b-a Y%at+b a—b 
: Ita TG Si GOA” CPSC” ab 
Bate ote aloe wta x4+%ax 
aE 1-37 14382 92?—1 6. Con aa a-Qx 
b)(q—6) , (p—a)( a) 1 2 il 
7, 24 ,(P—b)(g—6) | (p—a)(g— ee ; 
abt b(b—a) Ls a(a—b) : eta 2 @=a 
1 2 il 1 2 1 
———— : ; 5 See LS 
ee Ope a ge SAS 10 2+2 #+1 
1 5 4 1 33 3 1 
ila, = : 
— 8442 @ta—6 I=ara 2 “+2 eae +5 
3 © 
13. a a 1 14 1 3 ie 1 


(a—2y 2 aca ape “#44 w243 a2 ¢-2 
a 
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L 1 


1 3 1 2 


15. at = = ee 16. 
aba ' a(b—a)(a—x) b(a—b)(w—b) Soe ee onT 
l-wxv w«r-2 3 5 1 24 
17. = Die : 18. a — : 
2—% #1 (w—1ja—9) 2(@+1) 10(7—1) 5x43) 
Ye=1 47-6 %w-5 Qa+b 2a—b 40020? 
19. : 20. saphena 
Zl -a4—2 @¢-—8 abt oe a*—16b4 
b 2Qab 2a°b? 1 il 2 4 
ae 2 spies 
a—-b @-b at—bt 2s papas ou ROPER Se 
23 1 - 1 x-—2 J vt+2 94 v+il _ @+2 1 
2-1 vt+l sw —v4+1 w+ar4 aan g-1 P41 
25 3a—5 3—4a 5ba— 12 


2a—1 


" @a—7)(at+2) @+a)(5—3a)* Ba—5)(2a—7) 


8(1—a) 2a —3 


" (a—1)@a—3)* (1—2a)(8—2a)  @a—1)(a—1) 


oe | 


* 6a2—Te+2 1227-177+6 
9r+14 4—57 4r+5 


1-2 gee 1 ; 
822 —107+3 


x?—16 are 
2e+1 


ee —2—2Z We 


Bat+4 2748r—4 


3x —2 3(5a—1) 


2439+1 2437-207 


147. Miscellaneous Fractions. 


1s 


j wp y 
Ex. 1. Simplify Fee 


First method. 


Second method. 


ae 


Multiplying numerator and denominator by wy, 


; y — 2 1 
the expression = ae a= . 
Ga tay 


1 y-@ 
ES LO =e ey 1 
e p-w sy yaw o+y 
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a+b ate 
. REG. RZOG 
Ex. 2. Simplify Sah cna 
Tab Ge 


Multiplying numerator and denominator by (1 — ab) (1 — ac), 

(a +b) (1 —ac) — (a+¢)(1 — ab) 

(1 —ab) (1 -— ac) + (a+b)(a+e) 

_ a+b-a%e—abe-a-—¢+ eb + abe 
1l—ab—ac+a@be+a%+ab +ac tbe 
b-c+arb — arc 
1+a?+be+ abe 

_ (b-e)(L+a%) be 
(l+a*)(1+be) ~ 1+be 


the expression = 


x 


Ex. 3. Simplify : 


i 


fe 

3+ 20 

An expression of this kind is called a continued fraction: to 
effect the simplification we work upwards from the bottom. The 
first step is to multiply numerator and denominator of 


x 


244 


4a; 
3+ 2% 
by 3+ 2x, and the work is arranged as follows: 


242 


x 
x(3 + 22) 
(2+2)(3 + 2%) — 4a 
x 
3a + Qa? 
7 6 ou + 2x? 
_—- &(6 + 3a + 22%) 
6 + 3a + Qu? — 3a — In? 


_ 6a + 32? + 228 i ne 


The expression = 
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EXERCISE LIII. 
Simplify the following expressions : 
7! ae Sh BG ig Ma I CE 
Eo ee ieee Pe ee 
y x 2y x y Cae 0) 
2 4.4/2 
2-2-5 e---1 “Bes oy? 
4, - 5. : 6. — —", 
cE! xe Lay 
x x ¥Y & 
ea (a te 1-9). f,,C+2)0-9) 
4. a 2 +(e+S +a). B. 1-z l+yJ IN GESETE +y)J° 
f= Pe 
1 Le 1 oa ate of 
9. Fal x RE . 10. age Al 
Bee eae is +] —y “uty 
1 1 2 a b b a 
Care Ba ab 
ibe See 23 Seta Ra Fy 12. rag (a+b)+ To (a—b). 
Sage oy Ge ba ad 
a £ 1 b-—e c—a a—b 
“z+1 24-1 i L hace ey ath 
13. — 14 —— 
9 1 1 C= 0 C—O a—b 
1 a b+c¢ c+a a+b 
1-2 Aa ARE rs 
1 2 l+ay 1+y¥2 
—. 16. = a, 
met p38 a 1-2 (~—y)(y—2) 
tpt est 3 (+a2y)(1+y2) 
i if pope as 19, a 
; a : 1-2 xv 
6 —-—— }_——— b 23 a a 
bas joe os sate 
6b 2 “' @-3 
20. shes =a 21. @ 29. ait ven ——_ 
ei ee. ee X 44+ - ie, eee 
_2 9— e+ 4a es 41 
va “ 3-2@ & 2 
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23. 


24. 


25. 


Jil 


13. 
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ae ak for v in © ae and reduce the result to 


its simp form. 


Substitute 7 


Substitute “= 5 for xz in each of the following expressions, and 


reduce the res to pe simplest forms : 


9—3x 
(i) mies < eae 


= : Gaal 2a—1 - 
Substitute =| for « and Saal for y and the expression 


<2 and reduce the result to its simplest form. 
“+y 
EXERCISE LIV. 
MISCELLANEOUS EXERCISE ON FRACTIONS. 


Simplify the following expressions : 


1 2 1 1 1 3 
(+ay 1-#@* (ay 2, (= 3 let 3) € +3) 
Be fea a Qa 1 aE a) 
Co gap Meee) Es pate 
oe 1 a+y ao ( Y ) 
(Git les a “ (Fy Se ye we 
if 1” 24 y } 1 (ety?) wy + day wy +2 , oy + day +4 
Quy (a@-—y)* * gy —Qay?” « —2Qy * a — Any + 4y? 
a—b_a+tb 
AY Se des Cen a a 10 a+b a—-—b 
(et+2P—y* (y+aPrHe (tyra eee 
(a—6) 
epee ets 
ee nah 12 {oe 8 {ee ta ea 
ae : “ la-a# atas* law—x? ax+a°) 
@+1 #+3 
ate: ot 
(1+2)-2(1+2) ,(1+0)?-#2(1+2? 4 & bath oy 
Q-—«?+a0—2)° t-2P?+e0-—2) Lyk 1! 
a ¢ a-e 6 


te ate 2) t a »}etsab 


16. 


18. 


19. 


20. 


21. 


22. 


24. 


25. 


26. 


28. 


30. 


32. 


34, 


x —(a+2b)a+2ab «?+(a+2b)r+2ab 
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b 
oy ae 
- ee) w+a? ee = 
Oke 8) \6 a) ” Qa? + 8ax—222° \Qa—a# * at+2a/° 
a 
ae) : Ce = 
a?—b? a?+6? ab maby s 
as ae Y | 
Vy we) t-y w-y 
eo at 2a\ f 3 ] \ 
a—-22 x—2aS~ \Ba-x a—-aS 
3 3 3 3 
(1 goa) «(2-2 +325) 
(one Z b Cel PN 26 \2 23 3 
Ried a-ha ON aed © aad. ili 
-44—_ 
B+6 
xr—2a pe} xz—2a\? 
(0-4) 04) + (S 2). 
1 x x? | 
(1 ae reet rs)” Lo 
a@ 63\/3a+b — ( 1 — w+ 24-3 
(F- =) aoe! ai. as weer SP Lars. 
esas 
(a+ bp—(a—by ak +b" 257 
@+oy+(a—bF 1 
a+b? 2a? 
a agi il ) age ere 
me b2—a?]/ a®+ab’ ab—b* 
( b—c eee) ee | 
a+b—e e—b a ay 
a e a a? +ab ) 
Mes) acute laee |): 
a 6 a b OG 
BP a? £00 33 2y war. yr+a atts ay 
a? l b2 ° 1 li e at+y _@ aot op — a? ay 
Brite gta OU OF 
w+ ax —2a? x — ax —2a? 
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35. 


36. 


37. 


39. 


41. 


43, 


44, 


45, 


46. 


47. 


48. 
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uaty)ty  a-y)ty(ety") 
a—y(e—y) ee+y)—yaty) 


( 1 i Jel Lievatcl 2y ) 
ep @B+P)*\n-y vty wt+y?) 


vty a 
wty x Bay sq eet 2 Eee 
3 ge — Qyz aie = 37 (y— a)? 
2+2y/+— y" ay —2y seas Ear en (y—#) 
x —2y UtY L+y 


b-a 1 ec-a 


a ; = 2 2 2__ f2 
U1 cone Pay CS \(Get i) 


Cian eee ie a? — b8 
2a 9g il=ab am 
CO 2056 DO) He 
ae Se 
(a- 2Qab ees eS 49 ete eae: z2 
SA ee ant 1-2 2 ie 
b a 2 Y ii OR 
Le 


Find the value of : - when for w is substituted the value 


BG 
given by «(a—b)=a*, 
1 1 1 
If a=i—) ee prove that Oe 


If rho=l and y-2=1, prove that wyz=1. 


If walt), pas s=145, express the product xyz as simply 


as possible in terms of a. 


1 
If U= («+ ) and v= 3 (« _ =), find in its simplest form in 
0, Lv 
terms of w the value of w?v?+(w?—1)(v?+1). 
Prove that the sum of the three fractions 
b-e ¢-G~a-—b 
1+bc? 1+ca’? 1+ab 
is equal to their product. 


CHAPTER XIX. 


LONG MULTIPLICATION AND THE DIVISION 
TRANSFORMATION (Continued). 


4 
148. Products involving Fractions. The student should 
now have acquired some facility in choosing the shortest method 
in multiplying algebraical expressions. The following are mis- 
cellaneous examples in multiplication. 


e hee 2a, BY (22 oY 
Ex. 1. Lapand the product ( 3+ 1- 2) ( By 1- Zz.) 
-{(¢-2 | (= -3)- 
The product = (By oa +1 lp Be 1 


(= a 

By «2a 
Ag? Qy? Ag? 

pa fa Se a 3 
Gane ug Or AO Se Le 


oa 
Ex. 2. Hapand (1+: +5 aoa) : 


We may proceed as in Art. 122, Ex. 


mr )2 
The expression = oe + oa a 


3, or as follows :— 
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. ‘ Ge LNT oe i 
Ex. 3. Expand the product G Sp: (2 a" + 5+ 3) 


Detaching the coefticients, 


dhe Alon il 
2 eer of 
beet ah 
4+5 +3 
ye 
1-345 
1 eta i a 
RE 
Lie Sh 1 
6 912 
[2 ee 
NO, PE PS 


The product is of degree 4; and supplying the letters, we have 
5 1 1 1 


Product = x4 9” +9” t+ 75% + 75 
EXERCISE LV. 
Expand the following : 
DE 8 (DED 
2. ae itea)(3tatna) zi (F- : +5) (Fr * a) 
5. (1 ey 6: (S142). 


tL Mth 1) (3. 2) @ g\ (x Z 
By eerie (ie OF ie peice Ny rer ie id 
@—sats 40+) 10 =: 2 +3) (Z+2y+2). 
1 


i 

4 

Boeb 3 242 ; 25 25 
gh saa fi 4” ). 12. (#4542) (o-54+2), 


DIVISION TRANSFORMATION 


WM) (a0 Lp Wag Dap bay) 
2+5y+h2) wm +7y +9 — GY — 32" — 52 )- 


18. (« ~3y+32) (at 3924 224-92 Sa + aay 
3 9 2 
Find the coefficients of x? in each of the following : 
Cae el £ a) 
2 oe Flees Pals 


- a I a2 4X3 
m. (5 -S4+3-5)" a. («-$+5) 


De (« = 1) (w+). 23: (« = (e+ a 


Santi 16. (w—£)' (+4), 
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149, Long Division. The following are examples of the 
process of “long division” in which some of the coefficients are 


fractions. 


Ex. 1. Jf N=a*-2?+1, D=22?-x2-3, find the quotient and 
remainder when N is divided by D: (i) when N and D are arranged 
in descending powers of «; and (ii) when they are arranged in 


ascending powers: in the latter case, find a quotient of three terms. 


otic inca a Dido RE: 
(1) 2a? —0-3) ot eel (e+ gets 


a sa - a 
L844] 
Pe | 3 
gh — qe — qe 
3 3 
a ely, 
i ae 
pe ee 
Auer Crats, 
Lee 
Saas 


‘ o) 
*. Quotient = ya + V0 + ; Remainder = 3 


17 
BBE eh 


8 
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The method is exactly the same as that in Art. 132; the left- 
hand term of JW is divided by the left-hand term of D, giving 


4 
a or 12; xed is subtracted from N. The left-hand term 
a? 2 ‘ 


3°) of the remainder divided by 22? gives a which is the 


next term of the quotient. 


(ii) We shall divide 1-a?+a* by —~3-—a+ 2a? by detaching 
the coefficients; supplying the missing terms with zero coefficients, 
we divide 1+ 0x -a?+0a? +24 by —3-—a%4+ 2a”. 


ite 
a ee Dp) = = ee ee Boe 
3 142) 140 1+ 0+1( 3+ gta 
prea 
ene 
ie a 
Soya 
Te to 
7879" 9 
2 2 
ahr age 
EN A 
ua, 
4 23 
Til" Dae 


Supplying the letters as in Art. 134, we see that 


; dh eal 2 
Boy eee pee Oye 
Quotient gt gt ton; 
: 4 23 
Z = —_——— 3 _— 4. 
Remainder aye + ant. 


Observe that when N and D are arranged in ascending 
powers of x the process of division can be continued so as to 
give a quotient with any number of terms and a remainder 
whose lowest term is of higher degree than the highest term of 
the quotient. 
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Ex. 2. Continue the division in Ex. 1 (i) to obtain two more terms 
im the quotient. 


The final remainder in Ex. 1 (i) is ae at and we continue 
the division thus : 8 8 


2a? 2-8) Sot (Gt = 


8 8 16x 3222 
OIF Viel 27 
Saal lor 

43 27 

16° 16a 

438 43 129 

16 32% 322? 


Thus the quotient to 5 terms =sa? +j0 oot aS = = 


The corresponding remainder = 55~ + 


Observe that when N and D are arranged in descending 
powers of x the process of division can be continued so as to 
obtain a quotient of any number of terms, and that after a 


certain term the quotient proceeds in powers of . 


Ex. 3. Prove the following identities : 


97 , 129 
; wot Let, 8,9 1,48 1, 82a 320 
pea Bab (PR iat Sha Baas 
4 13 23 4 
1-2+e 1 Pe ar ar 


iz 
Bags oy Bo oF =3=2 +22 
These identities result from the divisions performed in examples 
1 and 2. 


Ex. 4. Ezplain how to apply the identities in Ex. 3 to obtain an 


a correct to two places of 
sa CP 


coe Sac a Oe 


approximation to the value of 
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decimals: (i) when %= 1000 ,; (ii) when x= 0-001. 
(i) Tf 2%=1000, 1 _ 0-001, + _ 9.00001, ete. ; 
x x 


2 


pee ah wel ; 1 bei ots 
and from identity (i) of Ex. 3 it follows that ge tqtts is an 


approximation to the value of the given fraction, correct to two 
places of decimals. 


When 2=1000, 42%=%.1000000 = 500000 
je=4.1000 = 250 
3 : 

3 375 

begin de ees 

g@ + 4% g = 900250°375 


The required approximation is 500250°38. 
(ii) When «=0-001, it follows from identity (11) of Ex. 3 that 


=F is the required approximation. The value of the given 


fraction correct to two places is therefore — 0°33. 


150. Expressions containing several Letters. In the 
case of expressions (V and YP) containing several letters, the 
process of long division may be employed to discover if one 
of the expressions (JD) is a factor of the other (JV). 

We begin by choosing some letter which is common to NV and 
D, and arranging both N and D in descending powers of this 
letter or both in ascending powers of the letter. 

If D is not a factor of N, the identity resulting from the 
process will depend on the particular letter chosen, 


Ex. 1. Prove the identities - 


e+ ay +y? =5 2 sie ¥ 


3 
a 

ayy Dn? 
= y — yt + 2x? — —_. 
a+y Bey Te iy ze 

These arise from “dividing” «+2%y+%3 by x+y, arranging 
the expressions (i) in descending powers of 2, and (ii) in de- 
scending powers of 7. 
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Ex. 2. Prove that a+b+e is a factor of a? +03 + — 3abe, and 
find the quotient when the second expression is divided by the first. 


We choose one of the letters, say a, and arrange the expressions 
in descending powers of a. 


a 1. (b 3 st Suhe eh OY ft calh oe 2 
a +( aie vale abe + ( +8) (a a(b+c) + (b?—be +c) 
—a?(b+c) — 3abe 
—@(b+c)—a(b+e) 
a(b? — be +c?) + (? +0) 
a(b? — be +c”) + (08 +c?) 


. (@ +0 +60 - 3abc) + (at+b+c) =a? +0? +0? - be — ca—ab. 


EXERCISE LVI. 


In Examples 1-22 apply the process of long division to show that in 
each case the second expression is a factor of the first and to find the 
quotient when the first is divided by the second. 


eas UP La aw & © oO) Ely pees 
1. 58+ arto 5 aie 


9° 9° *3 2. Gut aO@t+on—Tes 5 tz 
3. «8 ree Sa -1. 4, ata? 4 seta xo 3 
5 at Pastatt so —33 <0 2, 
6. 3 oh —Saty + hyp — ey; So — Ray + ay 
7 eas a 8 4-42; wt] 
9 aut + 5 =; art 245 
10 ht Fat att oe se 22045. 
1, ot oe Oe as Stee 


1 2 
12. 2a(a?+b*)+ Toa? — B®) — a°b(a+15b); 2a? +5ab— zt 


13. #—a2(a+b+c)+a(be+ca+ab)—abe; x—a, 
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14. xy +a2(y?+y—2)—Qay+2Qy+2; wt+y+1. 

15, 8a%—y+6ay+1; 2e—-y+l. 

16. 2°+27a?+9ax—-1; x+3a—-1. 

17. l—aty—ay —2y? — 27 + oy? +089? 5 1-a2+ay— xy. 

18. 943 — 4xy? — 9x? —9ay + Qy?+12"—5y—-12; 38”—2y—3. 

19. 823—2(1la+b)«2?+(15a? + 8ab — 3b") x —2ab(3a—b); 2e-—3a+b. 


20. 9(a—b)!—52(a—b)Xe—d)y?+64(c—d)*; 3(a—b)—4(c—d). 
[Write x for (4—6) and y for (e—d).] 


J1. a—8b3+ 03+ 4abe—207%b + 4ab? 3 a?+4b?4+ + 2be— ae. 


22. #7 +(a—b)a°+(c—a)a* + bx — a(a—b)a?+(ab—b?—ac)a+be ; 
w+n(a—b)+e. 


Employ the process of long division to prove the following identities : 


1 ; a 
23, ——=14+4+2°+23+——. 
—& 1-2z 


1 
1 ih eo Ball 1 1 
a: G1 a att a a + Ae =) 
il iL Bp, Oe Dx 
25. . ee, 
Doran CeIn a CRECTS 
26. 1 1 2 fe 4 8 


Br+2 3x 942 2728 27a3(Bx+2) 


12 A Bab 
Tg! ee bon ec pe 


* d-a) (—«)?" 
24] + a 6) 82-6 
O96 Mat be : : 
(@—1)? ia eau Gs a (v—1)? 
l4e0 _ 5 3, 2544 — 39x° + 1626 
29. a sou: +47 +92? + 1623 4+- (lees . 


load | 4 Is) 2b 29716 

ou (@-1P% # re ee “ gp (ae — 1)3 

SH, At N=2'+ 2 +30°+4¢+7 and D=2-x#+1, 
prove that N= D?+4D(7+1)+60+2. 


8 @rs f 
32. Prove that vi A a i, +11 
(+1) a+1 * (a®+1p 


CHAPTER XX. 


EQUAL AND UNEQUAL FRACTIONS. 


151. Theorem on Equal Fractions. If = =7 then each 
lx +my a 


of these fractions is equal to 
la + mb 


values, positive or negative. 
Proof. Denote either of the given fractions by k, so that 
wy 
a b we 
*, =ka and y=kb; 
. le+my _tkat+mkb _k(la+mb) 
‘Jatmb latmbd  latmbd — 


, where 1 and m have any 


= ft’ 


le+my @ y 


jam a 6. 
Important special cases are (1) when J=1 and m=1; (ii) when 
J=1 and m=-—1. These cases may be stated as follows: 
x , ion ee ee 
If tal then each fraction = Ea 
a+b c+d 
Ex. 1. thine 5 = prove that eT) Ear 
Let 774, then “=k and a=kb, c=khd; 


d 
. a+b kb+b b(k+1) k+1, 
“@—-b kb-b b(k-1) k-1’ 
c+d kd+d d(k+1) k+1, 
¢-0 kd “8 d(C=1) RAT" 
a+b c+d 
EN ate nef 


also 
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Bec oy a aoa, prove that each of these fractions is equal to 


r+ my + nz 
et where l,m, n have any values. 


la+mb+ne 

[Put ==5 =t=k and proceed as in the proof of the last 
theorem. | 

Ex. 3. If 5u=6y, find the value of ore 


First method. Dividing each side of the equation 54=6y by 


5y, we have at 


157 
2x 6 
ae Das 
aly) Saeed 5 nia b 
3a -Y 3a) a oe 13 
y 5 


Second method. Dividing each side of the equation 5x =6y by 


ees 
5 x 6, we have con 
Let LE : pak and «=6h, y=5k; 
Qe y _ 12k+5k 17k a5 
Spy SE She 13k 
Ex. 4. fs = = 7 find the value fF; - 


Multiplying each side of the given equation by 13(32—-y), 
we have 


13(2e+y)=17(3x-y) ; 
*, 262+ 13y=5le—-17y; 
«+ SOY 252 ; 
OS aye 
Dividing each side by 5y, we have 
a _6 
y 5d 
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Ex: 5. If pote prove that x+y+z2=0. 


fee = then =F and- = = 4; 
b-¢ C-a a-b ~’ 
*. @=k(b-c), y=k(c-a), z=k(a—-d); 
at+y+z2=k(b-c)+k(e-a)+k(a—b) 
=k(b-c+c-at+a-b) 
=O) =O: 


Y-z 2-% » Sant, We a-y 
Fx, 6.° df ana ort then (1) each fraction is equal to Pea 


and (ii) a(y—2)+b(2-2)+e(a-y)=0. 
F y-% a-@_ (y-2)+(2-%) _y-@_a-y 
ee -c¢ c¢-a_ (b-c)+(c-a) b-a a-b 
and ULE et _ aay _aly-2) + b(e-a) +ole-y) 
b-c c-a a-b a(b—c)+b(c—a)+c(a—b) 
Since the denominator of the last fraction is zero, the 


numerator must also be zero in order that the fraction may 
have any (finite) value. (See Art. 111.) 


Ex. 7. Jf av+by=c and 2+y=1, find the value of *. 
y 


* at+by=c and ca+cy=e, 
*, a(¢-—a)+y(c—b)=0; 
*, a(c-—a)=y(b—-Cc). 
Dividing each side of this equation by y(¢— 4), 
t D=¢ 
y ¢-a@ 
Ex. 8. Apply the Theorem of Art. 151 to solve the simultaneous 
ug aotsons 22 = By and bx -— 6y=11. 
Dividing each side of the first equation by 2 x 3, and applying 
the case of the above Theorem when /=5, m= — 6, we have 
t ¥ 5a — by hii 
pga e ewe BS 


22 
ol OO ela =z 


The method employed in this caample is very useful. 
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152. Theorem on Unequal Fractions. If - and are 


unequal, and if all the letters stand for positive numbers, then 


lz+my lies between = and Ma 
la +mb a b 


Proof. Since = and ; are unequal, one of these must be the 


g UP ers EEE 
D and denote j by k, so that ee k; 


.. y=kb and «> ka; 


x 
greater. Let —> 
a 


and - J and m are positive, 
. my=kmb and lx > kla ; (Art. 121) 
. lve+my > k(la + mb) ; 
and * la+mb is positive, 
le+my_,. . le+my_y 


emp? 8 Iain 


ake Sais eee Re 
In a similar manner, by putting A =k’, it can be shown that 


la+my  & , 

la+mb ~ a’ 
la + my : my y 
eae has a value lying between 7 and ; 


The particular case when y=} and J=m=1 is as follows: 
a+b 
a+b 


Thus, if x and a are unequal and positive, the result of 
adding any positive number b tothe numerator and denominator 


of * is a fraction Sable which is nearer to unity than = 
a a+b a 


If 7 is not equal to 1, then lies between © and 1. 
a a 


DEF. A fraction is called a proper or an improper fraction 
according as the numerator is less or greater than the denominator. 

It has just been shown that a proper fraction is increased and 
an improper fraction is diminished by adding the same number 
to both numerator and denominator. 

Thus $<2<$; 3>$>2 
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COROLLARY. Between any two given fractions * 5 and i lie an 
indefinite number of different fractions. 


For it has been shown that for all positive values of J and m, 
la+my 


la +mb 


lies between ~ and % r 
a 


Ex. 1. Jf the fractions ~, 7, © are une ual, and 1, m, n stand for . 
Ge 1b: Z 


la+ my + nz 


any positive numbers, then ~*~ 2 * * 
YP : la+mb + ne 


least of the given fractions. 


hes between the greatest and 


Of the given fractions, let — “ be the greatest, and denote its 
value by k, then 


ahs ts poke, os in—Ma. 
a 
Also aks Yh; S. omy < km, 
and <<h; ei AO We gee N NE * 


. le+myt+nz<k(la+mb + ne) ; 
la+my+nz  & 
* la+mb+ne ~a 


la + my + nz Fe 


In a similar manner, it can be cae abe ee 
la+mb+nc 


greater than the least of the fractions ~ =, ? <. 
EXERCISE LVII. 
ligvgllts fan find the values of 


abs - 47 —3y | wee) DL — BY , any 
OY; @ FY; cay Rs oy Sth 
ele ee find the values of 


SNE nome 8 Pe Oe ween LH DY , «Qu + 4/2 
EE: (ii) aot ear (iv) Qh — yf 


Ibe — find the values of 
a 


—b 
x Gh m ap. erin DOO) as 
Oe iss 4 (ii) SY) 
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3a—2b 4 
4, If cae 70° =? find the values of 
: E - a+b. wes. 5&—7D | : ab 
@) ¢ =o hy) waar (iii) ae ob” (iv) PLB 


li), Lak ee and © fa find the values of 


2 
Qan Zan + by , -\  abxy 
@) ax—by’ o (aa + by)” 
Celie a prove that 
Omar : : 
4 ab, +: ato _ “#+Y, ey OO oh 
(i) a (ii) oy (iii) ho ae 
a+2b ee ots ae a+b? wy? 
~) a—2b «—Qy’ Se —b? =f? oy ab. a 
- y how that / =0. 
(Bolle a(b—c) b(c—a) a= by Seen ea aa rhe 
Sais wy Se , show that 
b—c e-a a—b 


(i) aa+byt+ez=0; (ii) ax+by¥+c2. 
9. By eliminating two letters in succession, show that if #+y+z= 

‘ ey z 

and 2v7—3y+4z=0, then A tac 

10. If, in addition to the two equations given in Ex. 9, it is also 
given that av+b6y+cz=0, prove that if x, y, z are not zero, then 
7a —2b—5¢c=0. 
[Put Ee ae and substitute for w, y, 2 in av+by+cz=0.] 


11. By the method of Ex. 8, Art. 151, solve the following : 
(i) 2a=3y, 3v+4y=5; (ii) 8~4+4y=0, 4a -5y=1; 
Gil) pe=qy, av+by+c=0. 
12. If 3¢—y=2 and 2x+y=13, find the value of = e and complete the 
solution as in Ex. 11. 


13. If w=3y+22 and 32=5xr-+ 2y, find the value of oe 


w 


14. If e+y+z2=0 and ar+by+cz=0, find the value Boa “in terms 


Of a, bye. 
15. If a, 6, ~ stand for any positive vara: prove that 
atx 
ee ove i 


according as a< or >6, 


CHAPTER XXI. 
FRACTIONS IN MEASUREMENT. 


153. A Fraction as a Measure. If 4B denotes the unit 
of length, and if the straight line AB is divided into 4 equal 
parts AP, PQ, QR, LB, the length of the line Af which contains 


l 
! 


| | 
A P Q R B 
Fic. 24, 


3 of these parts is denoted by $ of 46. Thus the symbol 2 
indicates that part of the unit which is contained in 4£, and may 
therefore be said to measure * the length of AR. (See Art. 78.) 


*For this use of the word ‘‘measure” see Hncyclopédie des Sciences 
mathématiques (1904), Tome 1, p. 51. 


From this point of view, the fraction ; is defined as the 
measure of a magnitude obtained by dividing the unit into b 


equal parts, and taking a of these parts. 


Starting with this definition and taking a length as the 
magnitude to be measured, the properties of fractions are 
obtained as in the following Articles. 


154. Equality and Inequality. The fraction ; is said to 


be >, = or <=, according as the length measured by Fo 


= or < the length measured by 7 


0 2 RATIONAL NUMBERS 


From this definition of the equality or inequality of two 
fractions, the rule of Art. 136 is obtained as follows : 


Divide the unit of length 4B into by equal parts and let k.be 
the length of one of these parts, so that 4 B= kby ; 


: ; of AB=kay and - of AB=kbe; 
y 
.. by definition, oa = Ore <> 
according as kay >, = or <kba, that is according as 
a >, = or <br. 
This is the Rule of Art. 136. 
Ex. Defining a fraction as @ measure, prove that 
a _ aw 
5 ba 
Divide the unit into bx equal parts, then 3 of the unit 
contains x of these parts, and ; of the unit contains az of the parts; 


.. by definition, I" 
155. Addition and Subtraction. a4 is defined vaste 


measure of a length which is the swum of the lengths of which 


a b ; 
= and — are the MEASUTES. 
c Cc 


Hence oy is the measure of a length obtained by dividing 


the unit into ¢ equal parts and taking (a+) of these parts ; 


a b @+b 
ss fr MP as 
Subtraction is defined as the inverse of addition, so that 
Gh Cate 
OG a 


156. Multiplication and Division. 1. Defining (6) to 
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mean the same as 5 pen. toa terms, it follows that 


aa) 
(5): at+a+a+...tozxzterms az 
Ripa b Le 
In particul ‘) mate 
n particular ( j ; On 


2. Defining division as the inverse of multiplication, 


ler 


a We a, 
a. o 
De he 


3. If the length denoted by G of A B) i is divided into y equal 


parts, the length of 1 part is G of AB), and the length of x 


parts is & of AB), Now the length obtained by dividing 


( of AB) into y equal parts and taking « parts is denoted by 


e of ” of AB); 
Tae 

SN es: Rie eat A 
Yy b by 


The symbol x= ~ is defined us the measure of the length © = of = -s 
y 
of AB, where AB stands for the unit of length. 


Hence i Sah 
5” by 

Division is defined as the inverse of multiplication, so that 
ae a 
by ba 


N.A. I. Q 
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157. Summary. Starting with the definition of a fraction 
as a measure : 


(i) It has been shown that fractions are to be compared by 
the rule of Art. 136. 


(ii) The equations previously taken to define addition, sub- 
traction, multiplication and division in the case of fractions have 
been established. 


(iii) The equation (7) b=4 previously taken to define ; has 
been proved. 


° 


158. Representation of Numbers of the Rational 
System by Points. We can now find poimts on the scale 
constructed in Art. 107 which represent fractions. 


| 

{- 
1 2 3 
Fia. 26. 


To find the point Z which represents 3, divide 01 into 4 equal 
parts and set off OL along the line, to the right of 0, to contain 
3 of these parts. 


> 


equal parts and set off OJ to the left of 0 equal in length to 3 
such parts. 


To find the pomt MZ which represents - 3, divide 01 into 2 


Points constructed as above represent the numbers of the 
Rational Scale (see Art. 107) in the following respects : 


(1) For every number there is one point and one only. 


(2) The points occur in the order in which the corresponding 
numbers stand on the scale. This follows from Art. 154. 


It follows from Art. 152 that between any two points, however 
close, which represent rational numbers, an indefinite number of 
points can be found which also represent rational numbers. 


It will be shown later that the points on a straight line which 


represent rational numbers, although everywhere indefinitely 
close, do not jill the line. 
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Ex. 1. Goods which cost £x are sold for £y (y being greater than 
x). What is the gain per cent. 


The sum invested is £z and the profit is £(y — 2), thus 
the ST on £2 is ae —2); 
su 


gain per cent. “wo, 


Ex. 2. A and B are travelling along the same road at the rates 
of u and v miles un hour respectively, and at noon B is a miles in 
front of A. 

(i) Lfu>v, when will A overtake B? 

(ii) Consider a case in which u<v; for instance let u=4, v=6, 
a=2, and interpret the result. 

(iii) When is the result meaningless? Consider also a case le 
u—v isa ‘small’ number ; for instance let u—v=0-01 and a=2. 


(i) Let A overtake £ in « hours reckoned from noon. Then 
in z hours A walks a miles more than B; also in « hours 4 walks 
ux miles and B walks vz miles ; 

7] 
“u-v 


Wt VE =O, <,kU=V) =O, ots 


(ii) Ti u=4, v= 6, a=2, we have u-v=(- 2), and 


We interpret (—1) hour after noon as meaning | hour before 
noon, and the conclusion is that b pussed A at 11 a.m. 

(ii) When w=v, u—v=0, and the equation «(u—v)=a pavoues 
«xQ=«a. As we are unable to divide by zero, we are unable to 
find a value of # which will satisfy this equation unless a= 0, and 
then « may have any value whatever. 

This corresponds to the fact that if 4 and B walk at the same 
pace and B starts a miles ahead, they will never be together 
unless @=0, and then they will always be EA 


Next, let w—v=0°01 and a=2; then v= i ai = 200, .“chuss if 


a=2 and u-v is small, x is large, and by making u—v small 
enough, we can make x as large as we please. 
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Ex. 3. A can do a piece of work in a days; B can do the same 
in b days. In how many days can they do it working together ? 


Let « stand for the number of days taken by 4 and B to 
finish the work, when they work together ; then 


in 1 day A does of the work, 


in 1 day B does 1 of the work, 


b 
in 1 day A and B together do 4 of the work ; 
Date ao ans ab 


te Ge ab Sae bi 


EXERCISE LVIII. 


1. A grocer mixed p lbs. of tea at @ shillings a pound with gq lbs. 
at b shillings a pound. How much a pound was the mixture 
worth ? 

2. A train goes 120 miles at the rate of « miles an hour, and then 
80 miles at the rate of y miles an hour. Write down an 
expression for the whole time taken. 


3. A man can buy ~« articles for a certain sum, the price being 
_@ pence each. How many would he get for the same sum 
if the price were (a+6) pence each? Also, what would be the 
price of each if he could buy («+,y) articles for the same sum ? 

4, If x articles are obtained for £1, how many would be obtained 
for £1 if the price of each article was increased by 1s. ? 

5. A candle « inches long burns at the rate of y inches an hour. 
How many hours has it been burning when its length is 
reduced to z inches ? 

6. A man gets articles for a certain sum of money, the price of 
each article being y pence. How many would he get for the 
same sum if the price of each article was (y+z) pence ? 

7. A man was hired on the condition that for each day he worked 
he should receive 6 shillings, and for each day he did not work 
he should forfeit ¢ pence. How many shillings were due to 
him at the end of # days, on y of which he had not worked ? 


10. 


11. 


12. 


13. 


14, 


15, 


16. 


itp 


18. 


19. 
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A man is paid £a per month, and spends on an average 
4b shillings a day. (i) How much does he save in the year? 
(ii) How many years will it take him to pay off a debt of £c? 


Brine is formed by dissolving p pounds of salt in g pounds of 
water ; how many pounds of salt are there in g pounds of 
brine ? 

n fish weigh m lbs. between them. Of these 6 average c lbs. 
each. What is the average weight of the remainder? 


A workman’s wages are a pence per hour for } hours in the 
week of regular time, and ¢ pence per hour for overtime. One 
week he earns d@ shillings. How many hours’ overtime did 
he work ? 

If a man buys @ apples at the rate of b pence a score, and finds ¢ 
of them rotten, at what price must he sell the remainder per 
dozen so as to gain or lose nothing on the transaction ? 


If g things were bought for p shillings and are sold at a profit 
of r per cent., for how many pence will each thing be sold? 

If I buy a apples at p pence a dozen, and 6b apples at ¢ pence a 
dozen and sell them all at one penny each, how much profit do 
I make, and what is the profit per cent. on the outlay ? 

A dealer buys @ tons of coal at 6 shillings per ton and sells it at 
e pence per cwt. (i) What is his total gain (in pounds) ? 
(ii) What is his gain per cent.? (iii) If he neither gains nor 
loses, state the relation connecting 6 and e. 

Aman takes £a to France, spends £5 on the journey, and then 
changes the rest into French money at 25 francs the £. How 
long will it last him, at ¢ francs a week ? 

Three men, A, B, and C, working separately, can do a piece of 
work in a, 6, and ¢ days respectively. In how many days can 
they do it when they work together ? 

A can do a piece of work in « hours, B can do it in y hours. 
How long will A and B take to do it, working together? 
After they have worked together for z hours, what fraction 
of the work remains to be done ? 

A can do a piece of work in m hours, B can do the same in ” 
hours. If A works for p hours how long will B take to finish 
the work ? 


CHAPTER XXII. 
EQUATIONS AND PROBLEMS. 


159. Exceptional cases in the Solution of a Simple 
Equation. 


Every equation of the first degree in # can be expressed in 


the form OD Ge winiaieier. Poweloaste esas eae (a) 


F : a 
This equation has one solution and one only (namely i) except 
) 


when 6 is zero. In this case the equation becomes 
ee Oa 


As we are unable to divide by zero, this equation has no solution, 
unless @ is also zero, in which case x may have any value, and the 
number of solutions is unlimited. 

The student will find that cases in which an algebraical 
expression becomes meaningless, for certain values of the letters 
involved, deserve close attention. In the present case, although 
the equation (a) has no solution when 6 is zero, it has a solution 
however small b may be. 

Let @ remain constant, and let b have in succession the values 
0-1, 0°01, 0-001, etc. The corresponding values of # are 10a, 
100a, 1000a, ete. 

Note that as } diminishes the numerical value of x increases, 
and by making b small enough, the value of « can be made 
numerically greater than any number we choose. This is some- 
times put briefly as follows: When b=0, the value of a determined 
by the equation ab =a ts infinite.* 


For a problem illustrating this article, see Art. 158, Ex. 2. 


*Nore. It must be remembered that the statement in italics is nothing 
more than a convenient abbreviation for the longer statement which 
precedes it, and the student is warned against loosely regarding ‘infinity ” 
as a number. 
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160. Equations with Fractions. In the case of an equation 
containing fractions, these may be removed from the equation 
by multiplying each side by the L.c.M. of the denominators, 
as in Art. 71, Ex. 2. Here we consider cases in which the 
unknown 2 occurs in the denominator. The next example will 
show that special precautions are necessary in such cases. 


Ex. 1. Search for a solution of the equation 

is De aaa SR) 

ala * 2) = a a Fete eee mee wee eer en ceee (a) 
Assuming that the equation has a solution and that x stands 


for a number which satisfies the equation, we multiply each side 
by «(a — 2), which is the L.c.M. of the denominators ; 


oe + 4 3(G — 2D) 4-0 2 on isc ecnsasarscunees (B) 


We have thus shown that if a solution emsts, the solution is 2. 
Now, when z= 2, the given equation becomes 


IO) cp 0) 


2x0 270 

As we are unable (at present) to assign meanings to : and 
10 
2x 0 

We might also have tested the result of the search by con- 
sidering whether the steps from (a) to (y) are reversible (see 
Art. 23). The steps from (f) to (y) are reversible, but (a) 
can only be obtained from (f) by dividing each side by «(a - 2), 
which is zero (for 7=2). The step from (a) to (f) is therefore 
not reversible, and we cannot say that 2 is a solution. 


we cannot say that 2 is a solution. 


yp Q Da 

ee a Solna te 

2n-5 “4-2 

Multiplying each side by (27 - 5)(%— 2), we have 
(4a + 3) (a — 2) = (2a — 5) (2441); 
* Ant — ba — 6 = 42? — 89:— 9; 

Salles 
1 


= > 


Now the value } of a does not make (2. —5)(7—- 2), which is 
the L.c.M. of the denominators, equal to zero; hence the process 
is reversible and 4 is the solution. 
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8a-5 Se-1 1 


Ex. 3. Sol = paetoclaiy 
bs i 24+ 4 Qe+5 242 


The given equation is 
32-5 32-1 1 
R(e+2) Ww+5 #+2 
Multiplying each side by 2(a+2)(2a+5), 
(3a — 5) (Qe +5) =2(@+2)(3a—1)+2(2n +5), 

whence we find that «= - 34. This value of « does not make 
2(a+2)(2%+5) zero; the process is therefore reversible, and — 3$ 
is the solution. 


Ex. 4. Solve the equation 
Caen e 5(x- a) 22+ 1 eae 2) 
x—4 c= Ea ay 


The equation might be solved by multiplying each side by 
(a - 1)(a- 2)(%-3)(~—4); this process would be laborious, and 
‘it is better to proceed as follows :— 

First method. The given equation may be written 


ip Bs Res || ee v= 4) 


a-4 2-2 aye -1 2-3) 
Simplifying each side separately, we have 
(2¢ — 3)(w— 2) - (2a+4+1)(a—- 4) (a — 2) (@ — 3) — (x - 4) (a- 1), 


5 


@—e-2) =) @=3) 

(2a? — Ta +6) — (22? —Ta—A) ae: (x? — Ba +6) — (a? — Ba +4). 

(@—4)(w 2) @-I@-3) 
10 2 


| @=H=2)~? G13) 
Dividing each side by 10, and multiplying each side by 
(~— 4) (a- "2) (a — 1)(e@-3), we have 
(z-1)(e-3)=(e-4)(@-2); 
; —4¢%4+3=2?-624+8; 
2950; ©. gabe 2h 
This value of « does not make the t.c.m. of the denominators 
zero ; the process is therefore reversible, and 24 is the solution. 
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Second method. We have 


aay ne OA) A AY 5 a5 5 
(eee ead ged tt pd 
ee ioe ees 3)e he 1 
2-3 “2-3 z—3 
and in the same way 
2a+1 5 “—2 1 
— ; : 
xa — 2 +579 a—1 4 x—1 


Substituting these values for the fractions in the given 
equation, we have 


5 1 5 1 
G) tno aie ee la ee eee eee) hs 
(2+5-4)+5(1 a) ( Sen ae ae 


Dulas ec” 5 5 


Subtracting 7 from each side and then dividing each side by 5 
ype bie ) chy 
a-4 @-3 #-2 #-1’ 
(-3)- (0-4) _(w-1)-(@-2) 
(a-4)(e@-3) ~— (@-2)(a-1) ” 
d 1 1 
 @=4)\(@=3) @-2)(@—1) 
Multiplying each side by (a —4)(%—-3)(#-2)(a-1), 
(x — 2)(a-1)=(@-4)(@- 3); 
. @-—32+2=02-Te4+12; 
-. 4¢=10; 2. =i P=. 
This value of z does not make the L.c.M. of the denominators 
zero ; the process is therefore reversible, and 2} is the solution. 


EXERCISE LIX. 


Solve the following equations ; 


iP ou 1 al 0:4 10°5 ( a) 0-4 0°65 
. . He, =>- — aah Ie oF =0'25 — ——. 
w af 2G. + Bu at 47 6 @ w : oe aL 
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36. 


RATIONAL NUMBERS 


2-3 _40+5 5 10(v@+1) 5a-2 
Q4—3 8x+1 © Dp =D 
27-1 4e+1 _ 7 18¢+20 8x%—12 x 
Br+2 6r+5_— : 30m a LOc = 
1 L u 3 2 i 
9, E = : 
2-3) 32-2 3° PEL oe ee 
et—-3 Y%x-1 22 x-1 3 
if 11. = ee 
Qev+1 4%-3 iB c— 1 Dp Oe 
5 2 3@r-1) Ee ee 
ae <a a(a—1) eeagel v(a”—1) 
2 1 ue 4 2 oS 29 
ee =e Ey =—, 
Rob BSR MD. = p04 lea 
1+2 1-82 9—-1 w#w£4+2 3 
D4 orn ieiae tk 2-2 Ww+l 2 
“+6 2+10 1 TEM HRN) Il 
d(e—2) 6(@—2)' 5" Aes de = Oy OE 2): 
_2t+6 _ #+10 21 ge il = 4 
4(~-2) 6(xv—2) “ w-2 £42 #-2 £42 
(v@+8)(@t+4)_#+9 Ce lO 3 
(w—3)(@—-4) 2-5 23. +2 F260 ude 
24-15 Dee 25 22-5 £3. 4941 
Qv-6 We+7) «#+7 ee 15 Qv+% 10 ~ 
L438 LO ee 27 il 1 1 + l 
es ee ony) v? 4-80 +7 > FLD SE ee 
etl w24+2 w+4 #4+5 99 eet = 2 4-4 2-8 
G2 £43 245 «+6 1 829 HS3 Gas Gao 
G4 70 2-8 p10 31 L-5 w-A 242 448 
pe p= fay Boo . BB PST pe BE 
2n—11 “2+4_ x—-5 2x +9 33 2e+3 9 en p= MI 
pa PB PO ree Ba De BGP O 
L 20+] _ “a—4 22 —9 2 
B-1 Y=1 £=3- 9727 
ae es 
(Ay PLA Opa De By 
Ba +5 “+1 1_9¢+7 20-8 i) 
4°" e=7 2 12 " Or=16°6 
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Find & in terms of the other letters from the following equations: 


1 1 2 tta «wrt+b 

BY eS i —— =9, 

w+a «+b « eS Z—a «a—b 2 
39, 2% eee 40. cota % _@-a 

“—a a a a La a 

bx 2 1 v 

41, te — -+- ——___ = iy _ eee eee, 

em a aT . #2 z2-a «2-b w*-a? 
43 ax+b catd +e 44 oe b a? —b? 

“ cetd' anzntb ac ‘ be-ac ax—be abs+c 


45 (a+b)(a+2c) a+b ¢ 
(a—b)\(w7-c) w-e a-b 


=} 


161. Simultaneous Equations with Fractions. In the 
following, some of the denominators contain the unknowns. 


Ex. 1. Solve the equations 


Ue oh 

Zz Ti Cee ccd eecenr ess eeriecrse peseee (a) 
LOE 
eee OG Or ROO ICO Ie een) (B) 


We eliminate y (or ~) before attempting to get rid of fractions. 


Multiplying each side of (a) by 4 and each side of (8) by 3, 


28 12 
e yy 84, cree see e restos acc eeressece (y) 
‘ 9 
2 EET Re eee, (3) 
my 
From (y) and (6), by addition, 
58 ! Te 
glee Se O EEO Este, as C= a= 3 
Substituting 2 for in (f), 
YC eat? ie eee ie 
of y 
4 Eel hs 
ea 4=14y; Y=74=7 


252 RATIONAL NUMBERS 


Ex. 2. Solve re = = 21; 10, -4-1. 


Here we find the values of # and ; : 


ayo (Pal 2 
%Z=5 an 33 it ae 


u 
BNO ey 


162. Exceptional Cases in the Solution of Simul- 
taneous Equations. 


In Ex. 1-3 which follow, we shall consider the case of two 
simultaneous equations which, for certain values of the letters 
involved, become inconsistent (see Art. 62), and for other values 
of the letters become identical. 


Ex. 1. Find the values of « and y which satisfy the equations 


C= Y= Oy eS se woe ees ee (a) 
‘cecal ORF eee ere cs oceans (B) 
From (a), (6), by subtraction, 
ky =a —b. 
Dividing each side by f, 
a—b 
a 
Substituting for y in (a), 
Pat ne Ben oe PET 
ag pean: ? 


Ex. 2. Consider the case when k=O in Ex. 1. 
When /:=0, the equations (a), (6) become 
Z-Y=, L-Y=. 
These equations are inconsistent, and have no solution unless 


a=b, in which case they are identical and the number of solutions 
is unlimited. 


Ex. 3. What is to be remarked about the solution of the equations 
im Ex. 1, if k stands for a ‘small’ number ? 

Illustrate by giving the following special values to the letters 

(i) k=0-0001, a=2, b=1; (ii) k=0-0001, a=1:0008, b=1. 
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(i) If k=0-0001, a=2, b=1, we have a—-b=1 
a—b 1 


(i) If =0-0001, a=1-0003, b=1, we have a—b=0-0003. 
—b 0:0003 
= ppg 3s P= A+ y= 3-0008. 


It will. now be seen that if in the equations of Ex. 1, the 
numerical value of / is small compared with that of (a — 6), then 
the values of « and y which satisty the equations are large, and 
that by making k small enough we can make the values of x and y as 
large (numerically) as we please. 

A convenient abbreviation for the statement in italics is the 
following: When k=0, the values of « and y are infinite. 

Thus the pair of inconsistent equations 


u-y=a, t-y=b 
may be regarded as satisfied by a pair of infinite values of x and y. 


EXERCISE LX. 


Solve the following simultaneous equations : 


3.4 ‘ 
= -—S * — _—=— Be —_—<—— >= 
1. ae if 2 ey 4, oom iff 
a Led ee SAE IS 
zy 12 oY y x 
5: Danes, 10 Tack 
4 ee I, 5 + 2y=3> 6. 2 ay 8” 
eee 43 Loe sea 
y 3c (8 7 29-3 Cr a 
‘ioe ny Cae 1 y+1_ 9 ue. ere 1) 
ee erg ee = ala pte gp) 
lial (ed Del 27 (2 z) 
een eee ob Py ie ee 3( eee = |= 8, 
3 zy a(7 y+ Bat a 5 ny 


94-52 ick Qry +90 +2 Divide numerator and ee 
10. 3a B) 6a ' Lof the first and third fractions by « 


a 
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Us A AD ¢ oi 
pe ry ‘y VW; SUBS ie = 13, lig) Gaye 
1 5 3 Pye ie Ii 
Ee ere gty 2 
34 2ecouel 
—y=2, 5@+-—+-—=6. ~+-+4+-=a. 
i yY & Dee mee 


163. Problems involving Fractions. 

Ex. 1. Jf the numerator of «a certain fraction 1s doubled and the 
denominator is increased by 8, the resulting fraction is equal te =: of 
1 is added to the numerator and to the denominator. of the original 
fraction, the resulting fraction is equal to 2. What is the original 
Fraction ? 


Denote the fraction by “: then 
uy 


he 
TER (a) 
+1 3 
rea bey Wee cee (f) 
From (a) and (8) we have 
s = Vi tohe naceneeicnersancipemaccoobGen (y) 
Sypris he, ee (3) 
From (y) and (6) we orn that «=5, y=7; 
*, required fraction = S 


Ex. 2. If I walk to the station at the vate of 11 yds. in & seconds, 
L have 7 minutes to spare ; if I walk at the rate of 13 yds. in € seconds, 
Lam 3 minutes late. How far is it to the station ? 


Let the distance to the station=a yards ; 
when I walk 11 yds. in 5 seconds, 


Iwalk 1 yd. in 5 seconds, 


I walk «# yds. in = seconds, 
In the same way, if I walk 13 yds. in 6 seconds, 


IT walk « yds. in = seconds. 
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Hence, if I walk at the second speed, it takes me ( ~Ti) 
seconds longer to walk to the station than if I walk at the 
first speed. : 

Now, by hypothesis, it takes me (7 +3) seconds longer to walk 
to the station in the second case than in the first ; 


6x 5a y 


5 Tee is 
. 667 —65¢2=10x 13x 11 ; 
2 B= 1430): 


", distance to station = 1430 yds. 


Ex. 3. A merchant reduces the price of an article by 2 per cent. ; 
by how much per cent. must the sale be increased that there may be an 
increase of 3 per cent. in the gross receipts ? 


Let the sale increase by x per cent.; then, if originally he sold 
N articles at P shillings each, since the sale increases « per cent., 
for every 100 articles originally sold, he now sells (100 +) articles 


100 +2 
9 N ” ” ” ” ~ 100 — P N 9 
Since the price of each article is diminished by 2 7%, 
what sold for 100 shillings now sells for 98 shillings 


98 
eee ae 
” ” J ” ” ” 100 by 
In the second case he therefore sells sa) articles at 
98 te ; 
{00° P shillings each ; 
", gross receipts in second case = UU aay ea oP shillings. 


P1008 © 2a lou 


Now, originally, the gross receipts were VP shillings, and, by 
hypothesis, the gross receipts increase by 3 % ; 


: eit far egalls 
-- gross recelpts In second case = 100 


100 +% 98 
. 100 t09 2 =”: joo: eeccncveees (a) 


NP shillings ; 
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Now NP is not zero; we can therefore divide each side of 
(a) by WP; . 100+” 98 103. 
100 °100 100’ 
98 (100 +2) = 10300 ; 
987¢=500, .. 7=52,5; 
the increase ip the sale =5,4, 7. 


EXERCISE LXI. 


1. The sum of three fractions is 2: the first exceeds the second 
by 3; the second exceeds the third by 4: find them. 


2. A debt which might have been paid exactly with 5 half-sovereigns 
and w half-crowns was paid out of a ten-pound note, and the 
change was found to be equal to 15% half-crowns and «# half- 
sovereigns. Find wv and the amount of the debt. 


3. A man performed a journey of 7 miles in 17 hours. He walked 
part of the way at 4 miles an hour and rode the rest of the 
way at 10 miles an hour. How far did he walk ? 


4, A farmer bought a certain number of sheep for 40 guineas. He 
lost one-tenth of them and sold the rest for half-a-guinea a 
head more than he had given for them, thus gaining 5 guineas. 
Find the number of sheep bought. 


5. A tradesman bought three kinds of tea. Half the total quantity 
bought cost him 1s. 6d. per lb., one-third of it 2s. per lb., and 
the remainder 3s. per lb. He mixed all the tea together and 
sold the mixture at 2s. 6d. per lb., thereby gaining £1. 15s. 
What was the total quantity bought ? 


6. A man bought some tea at 1s. 8d. per lb. and mixed it with twice 
as much tea at 1s. 6d. per lb. One-sixth of the total amount 
having been damaged, he sold the remainder at 1s. 11d. per lb., 
and gained 3s. on the original cost. How many lbs. of each 
kind were there ? 


7. A man starts at 2 p.m. to walk to a place 13 miles off. He walks 
at a uniform ‘speed till 4 p.m., when he increases his speed 
by one mile an hour and reaches his destination at 5.30 p.m. 
At what speed did he walk during the first 2 hours ? 


8. 


10, 


it; 


12. 


13. 


14, 


15. 


16. 
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A boy walks a certain distance at the rate of 10 yds. in 7 seconds 
and is 2 minutes too soon. If he had walked at the rate of 
13 yds. in 10 seconds, he would have been 1 minute too late. 
What is the distance ? 

A train is 5 minutes late when it does a certain .journey at 
293 miles an hour, and is 2 minutes late when it travels at 
30 miles an hour. How many miles is the journey ? 

A train usually does a journey of 70 miles at 30 miles an hour. 
One day it is stopped and delayed 12 minutes, but by doing the 
remainder of the journey at 40 miles an hour it arrives at the 
proper time. Where did the stoppage take place ? 

A cyclist allows himself 1 hours for a journey of 15 miles going 
at his usual pace; but, after going a certain distance at that 
pace, he meets with an accident and is compelled to walk the 
rest of the way at 3 miles an hour. He arrives at the end 
of his journey 35 minutes late. How far bad he ridden when 
the accident happened ? 

A tourist rode during the early part of the day at 9 miles an hour, 
and then walked at 4 miles an hour. Altogether he walked 
half a mile further than he rode. If he had ridden at 6 miles 
an hour during the whole time occupied by his journey, he 
would have gone 24 miles further. Find the number of hours 
he was riding and walking. 

A certain number is added to both numerator and denominator 
of the fraction 8. The resulting fraction is 4. What number 
was added ? 

A certain fraction becomes equal to 4 if 1 is added to its nume- 
rator, and equal to } if 1 is added to its denominator. Find 
the fraction. 

The denominator of a certain fraction exceeds its numerator by 1. 
Two other fractions are formed, one of them by adding 9 to 
the denominator and the other by subtracting 6 from the 
numerator of the original fraction. If these two fractions are 
equal, find the original fraction. 

If the numerator of a fraction is doubled and the denominator 
increased by 7, the fraction becomes equal to 3; if the denomi- 
nator is doubled and the numerator increased by 2, the fraction 
becomes equal to 2. What is the fraction ? 

N.A. I. R 
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Neh 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 
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If 3 is subtracted from both numerator and denominator of a 
certain fraction,. the resulting fraction is equal to %; if 3 is 
subtracted from the numerator and added to the denominator 
of the original fraction, the result is equal to 3. Find the 
original fraction. 

If 1 is subtracted from numerator and denominator of a certain 
fraction, the resulting fraction is equal to }; if 19 is subtracted 
from numerator and denominator of the original fraction, the 
result is equal to 4. Find the fraction. 


A cyclist sets out to ride from A to B, going at the rate of 7 miles 
an hour. Another sets out 40 minutes later to ride from B to 
A, going 9 miles an hour. They meet at a point 2 miles nearer 
A than B; find the distance from A to B. 


A fruiterer sold a certain quantity of oranges for £6. 10s. If he 
had sold 2 more oranges for a shilling, the same quantity would 
only have realised £5. 17s. How many oranges did he sell ? 


A and B are running in opposite directions along a straight road 
and Bs pace is four-fifths of d’s pace. At, a certain instant 
they face each other and are 200 yds. apart; in the course 
of the next 3 minutes they pass each other, and at the end 
of the 3 minutes they are 1069 yds. apart. Find A’s pace in 
yds. per minute. 


A floor, whose width is three-fifths of its length, is stained all 
round the edges to a width of 2 feet. The cost, at Idd. a 
square foot, is 15s. 6d. What is the length of the room ? 


A dealer sells bicycles so as to make 25 per cent. profit. A rival 
dealer, who obtains the same bicycles £1 cheaper and sells 
them £1 cheaper, makes 27} per cent. profit. What price does 
the first dealer pay for the bicycles ? 


A man had two creditors 4 and B, his debt to A being double 
that to B. After paying A 4s. in the £ and B in full, he had 
£10 left. If his whole estate is just sufficient to pay both 
A and & 10s. in the &, find the value of his estate. 


A man derives a yearly income of £174 from money, one-half of 
which is invested at 6 per cent., one-third at 4 per cent. and the 
remainder at 3 per cent. What is the total amount invested ? 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


PROBLEMS INVOLVING FRACTIONS 259 


A tradesman marks his goods at a certain rate per cent. above 


cost price, and after allowing a discount of 10 per cent. on the 
marked price, he makes a profit of 12} per cent. At what 
price does he mark goods which cost him a sovereign ? 


Two farmers are in dispute about a field of 5 acres; if it is 


adjudged to A, he will have half as many more acres than B. 
If it is adjudged to B, A will have three-quarters as much 
land as B. How many acres has each irrespective of the 5 acre 
field ? 


Rowing at a uniform rate, a man can row 5 miles down stream 


in 30 minutes, and back again in 40 minutes. Find the rate 
of the stream. 


Two sums are invested in 3 per cent. stock at 80 and in 4 per cent. 


stock at 90, respectively. The amounts of stock obtained are 
the same, but the incomes differ by £5. Find the sums. 


A tradesman sends in a bill for £12, part of which is for labour 


and the other part for materials. If the charge for labour had 
been twice what it was, and the charge for materials one-third 
of what it was, the amount of the bill would still have been 
£12. What was the charge for labour and what for materials ? 


Ata fair A bought two horses for £91. He sold one for 5 per 


cent. more and the other for 3 per cent. less than the buying 
price. On the whole, he loses 5s. by the transaction, What 
did each horse cost ? 


A dealer bought 50 bicycles at £10. 10s. each ; he sold a certain 


number of them at a profit of 20 per cent., and the remainder 
at three-quarters of his first selling price. His net profit was 
£64. 1s. How many bicycles were sold at a profit of 20 per cent.? 


A man has £1000 invested partly at 35 per cent. and partly at 


5 per cent. His total income is £44, 17s. 8d. Find the amounts 
of his investments. 


A man’s salary was increased by £20, but at the same time the 


income tax rose from 1s. to 1s. 2d. in the £, the result being 
that the man’s net income was.only increased by £10. Find 
his original salary. 


A manufacturer reduces the price of his goods by 24 per cent. 


What percentage of increase in the sales after the reduction 
will produce an increase of 1 per cent. in the gross receipts ? 


CHAPTER XXIII. 
GRAPHS. 


164. The Linear Equation (continued). If x and y are 
variables, any linear equation in # and y (see Art. 85) may be 


ELS OO OY’ 6 = 0) Foca. sacaatemutiepeecnosaet (a) 


where the values of a, b, ¢ (which may be positive, zero or 
negative, integral or fractional) are supposed to be known. The 
equation («) may be written 


1-(-f+(-9) 


and denoting (-3) by m and (-5) by p, it is seen that (a) 


may be written in the form 


where the values of m and p are known. 


Any linear equation in # and y may therefore be written in 
either of the forms (a) or (f). 


Ex. 1. In the equation 42+ 5y=1, (1) give to « the values —1, 
-— 0°25, 0, 0:25, 0°5, 1, in succession, and find the corresponding values 
of y. Plot the points which represent these pairs of values and verify 
that the points lie in a straight line. 

(ii) Take any other point on the line whose coordinates can be 
represented by numbers, fractional or integral, and verify that these 
numbers satisfy the equation 4a+5y=1. 


(i) Corresponding values of # and y are shown in the table: 


S | Ag} | ~ 0-25 


0 | 0-25 | 05 | 1 


y | 1 | 0-4 | 0-2 | 0 | 02 | 06 
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(ii) It is seen that the point (—0°5, 0°6) is on the line, and 
when x= —0°5 and y=0°6, 47+5y=4(- 0°5)+5(0°6)=1, 
*, these values of « and y satisfy 47 +5y=1. 


Y | 
11] Be 
sa8 iam 
[Lo:5!0-6) iE 
[bo!a6,0-41* 
al 
Z. [o,0-2] a 
X i IN fo-25!0 x 
| [0-5)-0:2] 
Loy. [1}=0-6) 
0g) Y | f 
Fic. 26. 


Experiments in plotting points whose coordinates satisfy a 
linear equation (as in Ex. 1) point to the fact that the con- 
clusions of Art. 87 are true when wz and y have fractional as 
well as integral values. 


Ex. Find graphically an approximate solution (correct to two 
places of decimals) of the equations 


LI OMOY OL Oise antsvddecers oh vias ssmoes (a) 

DOOR LOY sad. a dialects ah iad Osan ea etek B) 

In (a), when y =0, +H+H oo HH = He 
w= $}}=2°90 (approx), fee HEEL 
and when z=0, a a eH HEHE 
y=410=1°097 (approx,). HEHE EE 
Taking 1” as unitalongOX and § L SHEER ae 
OY, plot the points 4 (2°90, 0), 2 BDSUUE SHEE 
B (0, 1:97). s searaatife 
Join AB; then AB is the Ty suas ani 
graph of (a). a Cora 


| 
| 
T 
Fig. 27. (Half-Size.) 
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In (P), when y=0, 7=73,=0°02 (approx. ), and when ¢= 3, 
157y=125 x3 - Sat: x3, Vo y=siee 2s. Plot Wien pome 
C'(0:02, 0), D (3, 2°37). Join CD; then CD is the graph of (f). 

These lines ee at I, whose coordinates are (1:36, 1:05). 
The required solution is therefore «= 1°36, y= 1:05 (approx. iM 


In the last example observe that 

(i) it is assumed that we can measure correctly to 0-01 of an 
inch. If we cannot do this, the figure must be drawn to a larger 
scale. 

(ii) In eapressing the fractions as decimals, ut is useless to carry the 
division beyond the second place of decimals unless we can measure to 
thousandths of an inch. 


If a straight line cuts the axes of a and y in A, B respectively, 
OA and OB are called the intercepts made by the line on the 
axes. 


165. Gradient of a Line. From a point 0 (Fig. 28) drawa 
horizontal line OX and a straight line OY vertically upwards 
Draw the straight lines 04 and OB whose equations are y= 1x 
and y= — +4 respectively. Then in moving from 0 along OA, for 
any distance a feet traversed horizontally, there is a rise of 1a feet, 
and in moving from 0 along OB, for any distance a feet traversed 
horizontally, there is a fall of ta feet. 
Taking “a rise of ( — 5a) feet” to mean “ a 
fall of 4a feet,” it is seen that 1 and (—2 
measure the rates at which a point rises in 
proceeding from O along OA and OB. 
Hence 4 and (— 1+) are called the gradients 
of OA and OB. Observe that the gradient 
of OA is positive and the line slopes upward to the right, whilst the 
gradient of OB is negative, and the slope is downward. 

For the line whose equation is 


OPM) CAPO AB tr OPP NGA SRB OCOS. .o: (a) 


if x is changed to (w+a), the corresponding value of y is 
m(e+a)+p, so that corresponding to an increment @ in the 
value of # there is an increment ma in the value of y; thus 


Ne 


Fiq. 28. 


increment in the value of y 
~ corr esponding increment in the value of 2’ 
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If m is negative, as w increases y decreases, and we must 
interpret a negative increment as a decrement. 


The number m is called the gradient (or 
slope) of the straight line whose equation is 
y=me+p; it measures the rate of increase of y 
and determines the angle which the line makes 
with OX. 


Fia. 29. 


166. Lines through a given Point. For any value of 
m the equation 
y -b=m(a-a) 


represents a straight line through the point (a, 0). 

For the equation is linear and therefore represents a straight 
line ; moreover the line passes through (a, b), for the equation is 
satisfied when a=a and y=0. 


167. Line through two given Points. 
Ex. Find the equution to the straight line which passes through the 
points (—3, 4), (7, —4). 
First Method. Let*the equation to the line be y=ma +p. 
The line passes through the points (— 3, 4), (7, —5) if 
4=m(-3)+p 
and (-5)=m.7+p. 
Solving these equations for m and p, we find that m= — ,% 
and p=13. The equation to the line is therefore 
y=(-725)@4+48 or 9274 10y=13. 
Second Method. The equation 
pmrAmaig) SHAD). Set reela sen vo ee nae vaso a (a) 


represents a straight line through (— 3, 4). 
This line passes through (7, — 5) if 
(-5)-4=m({7-(-3)}, 
whence m= — ,°,. Substituting (—%;) for m in (a), the required 
equation is 
y-4= -—75(« + 3), 
which is the same as 9x + 10y = 13. 


264 RATIONAL NUMBERS 


168. Choice of Scales. It was stated in Art. 82 that it is 
not essential to the method of representing pairs of numbers by 
points that the same unit should be chosen for measurements 
along both axes. That the method may be practically useful, the 
units chosen should be as large as possible. In choosing the units, 
the size of the paper and the lar gest numbers to be repr esented must 
be considered. 


Ex. How is the equation ax+by+ce=0 altered, by taking a new 
unit of measurement along OY, q times as great as the old unit ? 


Old unit for oY = “(new unit for OY) ; 


*. y(old units) = =f (new units). 


Hence the length originally een by y is now denoted by 
; and the equation az+by+c=0 becomes ax + “y +c=0. 


This example shows that the degree of an equation is not 
altered by changing the units of measurement: hence a linear 
equation represents a straight line when the y-unit is different 
from the «-unit. 


Y 1 is | [542-6] 


‘treo | 


i} 
T 
1 
T 
fot 


1 
' 
a 4 
' 
: 
| ' in 
3g 


©) 1 [1'58,0] om 
£0573] : a IL 
Tirlely | setae 
Fie. 30. 
Ex. Draw a graph of es — for values of « from O to 2 and 


from 10 to 11. Read off the ae of the expression for the values 
L158 and 10°34 of x. 
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2369 


265 


Let y= Seat when «=0, y= — 3, and when 7=2, y=12°3 
(nearly). Choose the units as described in Fig. 30. Plot the 
points (0, — 3), (2, 12°3); the line joining them is the graph of 
the expression. When #=1-58, the graph shows that y=9'l 


(nearly). 


It is convenient to show the 
part of the graph for values of 
« from 10 to 11 as in Fig. 31. 
When w= 10, y=73°7, and when 
w=11, y=81°3; Fig. 31 shows 
parallels to the axes through 
(10, 70), and the point (11, 81-3) 
plotted in its proper relative 
position. The figure shows that 
when «=10°34, the value of y 
is 76°3 (nearly). 


EXERCISE LXII. 


11,81-3] 
80:0 
(26:3 ane 
' 
73-7 ; 
aa i 
roc] 
' 
ae 10"34 : 1 
Fic. 31. 


1. What is the condition (or what are the conditions) tltat the 
straight line whose equation is 

axn+by+e=0, 

(iv) is parallel to the axis of 7? 


(i) passes through the origin ? 


(ii) is parallel to the axis of x? 


(iii) passes through the point (Jf, g)? 


2. (i) What is the gradient of the line whose equation is 


ax +by+c=0? 
(ii) What is the equation to a parallel to this line through the 


origin ? 


(v) coincides with the axis of w? 


(iii) What is the equation to a parallel through the point (/, g)? 


3. If the line whose equation is av+by+ce=0 cuts the axes of & 
and y in A, B respectively, what are the values of OA and OB? 


4, (i) Prove by substitution that the line whose equation is 


et 
a 


b 


passes through the points (a, 0), (0, 0). 
(ii) What is the equation to the straight line which makes inter- 
cepts a and b on the axes? 
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5. On the axis of # take points A, dA’ each distant @ units from 0; 
on the axis of y take points B, B’ each distant 6 units from 0. 
Write down the equations to the straight lines AB, A’B, A’, 
AB, 

6. Let MP, NQ be the ordinates of points P, Q whose coordinates 
are (1, m), (m,—1). Prove that the triangles OPM, YON are 
congruent ; hence show that the lines y=ma, y= —_v are 
perpendicular. [Here the v-unit=the y-unit.] 


7. By means of Ex. 6, show that the lines y=ma+p, y=m'x+p' are 
perpendicular if mm’=-—1. [Here the v-unit=the y-unit. ] 
8. Find the conditions that the straight lines whose equations are 
av+by+c=0, ax+b'y+c¢=0 
are (i) parallel ; (ii) perpendicular. 
9. Draw graphs of the straight lines referred to in (i)-(iv), and find 
the equation to each in the form av+by+c=0. 
(i) The line through (3, 4) whose gradient is 2. 
(ii) The line through (—3, 4) whose gradient is 2 
(iii) The line through (6, —5) whose gradient is ( — 3). 
(iv) The line through (—6, —5) whose gradient is ( — 8). 


10. Find the equation to the straight line joining the points in 
(i)-(vi), by both of the methods given in Art. 167. 
G) (, 3), (6,.—7); Gi) (6, —2), (2, —8); 
(iii) (— 4, —2), (3,5); (av) (-1, —1), (—5, —7); 
(v) (0, 3), a 8); (vi) (0, = 2), (7, =8), 
11. Prove that the three points in (i)-(iii) in each case lie on a straight 
line. Verify by plotting the points. 
(i) (2, 1), (7, 4), (-3, -2); (ii) ©, —3), (9,0), (3, 2); 
(iii) (3, 1), (8, —1), (— 2, 3). 

(To be proved by finding the equation to the line through two of the 
points and showing that the coordinates of the third point satisfy the 
equation. ) 

12, Find the equations to the straight lines through the point (3, 4) 
which are parallel to the lines whose equations are 
(i) y=2v; (li) e+y=1; (ili) 8y—4%+6=0; (iv) art+by+e=0. 
13. Find the equations to the straight lines through the point (1, —2) 
which are perpendicular to the lines in Ex. 12. 
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In Ex. 14-22, larger units than those indicated may be used with ad- 
vantage, but the relative proportion of the x- and y-units should be as 
given. 


14. 


15. 


16. 


AT, 


18. 


19, 


20. 


21. 


22. 


Draw a graph of 375 —(1°23). for values of « from 100 to 200. 
Read off the value of the expression, correct to the nearest 
integer, (i) when v=134; (ii) when v=179. 

[Take w-unit=y-unit=0°01”. ] 


Draw a graph of (384). —53°7 for values of w from 5 to 7. Read 
off the values of the expression, correct to the nearest integer, 
(i) when w=5°67 ; (11) when 7=6°54. 

(Take v-unit=0'1", y-unit=0°01". ] 


Draw a graph of (0°17)z—45°6 for values of w from 200 to 300. 
Read off (1) the value of the expression, correct to 1 place of 
decimals, when w=223 ; (11) the value of w when the expression 
is zero, [Take x-unit=0°01", y-unit=0'1’.] 


Draw a graph of 4(782—87) for values of w from 0 to 10 and 
from 20 to 30. Read off the values of the expression to the 
nearest integer (i) when 7=7°7 ; (11) when 7=25°5. 

[Take x-unit=0'1’, y-unit=0°01".] 

Draw graphs of the expressions 

93-372 _, (3'4)a—67 
Bd and 0-8 
for values of w from 0 to 20, and find, correct to the nearest 
integer, the value of each expression when their values are 


equal. [Take w-unit=0'l', y-unit=0-01’.] 


Obtain graphically the approximate solutions of the following 
simultaneous equations : 


sai tasen! ; 230=29y. (Take w-unit =y-unit=1”, | 


+2 Yo. v Wey 


58 YB >) OBA Bgl [Take w-unit=y-unit=0'1".] 


(11:2)”—(1'7)y=156; (3'8)v+(0'4)y= - 95. 
[Take x-unit=0°1", y-unit=0°01”.] 
(0°65)a—(O°71)y=85 5 (w+0°45)(0'71) = (0°34 —y)(0'65), 


[Take wv-unit=y-unit=0'1’, and observe that the lines are at right 
angles. ] 
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169. Applications. 

Ex. 1. Given that 1 kilometre=0-62 mile (nearly), draw a graph 
showing the number of miles in any number of kilometres up to 
100. Read off the number of kilometres in 43 miles to the nearest 
integer. 

Let y be the number of miles in « kilometres ; then 

1 km. =0°62 mi.; 
". @ km. = (0°62) mi.; 
+. Y=(0'C2)a, 


6olY. [100,62] 
¢ il 
& t= 
Qnas | Sshrss fia pa pesmi aML6O4] 
o 40) T 
s = 
S ee 
1 
20 — eee! Os 
ict} 
3 [ \ 
S plies | 
70 80 100 «Ix 


20 40 60 
Scale Icem. to 20km. 


Fic, 32. 


Choose the units as described in Fig. 32. Plot the point 
(100, 62); join this point to 0. This line is the required graph. 


The diagram shows that when y=43, =69 (nearly). The 
number of kilometres in 43 miles is therefore 69 (nearly). 


Ex. 2. If a price of « shillings per lb. is the same as y franes per 
kilogram, exhibit graphically the relation between « and y. Read off 
the number of francs per kin. corresponding to 33 shillings per Ib. 
(Given that 20 shillings = 25 francs and 1 kilogram = 2°20 Ibs.) 

Cost of 1 Ib. =~ shillings ; 

. cost of 1 kg. (or 2°20 lbs.) =a x (220) shillings 
= 2 x (2°20) x 28 franes 
= 112 francs ; 

-. y=tha. 

Choose the units as described in Fig. 33. Plot the point 

(36, 99); join this to O. This line is the required graph, which 
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shows that 33s. per lb. = 90 fr. per kg. (nearly). 


oa 


fr. per kg. 


b 


Scale Tem. to 20 


10 20 8 30 
Scale 1om.to10/- perlb. 
Fia. 33, 
Ex. 3. If a temperature of C degrees Centigrade is the same as 


one of F degrees Fahrenheit, eahilit graphically the relation between 
Cand F. 


The freezing and ie Lak | H | | aiaH aa 
| 


boiling points of water 
are marked 0° and 100° 
Centigrade and 32° [ 
and 212° Fahrenheit ; ma 
.. a temperature J” ri 
Fahr. is (/-32) de- [ H 
grees Fahr. above 

freezing, and a tem- 
perature of C° Cent. is 
C degrees Cent. above 
freezing, thus 


(F — 32) degrees Fahr. 
= C degrees Cent. 
and 180 degrees Fahr. 
= 100 degrees Cent.; ~_|O 
P32 0. 

180 = 100’ 


| 


ed 
| 


=tod0 
| 


locale Tin 


al i: 


100 200 |X 


382 
Séale|Tin.to100'F. 
= 39 = Os Fic. 34, 
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This is a linear relation, and is represented graphically by a 
straight line. Take 1” along OX to represent 100 degrees 
Fahrenheit and 2” along OY to represent 100 degrees Centigrade. 
Plot the points given by C=0, F=32 and C=100, F=212. 
The required graph is the line joining these points. 

The diagram in Fig. 34 is too small to be of much practical 
use. If we are concerned with a limited 
range of temperature, say from 50° F. * 
to 60° F., we may proceed as follows : 


By equation (a) we find that when 
F=50, C=10 and when fF=60, 
C=15°6 (nearly). We therefore re- 
present the part of the graph in Fig. 
34 from /=50 to #=60, on a magni- 
fied scale, as in Fig. 35, marking the 
origin as 50 on the scale of / and as a 
10 on the scale of C. Scale lth. 


Scale |1in.kto 5°C 


Via. 35. 


170. Two Physical Quantities connected by a Linear 
Equation. 


HEH 


ScEEEE CECE Pe eee EEE 
Sa 


Te 50 leat 
S eet 
{ | 
ie) 10 20 xX 
| |_| |Scale for |P| tinl to |70/0s. Delel eS 
ies ea ea T ittiar HH e 


Fia. 36. 


Ex. 1. For a certain maching and for various loads, the tuble shows 
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what effort of P lbs. was required to move a load of W lbs. 


Je 


5 


10 | 15 | 20 | 25 


W | 28 | 62 | 96 | 130 | 164 


Plot points to represent these pairs of values of P and W. Show 
that we are justified in assuming a relation of the form P=aW +), 
where a, b are constants, and find the values of a and b. 

Choose the units as described in Fig. 36 and plot the points 
(5, 28), (10, 62), ete. The five points are found to lie in a 
straight line. We are therefore justified in assuming a relation of 
the form P=aW +b, where a, } are constants. 

Substituting the values (5, 28) and (10, 62) in this equation, 
we have 

5=28a+6, and 10=62a+06. 


Solving for a and 8, we find a=.4, b=74. 


In the laboratory, the following problem often presents itself : 
A number of corresponding values of two mutually connected 
quantities, which we shall call # and y, are found by experiment. 
The problem is to find the equation which connects z and y. If 
the points which represent corresponding values of # and y are 
plotted, in many cases it will be found that these points lie 
approximately in a straight line. If in such a case we draw 
the straight line which passes most evenly among the points and find 
its equation, we are justified in saying that this equation approximately 
represents the relation between x and y over the range of values of a 
dealt with in the experiments. 

It often happens that the points lie approximately in a straight 
line only when = lies between certain values) andk. We should 
then say that if » lies between h and k, approximate values of y are 
given by an equation of the form ax+by+e=0, where a, b, ¢ are 
constants. 

Thus in Art. 90, Ex. 2, if the height of the bullet. is y feet 
when its horizontal distance from O is « yards, since the part of 
the graph from «=0 to x= 200 is nearly a straight line through 
0, we may say that between the limits 0 and 200 of #, approxi- 
mate values of y are given by y=ka, where k= constant (= a a): 
It would clearly be wrong to assume that this equation holds 
from «= 200 to «= 1000. 
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Ex. 2. Approximate values of a quantity y, corresponding to certain 
values of another quantity «, are found by eaperiment to be as shown 
in the table : 


ie | 5 | 7 | 9 | 15 | 20 | 25 | 30 


y | 13] 14 | 23 | 52 | 68 ez | 106 


Plot points to represent the pairs of values of «and y. Assuming 
that « and y are connected by an equation of the form y=ma +p, find 
the approximate values of m and p. 


Choose the units as described in Fig. 37 and plot the points ; 
esl sla a a es 


2 if 


Fic. 37. 


these are seen to lie approximately in a straight line. Draw the 
straight line 45, which passes as evenly as possible among the 
points. To find the equation to 4B, choose two points 4 and B 
as far as possible apart on the line; let 4 be the point where 
the line cuts Oz and B the point whose abscissa is 30; find by 
measurement the lengths of OA and the ordinate of B. Thus 
at 4d, 7=2°5, y=0, and at B, x= 30, y=11°1. 
Substituting these values in y=ma+p, we have 
0 =(2°5)m 4-p, 

11-1=30m+p; 
whence m=0-404, p=1-01, and the equation connecting a and y 
may be taken as ; 

y = (0°404)a — 1-01. 
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EXERCISE LXIII. 


1, Given that 1 cub. foot contains 623 gallons, draw a graph to 
convert cubic feet into gallons. Scales, 10 cub. ft. to 1 em. and 
100 gallons to 2 cm. Read off the number of gallons in 
93 cub. ft. and the number of cub. ft. in 615 gallons. j 


2. Given that 1 kilogram =2°20 lbs., draw a graph to convert kilo- 
grams into pounds. Scales, 10 kg. to 1 cm. and 20 Ibs. to 1 em. 
Read off the number of pounds in 87 kg. and the number of 
kilograms in 87 lbs. 


3. Draw graphs referred to the same axes to show the values of 
quantities of meat ranging from 10 to 20 lbs., 
(i) at 84d. per lb.; (ii) at 114d. per lb. 
Scales, 2 cm. to 1 lb. and 1 cm. to 10d. Read off 
(i) the value of 173? lbs. at 83d.; 
(ii) value of 15} lbs. at 113¢.; 
(iii) amount of meat at 83d. to be got for 10s. 2d. (correct 
to nearest + lb.) ; 
(iv) amount of meat at 114d. to be got for 15s. 1d. 


4, Taking the value of a rupee at 1s. 4d., and assuming that an 
income of # rupees a month is the same as one of £y a year, 
what is the equation connecting v and vy? Draw a graph to 
convert ‘rupees a month’ into ‘£ per annum’ for incomes 
between 450 and 550 rupees a month. Read off the number 
of £ per annum equal to 514 rupees a month, and the number 
of rupees a month equal to £384 a year. 


5. Draw a graph to express sums ranging from £20 to £30 as per- 
centages of £80. Scales, 2 cm. to £1 and 1 cm. to1%. Read 
off, correct to 1 place of decimals, the percentages which 
£28. 17s. and £23. 11s. are of £80; also the values, correct to 
the nearest shilling, of 27°4 % of £80 and 36°8 % of £80. 


6. Draw a graph to give the simple interest for 1 year, correct to 
the nearest penny, on sums ranging from £235 to £255. 
Scales, 1 em. to a principal of £1, and 0°1 cm. to an interest of 
l penny. Read off the interest on £242. 9s. and on £251. 16s.; 
also the sums which will produce an interest of £8. 10s. 4d. 
and of £8. 15s. 9d. 

N.A. I. 8 
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7. A tradesman decides to mark his goods so that if he gives a 
discount of 1 penny in the shilling, he will still gain 35% on 
the cost price of his goods. If an article which cost him 
a pence is marked y pence, what equation connects 7 and y? 
Draw a graph which would enable him to mark correctly to 
the nearest half-penny goods which cost him various sums up 
to 4s. 7d. Read off the price marked on articles which cost 
2s. 54d. and 3s. 7d.; also the cost price of articles marked 

113d. and 6s. 


8. Draw a graph to convert ‘miles per hour’ into ‘feet per second’ 
for speeds up to 60 miles an hour. Read off speeds of 4 and 
50 miles per hour as feet per second (to the nearest integer) ; 
also speeds of 22 and 59 feet per second as miles per hour. 


9. The freezing and boiling points of water are marked 32° and 212° 
Fahrenheit and 0° and 80° Reaumur. Exhibit graphically the 
relation between these scales of temperature from the freezing 
to the boiling points. Read off the number of degrees 
Reaumur corresponding to temperatures of 60° F. and 180° F., 
and the number of degrees Fahrenheit corresponding to tere 
peratures of 23° R. and 52° - 


10. In an examination, the top and bottom marks for a certain paper 
were 319 and 147. Draw a graph for reducing these so that 
the top counts 100 and the bottom 50. Read off the reduced 
marks corresponding to 183 and 275. 


11, The total cost of providing a certain dinner is £20 when there 
are 100 guests, and £12 for 50 guests. If the total cost is 
C shillings when there are V guests, assuming that C=a+bJN, 
where @ and + are constants, (i) find the values of a and 8. 

(ii) Draw a graph showing the cost (to the nearest shilling) of 
the dinner corresponding to values of V from 50 to 100. 
Scales, 1 cm. to 5 guests and 1 cm. to 10 shillings; mark the 
origin 50 and 240 on the two scales. 

(iii) Read off the cost for 93 guests and the number’ for whom 
dinner can be provided for £14. 10s. Verify your results 
by calculation from the formula obtained in (i). 


12. 


13. 


14. 
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An income tax of one shilling in the pound has of late been in 
force subject to the abatements given in the following table : 


Exceeding. Not exceeding. Abatement, 
a £160 No tax. 
£160 £400 No tax on first £160. 
£400 £500 £150. 
£500 £600 £120. 
£600 £700 £70. 
£700 No abatement. 


Draw‘a graph to show the tax on all incomes from £150 to £900. 
If this tax were replaced by one of 1s. 8d. in the pound on the 
excess of each income over £300 (those not exceeding £300 
being free of tax), between what limits must a man’s income lie 
who would be benefited by the change ? 


For a certain machine and for various loads the table shows what 
effort P kilograms is required to move the load W kilograms : 


W | 50 | 100 | 200 


| 300 400 | 500 | 600 | 


P | 106 | 122 | 152 | 184 


216 | 246 | 278 | 


Plot the values, and assuming the relation between P and W to 
be of the form P=aW-+6, find the values of a and b. 


A ball is thrown vertically upwards with a velocity of 160 feet 
per second. If after ¢ seconds its vertical height above the 
point of projection is s feet, it can be shown that (neglecting 
the resistance of the air) s=160¢ — 162”. 

Tabulate the values of s for the values 0, 1, 2, 3, 4...10 of ¢ 
Plot the corresponding values of ¢ and s, and draw a smooth 
curve through the points so obtained. Obtain the correct 
shape of the curve for values from 4 to 6 of ¢ by giving inter- 
mediate values to t. Take the axis of ¢ horizontal and that of 
s vertically upwards ; scale for ¢, 1 second to 2 em.; scale for s, 
20 ft. to 1 cm. 


CHAPTER XXIV. 


QUADRATIC EQUATIONS. 


171. Zero Products. The following theorem is important : 

If a product is zero, then one of the factors of the product is 
Ze70. 

Proof. (i) Let ab=0; then, if d is not zero, by the definition 


of division, 0 
a=—-=0 
ee 
(ii) Let abe =0 ; then, if neither a nor 0 is zero, 
: 0 
€(ab) =abe= 0 a ca =O 


Proceeding in this way, the theorem can be proved for a 
product of any number of factors. 


172. On Solving Equations. In the following examples 
the theorem of Art. 171 is applied to the solution of equations of 
a degree higher than the first. 


Ex. 1. For what values of x is the expression «(a+2) equal to 
zero ? 

The expression ~(z + 2) is the product of the factors # and + 2, 
so that if a(¢+2)=0, then either z=0 or x+2=0. Hence # may 
have either of the values 0 or — 2. 

Ex. 2. Solve the equation a? = 4. 

Subtracting 4 from each side, we have 

w—4=05 .. (e©-—2)(a+2)=0. 
’, either «-2=0, giving #«=2, or +2=0, giving x= —2, 
The solutions of the given equation are therefore 2 and — 2. 

Ex. 3. Find « im terms of a and b from the equation 

3(@-—a+b)(x-a—b)=0. 

If # has a value such that one of the factors of the left-hand 
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side of the equation is zero, then the equation is satisfied, and 
this value of x is a solution. 

The only factors which can be zero are z—-a+6 or w—a—0). 

’, either xz-a+b=0, giving c=a-); 
or w-a—b=0, giving c=a+b. 

The solutions are therefore (a — b) and (a +0). 

The solutions of an equation containing a single unknown are 
called the roots of the equation; thus a and b are the roots of 
the equation (x —a)(x — b) =0. 

Ex. 4. Solve the equation («+ 3)? =4(« +8). 

Subtracting 4(7+ 3) from each side, we have 

(2+ 3)?-4(@+3)=0; 
.. (@+3)(¢+3-4)=0; 
.. («+3)(e@-1)=0. 
*, either 2+3=0, giving z= —3, or x-1=0, giving z=1. 
Ex. 5. Criticise the following attempt to solve the equation 
(2+ 38)=4(0+8). 

“ Divide each side of the equation by (4+ 3); /.2+3=4, ..a=1; 
thus 1 appears to be the only solution of the equation.” 

Criticism. We cannot assign any meaning to the operation of 
dividing by zero. If then we divide each side of the equation by 


(+3), we assume that (+3) is not zero. Now when (z+ 3) is 
zero, the given equation is satisfied and (— 3) is also a solution. 


173. Equivalent Equations. Two equations in an un- 
known @ are said to be equivalent when every value of # which 
satisfies either of the equations also satisfies the other. 


Theorem. Jf by a reversible process an equation (a) in an unknown 
x is transformed into an equation (3), then the equations (a) and (f) 
are equivalent. 

Proof. By hypothesis, the equation (f) can be derived from 
(2); .. every value of x which satisfies (a) also satisfies (f). 
Again, the process by which (8) is derived from («) is reversible. 

‘, every value of « which satisfies (() also satisfies («) ; 
*, the equations (a) and () are equivalent. 
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174. Irreversible Steps. We now give instances of pro- 
cesses which are not reversible for all values of a: 


(1) Consider the equation 
Piss Dy ere ete stale nag ioe ee Oren (a) 


Multiply each side by (#— 3) ; 
"yO 3) 2 (C= 9) on wah ee ogee (B) 


The step which leads from (a) to (8) is not reversible for all 
values of a, for (a) is derived from (8) by dividing each side 
of (8) by (~- 3), and this is only possible on the assumption that 
(w— 3) is not zero. 

We may state the matter thus: If #=2, it follows that 
a(a@—3)=2(%—-3), but if it is given that x(#—-3)=2(#- 3), then 
(as in Art. 172, Ex. 4) the conclusion is that # stands for either 
2 or 3. The equations (a) and (8) are not equivalent, for (8) is 
satisfied by the value 3 of « which does not satisfy (a). 


(2) If =2 it follows that «?=4, but if it is given that a? = 
the conclusion is that x stands for either 2 or - 2 (Art. 172, Ex. 2). 

Thus the equations 7=2 and a? =4 are not equivalent, and the 
process of squaring both sides of an equation is not reversible. 


175. Summary. The important facts to be gathered from 
the last three articles are these : 


1. In general, to nvultiply each side of an equation by an expression 
containing the unknown, or to square each side of an equation, is to 
introduce an eatraneous solution (or extraneous solutions).* 


2. If each side of an equation is divided by a factor containing the 
unknown, in general a solution (or solutions) of the equation can be 
obtained by equating this factor to zero. 


176. Construction of an Equation whose Roots are 
given. 

As an example, we will construct an equation whose roots 
are a, 0, ©. 

The expression (7-«a)(#—6)(w—c) is zero if any one of its 
seers “—a, Z-b, x—c is zero, Le., if x has any one of the values 
a, b, ¢. 


* An extraneous solution is a solution which does not belong to the original 
equation. 
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Hence an equation whose roots are a, 0, ¢ is 
(7 — a) (« — b) (a —c) =0. 

Moreover this equation has no other roots ; for if the left-hand 
side is zero, one of its factors must be zero, so that « must have 
one of the values a, ) or c. The equation 

(x —a)(x — b)(«—c) =0 


is therefore the ‘simplest’ equation whose roots are a, 0, ¢. 


It will be useful to obtain this equation in its expanded form : 
we have 
(a — a)(a—b) (a —¢) = (a? — ax — ba + ab) (x -— ¢) 
= «8 — an? — ba? + aba — cx? + cax + bea — abe 
=x —(a+b+c)a? + (be+ca+ab)a — abe. 
The equation is therefore 
a —(a+b+c)a? 4+ (be+ca+ab)a —abe=0, 


Ex. 1. Find an equation whose roots are 0, (a+b) and (a —b). 
Such an equation is 
a{a—(a+b)}{a-(a—b)} =0. 
Now «z{x-—(a+b)}{a—-(a-b)} =a(@-—a—b)(x%-a+b) 
=a{(a-a)—b} {(a-a) +b} 
=2{(a— a)? — 67} 
=a (a? — 2au + a — b?), 
The equation in its expanded form is therefore 
a? — 2aa? + (a? — b?)x =0. 


Ex. 2. Obtain in its expanded form an expression which will be 
sero if 3a —2y=7 or if 2x=Hy. 

Such an expression is (3x7 — 2y — 7) (2a — 5y) ; 
now (3x —2y—7)(2¢- 5y) = 6a? — day — 14a — 152y + 107? + 35y 

= 6a? — 19vy + 10y? — 14 + 35y. 

An expression which satisfies the given conditions is therefore 

6a? — 192y + 10y? — 14a + 35y. 

If an expression is zero for certain values of the letters which 
it contains, it is said to vanish for those values of the letters ; 
thus the expression 62? — 19ay + 10y? — 142+ 35y vanishes when 
x=5 and y=2, and when z=7 and y=7. 
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EXERCISE LXIV. 


What are the roots of the following equations? 


1. w#(#—1)=0. 2. «?—34"=0. Sh eae 

4, (w—a)(«#+b)=0. 5. ax?—br=0. 6. 32?+207=0. 
(ea 8. 92?= — 4a. 9. (Qa+1)(8"—2)=0. 
10. x(~-1)(#+1)=0. ll. 2(v+a)(e+6)=0. 

12. «(37+4)(4a—5)=0. 13. 2v(@7+1)=2(@+1)(v-8). 


14. (w—1)(x@—2)(#-3)(7-4)=0. 
15. (24+1)(x -—1)(5x”+ 2)(6x — 5)=0. 


16. #=a'x, 17. (v+2)x -3(@+2)=0. 
18. (7-4)? -2(#-4)=0. 19. (v-1)?=3(¢- 1). 
20. (2e+3)=(x—- 2). 21. 9(7—1)?-—4(@+1)?=0. 
IY), MBEAN C= By. 23, v+47-44-4=0. 
24, #2—327-x2+3=0. 25. 2u—3x7—-184%+27=0. 


Find equations whose roots are the following, in each case giving 
the result in its expanded form : 


26. 3, 2. 27 = 8 2 28. 3, —2. D9 Die Ss 

30. 0, a. 31. —a, 0. BY, Bln, BY0h, 33. —3a, 5a. 

34. 3a, —5a. 35. —3a, —5a. 36. a, b+e. 37. —a, b-e«. 

el: 3 1 

38. a+2b, a—2b. 39. ar et 40. Ta ae. 

(Seger (oY iad 46 SO 
OE C c a-—b a+b 

44. a, b, -e¢. 45, a, —b, -«. 46. —a, —b, -c. 

ye ICY eae 48 2.13. = Bo) 140 h2e 3. 15 Ah O uae mere 


Find expressions of the second degree in w and y which vanish in 
the following cases, in each case giving the result in its 
expanded form : 
Oli 22 =37ornt 7—3. 52. If x=y+6 or if 2v=5y+1. 
53. If 37—4y=1 or if ~+y=10. 54. If 4v=7y+4+3 or if 37r=5y—-1. 
55. Prove that the expression 
5a*— l6ay + 12y?—167+207 +3 

is zero (i) if v=2y+23, (ii) if e=6t—1 and y=5t—1, where ¢ 

is any number whatever. 
56. Prove that the expression 

35a? — 68ay + 32y? — 46x24 44y +15 
is zero (i) if r=4s+3 and y=5s+2, (ii) if v=8¢+3, y=7¢+2, 
where s and ¢ stand for any numbers whatever. 
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177. Quadratic Equations. If a, 0, ¢ stand for any given 
numbers, the equation 
aa? + be +¢=0 


is called a quadratic equation. It has been shown in Art. 171 
that if a product is zero, then one of the factors of the product 
is zero; hence, if we can factorize az?+ba+c, we can solve the 
equation aa?+ba+c=0. 


Ex. 1. Solve a? +2%-2=0. 
Since #?4+%-—2=(%-1)(a+2), we have 
(a—1)(@+2)=0; 
. ether x-1=0, giving c=1, 
or £+2=0, giving z= — 2. 
The solutions are therefore 1 and — 2. 


Ex. 2. Solve 9a? + 4=122. 
The given equation is 92?-122+4=0; 
(3p = 2) =0, 

Here the factor (32-2) occurs twice on the left-hand side, 
and we are only able to find one value of « which satisfies the 
equation, namely 2. In such a case, instead of saying that 
the equation has only one root, we shall say that i has two 
equal roots, 

A useful method is exhibited in the following example, which 
should be compared with that of Art. 42, Ex. 1: 


Ex. 3. Solve 642+ 17a+12=0. 
Multiplying each side by 6, we have 
(62)? +17 (6x) +72 =0. 
To factorize the left-hand side, we seek two numbers whose 
product is 72 and whose sum is 17; these are 8 and 9; 
.. (64+ 8)(62+9)=0; 


*, either 6%+8=0, giving x= - 


or 6%+9=0, giving «= - 


The solutions are therefore Me and — a 
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Ex. 4. Solve 100=8(1+ *). ASR UES I (a) 


Multiplying each side by z, we have 
10a? = 3 (a + 6) ; 
. 10a?- 3%-18=0; 
< (Qe —'3)\Oe4 6) 0 2h een ecteys eae (B) 
. either 22-3 = 0, giving «= 3, or 5a+ 6- =0, giving «= — §. 
Neither of these values of x is zero; the process which leads 
from equation (a) to equation (() is therefore reversible when 
« has either of these values; therefore 3 and —£ are solutions 
of (a). 
Ex. 5. Find x in terms of b and ¢ from the equation 
a?(b—¢)+0?(c—2) =O. 
The equation can be written 
(ab — xb?) — (cx? — cb?) =0 ; 
. 2b(« —b) —c(a? — b?)=0; 
J. (a—b) {ab —c(a+b)} =0; 
.. («—b){z(b—c) — be} =0; 
’, either x-b=0, giving a=), 
be 
b-¢ 
be 
—¢ 


or 2x(b—c)—be=0, giving «= 


The solutions are therefore 6 and —— 


EXERCISE LXV. 


For what values of « do the following expressions vanish ? 


1, 2x?—<x. 2. «?-—304+2. 3. 2? +4e-21, 
4, 2?+11le+24. 5, 2a?-a#-1. 6, 22?-—Tr+3. 
7. (6-7)? —9x?. ; 8. (8v7+1)2-16. 
9. 4(@+1)?—(«#-3). 10. 52?-x#-6. 
11. 2x?-92-18. 12. 182? —33ar+5a?. 
Solve the following equations : 
13. (v—4)(w—5)=6. 14, 2(7—5)2+3e=15. 
15. (2v—-3)(«+4)=9-62. 16. #?+25=102. 


17. #?-37=88. 18. 2?+11lv=210. 
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19. (22 —1)(2x+1)=35. 20. (5+x)(5—x)=16. 
21, 8v?7=2x(7+14). 22. (87+2)(27+3)=6. 
23. 62°+5=13~. 24. 62°+77=3. 
25. 12”?+%=20. 26. 36x(7—-1)=7. 
27. 27x2?+124=4. 28. 5(2x?-1)=7(#+1). 
29, (87+1)(8%—5)=1. 30. (27+5)(8v+17)=1. 
81. (82—-1)(Q74+1)=3—-.. 32. 5(52—4)(~—2)+9=0. 
33. 32?-7r=136. 34, 2(¢—7)?+77=109. 
1_8 oa eee 
35. t——=5 36. CE Pra SG irae cao 
10 lia 1 1 
Chere ee eros 2@¢-)= TF 
ey 8, oe De 3 eee 
41. 2(a—3)+7 9-5: 42. ae oat 43, 3 pears 


Find « in terms of the other letters from the following equations: 


44, (av+b)’=(bsr — a)’. 45, (av+b)?+(bx — a)?=5(a? +b). 

Sag ony ee 2 2 Ga _2a 
46. (v+a)3—(a@—a)?=2a(a* + 3b). 47. a 

2b 
48. x?—x«(a—b)=ab. 49. ax+— =2a+. 
‘ 

50. axz?-2x(ab+1)+4b=0. 51. w(v—b)=a(a—5). 
52. x(7+2a)=6? — a. 53. «(a — 4b) =a? — 4°. 
54. v(~+6)+a(a—b)=2a.. 55. w*+(a+c)v=2a(a-c). 
56. ab(a? -1)=(a? — 6?) a. 57. #7 (a+6)=a?(«4+b). 


178, Factors of ax’+bx-+c. Methods of factorizing 
ax? +ba+e in special cases have already been given: a more 
general method consists in expressing ax + ba +c as the difference 
of two squares. 


If G)i is substituted for a in the identity 
o + 2a%+ a? =(a+a)?, 


. 2 2 
the result is 24 bo (5) ~ (2 +5) ; 
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Hence the result of adding G) to «+ bax is a perfect square. 


4 


Now a is half the coefficient of w in x?+bxz; hence ¢f to « + bu we 


add Bs square of half the coefficient of x, namely ¢ 3)? the result ts 
a perfect square. 


Ex. 1. What must be added to the following expressions, so that in 
each case the result may be a perfect square for all values of a: 
(i) @46n; Gi) aa; (ii) a -4or 
The square of half the coefficient of x in (i) is 3? or 9, in (ii) is 
INR OSA hse Grae 1 1 
ic.) or 7 in (ili) is (-s) Or Thus the numbers to be 
added are (i) 9, (ii) 7 a (iii) 39° and we have 


De ees 


Ex. 2. Hapress (i) «2+ 2a —68, (ii) a? — 7+ 12 as the difference 
of two squares ; hence, factorize these CxPTESSLONS. 


(i) a + 20-63 =27 + 204+1- 64 
=(#+1)?- 
=(+1+48)(@+1-8) 
=(@+9)(«-7). 
72 2 
(il) Tet 12 =a? 2. a 5) -(5) a9) 
7\2 (49 
(-Y-8-19 
72 /1\2 
-(«-3) -() 
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179. Solution of a Quadratic by completing the 
Square. First method. 


Ex. 1. Solve the equation x? + 6x — 40 =0. 


The square of half the coefficient of x is 9, and the equation 
may be written 
v?+62+9-9-40=0; 
.. («+3)?-49=0; 
J. (+3+7)(@+3-7)=0; 
.. (+10)(@- 4) =0. 
.. either +10=0, giving x= — 10, or a-4=0, giving w=4. 
The solutions are therefore — 10 and 4. 


Ex. 2. Solve the equation 6x? -«%-—2=0. 


The first step is to divide each side by 6, which is the 
coefficient of 2, thus 
| haga | 
i en 
 — Ba— 5 0. 
2 
The square of half the coefficient of x is (- 73) or wd and 
the equation may be written 12 144 


Second method. The following considerations lead to a method 
of solution which in practice is more convenient than the above. 
The equation x? =a? is equivalent to ~? — a?=0, or to 


(x-a)(w+a)=0, giving =a or w= -4a. 


Hence if it is given that x?=«?, we may at once conclude that 
z=a or «=-a, This conclusion is generally written shortly 
%= +a, where + is an abbreviation for plus or minus. 
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Ex. 3.* Solve the equation 40 —a? = 6c. 


Arrange the equation so that the terms containing # are on 
the left and the coefficient of z? is + 1, thus 


x + 6x = 40. 
Add to each side the square of half the coefficient of 2, 
namely 3; P+ 604+9=49; 
> (4+3)% =49; 
 BEo= EM, 
’, ether 2+3=7, giving ¢=4, 


or £+3=-7, giving z= -10. 
The solutions are 4 and — 10. 


Ex. 4.* Solve the equation 67? =x + 2. 
the left, thus 6%?-a#=2. 


Arrange the equation so that the terms containing x are on 
Divide each side by the coefficient of a? ; 


Oe ol 
Fier ee ee ay 
/ P—ea=s 
Add to each side the square of half the coefficient of «, namely 
1\2 ae 
(ia) ° ta? 
eal ol cliesslee ail 
6: 144-3" 144° 
ane 
12 144° 
1 7 
aa hee ti5 
1 a 7 2 
either ee giving = +=e 
; 1 Pe A i doa 
on RT [ges 2 arora. mo: 


*The student should compare the working of the corresponding examples 1, 3 
and 2, 4 line for line. 
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EXERCISE LXVI. 


What must be added to the following expressions, so that in each 
case the result may be a perfect square, for all values of w? 


l. 2?-82. 2. 22 —5e. 3. xv? +4. 4, x?+ = a. 
1 6 b y 

on a — = 7. 6. 2? —=2. 1. w+—x. 8. v?+38ax. 
3 5 a 


Factorize the following by expressing each as the difference of 
two squares : 


9, v?-1207+35. 10. 7?+147+4+ 48. ll, 2?-—10x— 24. 
12, v?+2x-48. 13. 2? —9xv— 36. 14, #?+112-242. 
15. 22?+3x—2. 16. 3v?—x-10. 17. 8x? + 10xy — 37”. 


18, 10224+ay—-11y, 19. 28 +(a+b)r+ab. 20. 2?-(a+b)r+ab. 


Find the values of » which satisfy the following equations by 
either of the methods of Art. 179: 


ab, 5a" +2r=7. 22, 14r=38(07 +5). «23, 77 = 4-227, 
24. 827? =27 +3. 25, Wa —~2=32. 26. 87=3(40"—5). 
27. 14=182?+4 92. 98. 377+20an=32a7. 29. axv+3a2=102". 
2 
30. 2(27+70)=llav. 31. 2? -ar=b?- 5 . 32, 2°—Var=b(2a+), 


33, (w—a)?+2(v7—a)=8. (Substitute y for x—a and find the value of y.) 


2 Pegi bih, 5 4 aparal AS \ ae (222 be 
34, (7 — 2a)? — 46(v — 2a) =50". 35. 2(—2_) +5(-4-) 3-0. 


180. Equations with Fractions. 


1 2 6 
Ex. 1. Solu ts : 
a nies Pcl eee £+8 


Assuming that a solution exists and that x stands for a number 
which satisfies the equation, we multiply each side by 


(x+1)(a7+2)(@+3), 
which is the L.c.M. of the denominators. 
J. (@+2)(@+3)+2(a+1)(a+ 3) =6 (w+ 1) (442); 
J. + 504+ 6 +2 (2? + 404+ 3) =6 (a? + 3a + 2) 5 
a+ 5e+6 4 20? + 824+ 6= 62? + 187412; 
*, 307+5¢=0; .. «=0 or —§. 
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So far it has been shown that the only values of x which can 
satisfy the given equation are 0 and (—%). We can show by actual 
substitution, that these values do satisfy the equation: this also 
follows from the fact that neither of these values of «x makes 
(c+1)(%7+2)(u+3) zero; .. the steps which lead from the given 
equation to «(3%+5)=0 are reversible, .. 0 and — 3 are solutions. 


7 27 6z 
Ex. 2. Sol = : 
i oY gS | —O jae 
This equation may be written 


a rate 27 mt 3a 
+3 (%+3)(4-—3) 2(x-3) 
Multiplying each side by 2(z+3)(«-3), we have 
14 (e— 3) +54 =32(e+3); 
*, 14¢-42454= 327+ 92; 
“.  3a2-5e—12=0; 
~. (884+ 4)(@-3)=0; ©. w=3 or —§. 
Now the value 3 of « makes 2(a+ 3)(x— 3) zero, .. when x=3 
the steps which lead from the given equation to (3x + 4) (a — 3) =0 
are not all reversible, and we cannot say that 3 is a solution. 


When z= — 4%, the expression 2(#+3)(z—3) is not zero; the 
above steps are all reversible and — 4 is a solution. 


181. Miscellaneous Examples on Quadratics. 


54 — 82 Kia 3 
EEN oaed TS) Var) oe 
Ex. 1. Solve Ger) a(F 7) +2=0. 


The work can be shortened thus :—Substitute y for RS 


and the equation becomes Sat I 
y? — 8y+2=0; 
AY 1) (Yi?) = OF a el On, 


= tthe 00-38 aoe 
.. either sea 1 = il. giving C= 2, 
5x — 3 


or Bnet giving x= —5. 
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Ex. 2. Solve (5x - 3)? - 3(5x-8)(38x+1)+2(3x+1)?=0. 

Divide each side by (3u+1)? and the equation becomes that 
of Ex. 1. 

Ex. 3. Solve x? +(0-9)x= 1°12. 


Add to each side (0°45)?, which is the square of half the 
coefficient of «. 


+ (0-9) 2+ (0°45)? = 1°12 + 0:2025 ; 
". (w@+0°45)2 = 1-325. 


By the usual arithmetical process, the square root of 1°3225 
is found to be 1°15. 


, @+045= +1°15; 
2=0-7 or —1°6. 


Ex. 4. Solve 34? + (0°91) =0°049. 


To divide by 3 would introduce recurring decimals; we can 
proceed by expressing the decimals as vulgar fractions, or as 
follows: 

Multiply each side by 3. 


“. (32)? + (0°91) (32) = 0-147. 
We now solve for (3x2) by adding to each side (0°455)?, which is 
the square of half the coefficient of 3z. 


", (32)? + (0°91) (3x) + (0°455)? = 0°147 + 0:207025 ; 
*, (3a + 0°455)? = 0:354025 ; 
*, 8¢0+0°455 = £0:595 ; 
3x=0'14 or — 1°05; 
a2=0-046 or — 0°35. 


Ex. 5. Solve a®a? + 2a(b+ 1)a+0?+2b-3=0. 
First method. Proceeding as in Art. 123, Ex. 1, we have 
(ax)? + 2(b +1) (aw) +(b-1)(b+3)=0. 
*. {au+(b-1)} {ax+(b+3)}=0; 
lee eres rac 
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Second method. 


say (000) 
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Solving for (az), we have 


(ax)? + 2(b + 1)(ax) = — b? — 26+ 3. 
+2(b+1)(az) + (b+ 1)? = —B?-2043407+ 2041; 
.. {at+(b4+1)P=4; 


* at+b4+1= +2; 
b-1 
or 


643 


= 


a 


a 


EXERCISE LXVII. 
MISCELLANEOUS EXERCISE ON QUADRATICS. 


Solve the following equations : 


1. 39x°=2(8-2). 2. 
3. 122?-—37x%=144. 4, 
5. 22-47 =6'89. 6. 
7. v-(1'3)r=0°68. 8: 

DP Gh 
9. 031015 ~° 272. 10. 
11. 67?+0595=(4°45)z. 1s, 
Ba+4 6e+3 
insy, TREO Take 14, 
mere, + 1 
By a 2 aes 16. 
1\2 3 13 
17. (+5) -3(w+3)=18 18. 
2 3 iL 
me 2-3 x£+1 2 cut 
1 1 1 
PAL E : 
“w+1 2+4 «+10 22. 
5(jv@+1) 54 1 
23. +2 @2+1 6 — 
2 i 1 7 
Haaren ee emernan ge 2 
97, 3(@=4)_2(5-") 1 on 


ax—2 


6-4 


5 


91z?+167=35. 
154(0? —1)=435z. 
a2 —(2'4)v=4 81. 


(0°4) a? — (1:08) 7 + 0°665 =0. 


3a? +0896 =(4'16) a. 


70? + (1°5)7=0'0253. 
is Te 1 
Pe a a L 
Wiel 2 aes 
2u+1 wx%-2 
L +i 13 
be lt x 6 
Le eee 
“-2 3-4 2 
1 1 
6(@+1) | B(w@+2) #43 
hey me _& 
w—-4 x-2 We+2) 
1+2¢—32? 3-2¢+2% 
1—2¢4+32? 3424-24? 
1 4 Tage 
w—3' w@F4) 60ta 


— 
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29 17 a ee) De NE 
* (Qa—3)(80+4) 22-3- 38444 ~" e-3 12 4 4Q=2) 
2(27+3) 21 1 il 30(27+3) 
31. = > : = : 
+1 toate 3 of Qr+3' 3x49 (3a +2)? 
33, 3(2r+1)2+2(2v+41)(3e—1)=5(3x-1)2. 
34, 20(20-+5)?—11(27-+5)(11 — 4x) =3(11 — 422. 
85 1 Y 1 . be=2 baal 
" 3(@e—2)(62—3) 2(62—3)Qxz—1l) @e—1)x—2) 6(5x—3) 
eet 2 ah" Ne 1 10 
A ae tairarar rane oF pe oii ck See 
38. 1 2 1 3 


@+l v2+5 2w+l e422) 


4e+9 2¢+15 4(x—-1) 2(v+1) 


al U+5 2-2 “2-1 
5a+4 6 @+l1 9 


Eee) 13(Qz2+1) x-1 13(34—5) 


5(2v+1), 4(7-1) 1+ S@a+4) , 30 ae 


22 —1 24-3 12-3 3a — 


Find the values of « which satisfy the following equations: 


42. 


44, 
45. 


47. 


49. 


51. 


52. 
54. 


55. 


56. 


5 eyes | B(a—b) a _2(a+6) 
et+2a tna a - wb 2. “+b 
(22 —a)(2x0 — b)+a(v+ 4b)=(24+a)(v7+). 


(a—b)a?—(ce-a)a+b—c=0. 46. ab(a?+ab)=2(a? +6?), 
eas eds 
a(a+3)+a(a—3)=2(ar-1). 48, (| Ba( 222) Sip, 


Lay eee ciara 
2—-b x£-a 7 ay ee re 


a(a—1)a?+(2a?—-1)7+a(a+1)=0. 
(LP TD=9G+R)x 63. = peti d-Be See 
a(a—b)a? —(a?+ab+ b*)«+3b(a—b)=0. 


Find a value for w such that if « is substituted for @ in 
(a—3)(a—4), the value of this expression is unaltered. 


—9)2 
What may be substituted for @ in aa that the value of 
this expression is unaltered / €j 


CHAPTER XXV. 
PROBLEMS INVOLVING QUADRATICS. 


182. Problems depending on Quadratics. The solu- 
tion of each of the problems given below depends on a quadratic 
equation. In some of these it will be seen that only one solution 
of the quadratic gives a solution of the problem: the reason is that in 
every such case the value of the unknown is limited by certain 
conditions stated or implied in the problem, and that these limitations 
do not enter into the algebraical stutement contained in the equation. 

By the exercise of some ingenuity, it is often possible, as in 
Exx. 6 and 8 below, to state a kindred problem whose solution 
is given by the root of the quadratic which was inapplicable to 
the original problem. The examples just referred to may appear 
to be merely ‘curious’; they nevertheless deserve the close 
attention of the advanced student, for the methods employed are 
of great use in the interpretation of apparently unintelligible 
results in many physical problems. 


Ex. 1. Find two sositive integers whose sum is 15 and the 


: . a, Jl 
difference of whose reciprocals is — 


18 
Let « and 15 —« be the positive integers of which ~ is the less ; 
then 
5 Teca7 Ts (0) 
a bie igh ee 
Ibe le 


*, 18(15 - 2x) =0(15 —2); 
.. #@-5le+18.15=0; 
. (n— 6) (a — 45) =0. 


. either «=6, giving 15-«=9, or x=45, giving 15 -x= — 30. 
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In the problem, the value of x is limited by the conditions that 
both # and (15 ~~) are to stand for positive integers. Hence the 
value 45 of a is inapplicable, and the required numbers are 
6 and 9. 


Ex. 2. Find two numbers whose sum is 15 and the difference of 
: eee, 
whose reciprocals is —. 
iprocals is =, 


The solution depends on equation (a) of Ex. 1; both values 
of « are applicable, and the answers are (6, 9) and (45, — 30). 


Ex. 38. A man sold a horse for £27, and his loss per cent. was 
one-third of the number expressing the cost of the horse in pounds. 
What did the horse cost ? 


Denote the cost price by £z ; 
x 
then loss per cent. on the horse = 33 


eat iy ene Sa ee a 
». actua oer AAG) (6) Si 300° 


: ’ A a 
. selling price = £ (« - 300) 
Now, by hypothesis, the selling price = £27. 


a 
Sear 
“. a2 — 3002427 x 300=0; 

(a — 30) (a — 270) =0. 


*. =30 or 270, and both of these values of x satisfy the 
conditions of the problem; so that the information given in 
the problem only enables us to say that the cost price was either 
£30 or £270. 


. & 


7H (Oa ote on COE on EC (a) 


Ex. 4. What is the price of eggs per dozen when a rise in price of 
1 penny per dozen diminishes by 3 the number of eggs which can be 
bought for 5 shallings ? 

If the price of eggs is « pence per dozen, 


for # pence I can buy 12 eggs ; 


ans 60 720 
: K i 
.. for 5 shillings I can buy a 12 eggs or Soo eee 
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In the same way, if the price is («+ 1) pence per dozen, 
for 5 shillings I can buy oe eggs. | 
By hypothesis, I obtain 3 fewer eggs in the latter case than in 
the former ; 790 ~+790 
Va pe 
". 120=32@+1); 
*, #+2-240=0, giving x=15 or — 16. 
The value —16 of « is inapplicable, so that the price was 


15 pence a dozen. 


Ex. 5. Two pipes A and B, running together, can fill a cistern m 
8 minutes, and, when running separately, B takes 12 inimutes longer 
than A. How long does each pipe, running separately, take to fill 
the cistern ? 


Let the times taken by A and B, running separately, to fill 
the cistern be respectively « and (« +7) minutes. 


In1l minute dA fills ll of cistern, 
40) 


1 ; 
Pee: B Peet of cistern, 


4 


Pict i eee Reh avo mero A (i+ : :) of cistern. 
Ye +S 


4 
Now, by hypothesis, 4 and B can fill the cistern in 3 minutes ; 


*, in 1 minute 4 and B fill + of cistern. 


i 1 1 
i e+ 3? seduction NR se yale eae eee (a) 
ie 
toda = 32 


*, 3(84+7) =a(4a+7) ; 
do? 172-21 =0; 


. (4%-21)@+1)=0, giving x=5} or —1. 


The value (—1) of & is inapplicable; hence 4 and B take 
respectively 54 and 7 minutes to fill the cistern. 
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Ex. 6.* State a problem of the same kind as that in Ex. 5, whose 
solution depends on the root ( —1) of equation (a). 


To do this, we must assign a meaning to every statement in the 


solution of Ex. 5 which is meaningless, as it now stands, when a= — 1. 
Observe that when «= —1, @ is negative and x+7% is positive. 
We shall write (—y) for z, so that equation (a) becomes 

1 it al 


Net ge eee (B) 


Since (a) is satisfied by the values 54 and (-1) of # and 
y= —a,..'. (2) is satisfied by the values (—54) and 1 of y. 


Again, to say “in 1 minute 4 fills | of the cistern” is to say 
it 


“in 1 minute 4 increases the contents of the cistern by are 
© 


the volume of the cistern.” When « is negative and equal to 
(-y), this must be altered to “in 1 minute A decreases the 


contents of the cistern by Lot the volume of the cistern.” 
4 


A would therefore empty the full cistern in y minutes. 

Hence the root 1 of (8) is the solution of the following 
problem: When two pipes A and B are both running, a cistern 1s 
filled in 3 iminutes, and the sum of the times taken by A (running by 
itself) to empty the full cistern, and by B to fill the empty cistern, is 
13 minutes. How long does B take to empty the full cistern ? 


Ex. 7. A and B are riding eastwards along a road at 10 and 
16 miles an hour respectively, and B overtakes A at a certain point O 
on the road; C, who is travelling eastwards along the same road at 
a miles an howr, reaches O half an hour after A and B, and catches B 
an hour and a half after catching A. Find the value of «. 


When C reaches 0, A is 5 miles ahead ; also in 1 hour C gains 
(z-10) miles on A. 


4 
é : o . eS . 
pest (75) hours C gains 5 miles on A ; 
aw 


(< 
. Catches 4 (0 ) hours after C passes 0. 


Similarly C catches B (a) hours after C' passes 0. 


* May be omitted on first reading. 
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Now, by hypothesis, C catches B 14 hours after catching 4 ; 


: 8 5 32 
. eG LO ee eee cere es ereneseees (a) 


From (a) we find that =20 or 8, and the value 8 of « is 
inapplicable, for if C travelled at 8 miles an hour, he would 
never catch 4 or B. Hence the value of « is 20, and C travels 
20 miles an hour. 


Ex. 8.* Alter the problem in Ex. 7 so as to obtain a problem of 
the same kind whose solution is given by the root 8 of equation (a). 


To do this we must assign a meaning to every step in the solution 
of Ex. 7, which is meaningless, as it now stands, when «= 8. 


Observe that when w= 8, both (a — 16) and (x — 10) are negative. 
Now to say “C catches 4 ( 


5) hours after C’ passes 0,” is to 
say “Cand A are at the same point on the road (3) hours 
after C’ passes 0.” Since (7-10) is negative, this must be 
altered to “Cand A are at the same point on the road ( = -) 
hours before C passes 0; or seeing that 4 travels faster than C, 


we may say “4 catches C (wo) hours before C passes 0.” 

In the same way we must say “ B catches C (Ge) hours 
before C passes 0.” 16—« 

Again, the equation (a) is the same as 

See a 3 
16=2 10 =e 2 

If then (a) holds, it follows that C is caught by B 14 hours 
after Cis caught by A. 

The root 8 of (a) is therefore the solution of the problem 
obtained from that in Ex. 7 by altering the word “catches” 
into “is caught by” and the word “catching” into “being 
caught by.” 


* May be omitted on first reading. 
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EXERCISE LXVIII. 


Find two consecutive integers whose product is 210. 

Find two consecutive integers the sum of whose squares is 145. 

Find two consecutive odd numbers the sum of whose squares 
is 290. 

Find three consecutive integers the sum of whose squares is 365. 

Find two consecutive numbers the difference of whose cubes 
is 217. 

Find three consecutive odd numbers the sum of whose squares 
is 251. 

Find the number whose square exceeds its double by 1443. 

Find a number such that if its square is added to three times the 
number, the result is 154. 

If 77 is added to three times the square of a certain number, the 
result is 40 times the number. Find the number. 

Find two numbers whose sum is 50, such that the square of one 
of them is equal to five-ninths of the other. 

Find two numbers whose sum is 10, such that their product added 
to the sum of their squares is equal to 76. 

Find two numbers whose difference is 2 and the sum of whose 
squares is 74. 

Twenty-eight years hence a man’s age will be the square of what 
it was 28 years ago. Find his present age. 

Find two consecutive odd numbers the sum of whose squares 
is 394, 

The sum of two numbers is 50, and the sum of their reciprocals 
is. Find them. 

The difference of two numbers is 5, and the difference of their 
reciprocals is 0:01. Find them. 

There are six consecutive odd numbers, and the sum of the 
products of pairs of these numbers taken equidistant from the 
first and last is 157. Find the numbers. 

The area of a rectangle is 108 square feet ; three squares are cut 
off from the rectangle by lines parallel to one of the shorter 
sides, and it is found that the length of the remainder of one 
of the longer sides is 10°5 feet. Find the lengths of the sides 
of the original rectangle. 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27, 


28. 


29. 
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A horse, bought for £z, is sold for £39 at a profit of w per cent. 
Find wz. 

A takes 5 days more to do a certain piece of work than £&, and 
9 days more than C'; dA and & together can do the work in the 
same time as C. How long would each take separately to do 
the work ? 

A sold an article which cost 50s. to B at a gain of w per cent. ; 
B sold it back to A at a gain of w per cent. On the two 
transactions A lost 10s. 6d. Find «. 

The circumference of the hind wheel of a wagon exceeds that of 
the front wheel by 1 foot, and the front wheel makes 22 more 
revolutions than the hind wheel in travelling a mile. Find the 
circumference of each wheel. 

In a certain boat race the number of minutes occupied in the race 
was half the average number of strokes per minute and five 
times the number of miles rowed. The total number of strokes 
was 968. Find the length of the course and the time taken. 

A number is formed of two digits which differ by unity. The 
sum of the squares of the nunbe, and of the number formed 
by reversing the digits, is 1553. Find the number. 

Each of one pair of opposite sides of a square field is shortened 
by 77 yds., and each of the other pair of sides is lengthened 
by 11 yds. If the area of the rectangular field thus obtained 
is 1:2 acres, find the side of the original square. 

If I get two more eggs for a shilling when they are a penny a 
dozen cheaper, what is the price of eggs ? 

The price of oranges is such that if it were lowered by a half- 
penny a dozen, the number which could be bought for a 
shillmg would be increased by 4. What is the present price 
per dozen ? 

A man bought a certain number of sheep for £30; after losing 
two of them he sold the rest for 10s. a head more than he had 
given for them, thereby gaining £2. 10s. How many sheep 
did he buy ? 

A man takes away £15 for his holiday expenses and finds that 
by reducing his expenses to the extent of 3 shillings a day, 
he can extend his holiday 5 days. How long was his extended 


holiday ¢ 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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A bicyclist started 3 minutes later than he intended, to keep an 
appointment at a place 15 miles off. By going half a mile an 
hour faster than would have been necessary if he had started 
when he intended, he arrived at the proper time. At what 
rate did he ride ? 


A man having 26 miles to walk, starts at a certain pace, and 
after walking at that pace for an hour reduces his pace by a 
mile an hour. In consequence he takes an hour and a half 
longer on the journey than he would have taken if he had kept 
up his original pace. Find the pace at which he started. 

A journey of 209 miles would be made by a train in 16 minutes 
less than the time actually taken if the speed were increased 
by 1 mile an hour. Find the speed of the train. 


A draper buys 150 yds. of ribbon. Some of this is of fine quality, 
the rest of inferior quality and costs 1s. 6d. a yard less than 
the former. If he spends £6 on the dearer ribbon and £15 
on the cheaper, what do the ribbons cost per yard ? 


A man went to market with £15 to lay out in oats. He found 
that he had to pay 2s. 6d. a sack more than he expected, and 
consequently came home with 10 sacks fewer than he expected. 
How many sacks did he buy and what did he pay for each ? 


The distances from A to B by two different routes are 77 miles 
and 975 miles. A motor, taking the longer road, travels 
5 miles an hour faster than one taking the shorter road, and 
does the journey in 4 minutes less. Find the pace of each car. 


A clock is 2 minutes slow, but is gaining. If it were 3 minutes 
slow, but were gaining half a minute more in a day than it 
does, it would show the correct time 24 hours sooner. How 
much does the clock gain in a day ? 


Two men A and B travel in opposite directions along a road 
180 miles long, starting simultaneously from the ends of the 
road, A travels 6 miles a day more than 6, and the number 
of miles travelled each day by B is equal to double the number 
of days before they meet. How many miles does each travel 
in a day ? 


TEST PAPERS. 


1. (To § 7.) 

1. Give an illustration of each of the three different ways in 
which letters are used to denote numbers. What is meant by the 
statement ““a=b” ¢ 

2. If s=1, y=2, 2=3, find the values of 

(i) B+; (ii) yP+eu?+x%y?; (ili) wY+y7% +2". 

3. What is meant by (i) an identity, (ii) an equation? What 
value of v will make the equation +a=4a an identity ? 

4, Prove that 3x5=5 x3; also state (i) in words, (il) algebraically 
the law of which this equality is an instance. 

5. What is meant by saying that 3 is a solution of the equation 
44=12%? Prove that the values 2, 3 and 5 of # are solutions of the 


cane +310 =102?+30. 
6. It takes w hours to row up stream from A to B at 3 miles an 
hour, and y hours to row down stream from B to A at 5 miles an hour. 
(i) What is the equation connecting x and y? 


(ii) If y=3, what is the value of #, and what is the distance from 
A to B? 


7. Prove that v?+24=y77+10r"+2y in the following cases: (i) if 
=1 and y=3; (ii) if c=2 and y=2; (iii) if z=8 and y=2;; (iv) if 
C—O digi os 

8. Express as an equality the statement “w exceeds y by 2.” Show 
that, whatever numbers a, 6, ¢ stand for, a triangle can always be 
constructed whose sides contain respectively (b+c), (ec+a), (a+) 
units of length. 


2. (To § 17.) 


1. Explain the meaning of a bracket. Describe in words the 
operations indicated in the following : 


(i) (a—b)+(c—d); (ii) a—b+(e—d); (iii) {(a—b) -(e—) }2. 
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2. Find the value of each of the expressions in Ex. 1 when a=9, 
b=2, c=—8, d=5. 

3. Prove that (4+5)x3=4x3+5x3. Name the law of wae this 
equality is an instance. 

4, Factorize the following expressions : 

(i) ey+5y?; (li) (w@+2y)P+3e2+6y; (ili) e(e@t+y)+ayty". 
Test the correctness of each result by substituting 1 for # and 1 for y. 

5. What is meant by “an algebraical expression”? How can you 
represent any odd number by means of an algebraical expression ? 
Find the 250th odd number. 

6. What is meant by saying that one number a is exactly divisible 
by another number)? When w=5, y=3, z=1, verify the following 
identities : 

G) @-y)+@—-y=etayty ; 
(ii) {a?—4(y —2)?}+{ ae -2(y—2z)}=074+2(y+2). 

7. Express symbolically the cube of the remainder when the sum 
of 6 and ¢ is subtracted from a, and find the value of the result 
when @=7 and a+2(b+c)=17. 

8. (i) Find the value of 26 x 61+26 x 39+74 x 61+74 x 39. 

(ii) Find the sum of @+2(3b+4c), 64+2(8¢+4a), c+2(3a+4b), 
and check the result by substituting 1 for a, 1 for 6,1 fore. 


3. (To § 28.) 

1. Simplify the expression 20%—3(#+y)—(5x/—8y), writing out 
each step in full, and naming the law which justifies each step. 
Verify the result when 7=2, y=1. 

2. Find the sum of five consecutive odd numbers of which (i) « is 
the middle one ; (11) y is the greatest. 

3. Find the ant when 4(2*+¥?) is subtracted from the sum 
of 473 — (52°77 + 3x7") and 6x2y —(Txy? — 8’). What is the value of the 
remainder when 7=5, y=1? 

4, (i) State the converse of the theorem, “If a=0, then a—v=b— wx.” 
(ii) Prove that if a<b and w<y, then av<by. (iii) By considering 
the case when a=12, b=10, v=6, y=1, show that if a>b and w>y, 
then a+x may be less than b+y, and a—w« may be less than b—y. 

5. (i) Solve the equation 7(7+1)=5(v+3). Name the law or 
quote the rule which justifies each step. 
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(ii) Find the value of @ in order that the value 20 of w may satisfy 
the equation 274 3a=5x— 7a. 

6. A and B start at the same time from places 44 miles apart and 
cycle to meet one another, travelling at 10 and 12 miles an hour 
respectively. They meet w hours after starting. Find the value of «. 

7. Prove the following identities : 

(i) (n+3)?=3(n+2)?-3(n+1)? +7? ; 
(ii) 17 (@+2)(@+3)+5(v@+3)(~+4)— 20(@+4)(w+2)=2(2? +1). 

8. If p, g, 7, s are four consecutive numbers of which p is the least, 
use the first identity of Ex. 7 to express s? in terms of p*, g? and 7°. 


4. (To § 37.) 

1. (i) Prove that 3.4.5=3.(4.5), and state in words the theorem 
of which this equality is an instance. 

(ii) Assuming the commutative and associative laws for products 
of 3 factors, prove that abcd =(ac)(bd). 

2. State the three fundamental index laws. Multiply 62%y? by 
5a*y*, writing out each step in full, and naming the law which justifies 
each step. 

3. If P=7a-—2(b+c), Q=7b-2(c+a), R=7c—2(a+b), find in terms 
of a, b, c the values of (i) P+Q+R; (ii) P4+2Q-3R. 

4, Expand the foliowing products : 

(i) @v—2)(4v+3); (Gi) (v+6)(6e+7); (ii) (Sv?—5)(5x?—-1). 
Check the results by substituting 1 for . 
5, Simplify 
(as \ (i) a+b) (4a? — 2ab + 67) + Qa — b)(4a? + 2ab-+ Bb) ; 
Gi) 5(a+6b)(a—b)—(2a+b)(a—3b) —(38a4+6)(a— 20) ; 
(iil) (a+ b)8—3(a+b)?(a— b6)+3(a+b)(a— by —(a— by. 
6. Prove the following identities : 
(i) 2@¢—y)? + 23a — dy)? = (2a — 38y)? + (4a — By)? 5 
(ii) (e@+y+z)—(yte—2P+(24+07y)-(at+y—2)=8z2 ; 
(iil) (0° + Baty + Bay? + y°) (a8 — Bay + 3ny? — 9) =(a? — PP ; 
(iv) (e@+a)(e@+b)(a+c)—(wv@—a){a —b) (4 —c)=2x?(a+b+0)+2abe. 
7. Find the u.c.¥. and t.c.m. of (Qabc)*, 4a2b%c%, 2(a2b3c)?. 
8. A has twice as much money as B, and when A has earned £450 


and B has earned £100, A has 3 times as much as B. How much 
had each originally ? 
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5. (To § 41.) 
lie 7—3, 2—1. ind the value of 
(i) (xty+z2) ; 
B+p+ze’ 
2. Substitute (y—1) for x in the expression 273-—32?+4xr—5, and 
arrange the result in descending powers of y. 
_ 3, Find the value of (y+2—2)(z+v-y)(w@+y—z2) in terms of a, 6, ¢, 
/when v=b+ce, y=c+a, z=atb. 
4, If P=a?+2ry+3y", Q=x? —Qry —3y*, R= x? — 2y?, find the value 
of h*— PQ in terms of w, y. Verify the result when v=4 and y=1. 
5. Simplify 
(i) (a4 d)(w-y)+(a—d)(wty) 5 (ii) (a+ (W489 ; 
(iii) (27+ 3)*+ (2x —3)!-2(1624+81) ; 
(iv) (7 —2y+32)?+6(v—2y4+32)(y—2)+9(y—2)?. 
6. Add together ax?—bx+e, ba®—cr+a, cx? +axr+b, bracketing the 
terms which contain the same powers of wv; also express the sum as 
the product of two factors. 


(iil) e+ y* +25 (iii) (yz)? +(e)" + (ayy. 


7. Factorize the following : 
(i) wv —Qaey — 157? ; (ii) #4+203 — 242? ; 
(iii) a? —ac+be—6? ; (iv) (2a+b)+66(2a+4 6)+ 9b? ; 
(v) (e+a)a?—(e@+a)(a+b)e+(a+a)ab. 
8. Given any three consecutive numbers, prove that the difference 
of the squares of the greatest and least is equal to four times the 
other number. 


6. (To § 46.) 


1. Express the sum of the squares of av+by and bx—ay as the 
product of two factors. 

2. Use the identity a?-6b?=(a+b)(a—6) to discover by how much 
the square of 69843 exceeds the square of 20157. 

3. Find the value of w—2a*y+2xy?-y*? in terms of a when 
. #=a+1 and y=a-1. 

4, Factorize the following : 

(i) 2?—7x—-120; (ii) #?-4ay—-96y?; — (ili) 64? + Bay — by"; 
(iv) 7a%y — 28y3 ; (v) a®—4b?-12b-9; (vi) 250-162%. 

5. What must be subtracted from b(a? +6 —1) to produce a(b?+a—-1) 

as aremainder? Express the result in factors. 
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6. Express as the product of as many factors as possible 
(i) (@ 1) +2) + (2 +22)(@+1) ; (ii) aly tay) ; 

(iii) (4+ 1)(10a? + 11a —6)+(8a—2)(2a?+5a+3); (iv) 167%? — xy, 

7. If «=a+a%, y=a?+a, z=a+l1, express as the product of 
factors (i) e+y+z; (ii) z?—yz, and prove that 

(w+ y)(w-+2)(o—y)= (ty +2 (e—2)(02 +7). 

8. A dealer buys (a+0) tons of hay at £(¢—d) per ton and (a—6) 
tons at £(c+d) per ton, and sells the whole at £c¢ per ton. What 
profit does he make ? 


7. (To § 50.) 


1. From what expression must the sum of 527—(8v+2) and 
10x —3(#? —5) be subtracted that the remainder may be 13z?—5(3a”+5)? 
Express the result as the product of two factors. 

2. Solve the following equations, and verify the solutions : 

Vv (i) 2(82-—2)-(27—7)=9x%+8—(6x—5); 
(ii) (5a”+ 4)? —(Qv —3)(8a —5)=9(v+3)(w@+5); 
(ili) #3 +(7—1)?+(v7— 2) =3a(a—1)(v —2)4+27. 
State a problem about three consecutive numbers whose solution 
depends on equation (iii). 

3. Divide £80 into two parts so that one part is less than twice 
the other part by £19. 

4, Prove that (i) the difference between the two numbers which 
can be formed with any two given digits is exactly divisible by 9 ; 

(ii) the difference of their squares is exactly divisible by 99. 

5. Factorize the following : 

(i) #+a42-424; (11) 4u?—4ayz—15y?2? 5 (iii) x? —-2pu—(q?-p?) ; 
(iv) (a+b)? —3(a?—6?)—10(a—b) ; (v) at —23x?y?+4 y4. 
6. Ina certain book, the solution of the following is asked for : 
3(2e@+ ,)(Ba+2)—-2(80+1)=43, 
a number in the first bracket being omitted by an oversight. The 
answer is given as v=1. Find the missing number. 

7. If a stands for a natural number, find all the values of a for 
which 47? — a@z—15 can be resolved into factors. 

8. Three men 4, B, C share a legacy; C has £100 less than 4, 
whilst 4 and C together have twice as much as B, and B and 0 
together have £200 more than A. What was the legacy ? 
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8. (To § 58.) ; 

1. If m and x stand for two consecutive odd numbers, or for two 
consecutive even numbers, show that the difference of the cubes of 
m and n exceeds six times the product of m and x by 8. 

2. Factorize the following : 

(i) 24a?—47—48; (ii) 1—4e?-y?-4ay; (iii) (Qev—1)?-(x—-2); 

(iv) vy—ay’; (v) (v7—-3)(@—4)(~@—5)+(@-1)(@—5) (a9). 

3. Solve the following equations, and verify the solutions : 

(i) 3(@—5)(8x — 4) -—2(2u -9)(x +1) =5(a— 4)? — 23 ; 
(ii) (v+3)(#+ 4)(@—6)=(x%—3)(x~@— 4) (4+ 8); 
(iii) 267+21y=246, 39x—14y=5. 

4, If a>2b, find wv in terms of a, 6, c from the equation 

a(#@—a—c)=2b(4—2b—c). 

If a and 6 are connected by a certain relation, the above equation is 
satisfied for all values of «: what is this relation ? 

5. If the expressions 127—3y, 17v—10y and 24+47+50 have equal 
values, find the value of #?+ 77. 

6. Prove that the sum of all the numbers which can be formed 
with the digits 7, y, z, written in all possible orders, is 222(¢+y+2). 
Verify this when the digits are 3, 5, 7. 

7. Find w and y in terms of a and b from the equations 

ba — ay=2a7+y=2a+b. 

8. A man buys (47+3a) lbs. of tea at 1s. 8d. per lb. and (w+q) lbs. 
at 2s. per lb. and sells the whole at 1s. 9d. per Ib. 

What is his gain? Show that the gain is the same for all values 
of a. 

9. (To § 62.) 
1. Factorize the following : 
(i) 21a?+4(ab+ac)—(b+ce)?; (ii) 4Qa+3y)P—-9(a—y) ; 
(ili) (v7 -—3)(@+1)?+(v—-1)§-2(@—-1)?; (iv) 27a*y?— 8x9. 
2. Solve the following equations, and verify the solutions ; 
(i) 5(5a@—6) —4(4% — 5) =247+16-—3(8x—-2); 
(ii) e+y—2=20+y —42=3(4-—z)=6. 
3. (i) If e=a—3, find the value of 27°+11v?+.—26 in terms of a. 
(ii) If #2 =2+6, prove that 7° =55x+ 78. 
4. Prove that the following equations are inconsistent : 
3a—4y+52=6, 24+3y—42=8,. 18v-—6y+72=41. 
N.A. I. U 
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5. If P=3m(x—-1)?-m(7-1)-4, @=16+n(#—-1)—3n(e—-1)?, 
find the value of »nP+mQ. 

6. Prove the following identity : 

(x? + 20+7) + (2a? + Qu — 4)? + (2a — 67+ 4)? =(Ba? — 27 +9). 

7. In the expression azx+2bay+cy?, substitute V+ VY for w and 
X-—Y for y; bracket the terms containing Y?, YY and Y*, If the 
result is denoted by AX?24+2BXYY+CY?, write down the values of 
A, B, Cin terms of a, 6, c, and prove that 

AC — B?=4(ac— b?). 

8. A room a@ feet long and b feet wide is carpeted in such a way 
as to leave a margin ¢ inches wide between the carpet and the walls. 

Find the area of the margin in square inches. 


10. (To § 73.) 


1. Prove that the result of dividing a number a by two numbers 
b and c in succession is the same as the result of dividing @ by the 
product of 6 and ¢, it being assumed that all the divisions can be 
performed. 

2. Remove the brackets from the following : 

(i) a+(b.c+d); (i) a—(b+c-d). 

Point out any similarity in the processes. 

3. Simplify the following : 
(i) 25ary* | 5ary (ii) (2atb? — 2a7b4)? (iii) (a? — ae — 3x - 28) 

24a'b2 aa (202 — 2ab2%)5 ’ we — 20-35 
4, Solve the following equations, and verify the solutions : 


(i) 2@n-11)-3(e-5)=8- (10-2), 


(ii) ae g w-yth(oty)=6 ; 


-3 
(iii) ares oes) where w denotes the unknown. 
a+ ig —6 


5, Simplify the eae and verify the results by substituting 
Ui itorre:: 
(i) AUS oo (ii) = 6 (a — 6), 
Bie 
(iii) (24-9)? ela (iv) 3(v — 8)(x — 9)? — (a — 8)*%Xar— 9) 
(w—5)* 2u? — 317+ 120 
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6. If a and b are unequal and av—by=c(y—x)=c(a—b), find in 
terms of a and 6 the value of (ay —bx)+(a—b). 

7. A cricketer finds that when he has played a matches his average 
is v runs, and that when he has played 6 matches more, his average is 
- (w+y) runs. What was his average for the last b matches ? 

8. A and B go for a holiday, A starting with £15 more than B. 
At the end of a week, A has spent a quarter of his money, B has 
spent a third of his, and together they have £58 left. How much 
money did each start with ? 


11. (To § 84) 

1. When is a number a said to be a perfect nth power? If a, b, c 

are perfect squares, prove that /a. /b./c=Nabc. 
2. Explain the application of the identity 9802— 960400 
(a+1)?=a?+(2a+1), 1961 
as shown on the right-hand side, to the construction | 981°=962361 
of a table of squares, and complete the table so as to ve 
show the squares of numbers from 980 to 985. 982’ = 964324 


3. Employ the results of Ex. 2 as, follows : 

(i) If a=985, b=981, find the value of 2ab by using the identity 
(a —b)? =a? —2ab + b?. 

(ii) By using the identity (7+y)?=«?+2ry +7’, find the square of 
985981. 

4. If m stands for any number, prove that triangles the length of 
whose sides are denoted by the expressions in (i), (ii), (iii) are right- 
angled triangles. 

(i) n?+1, n?-1, 2n, (n>1); 
(ii) 2n?+2n+1, 2n?+2n, 2n+1; 
(iii) 5n?+14n+13, 3n?+2n—5, 4n*?+16n+12, (n>1). 

5. If a=3, b=4, c=5, d=12, find the values of 

(i) Va +B 4d? ; (ii) V(ac + bd)? + (ad — be)? ; 
(iii) (bd — ac)? +(ad + bey. 

By means of (ii) and (iii) express the square of 65 as the sum of two 
squares in two different ways. 

6. if I sell a horse for half as much again as I gave for it, I shall 
gain £20 more than I should lose if I sold the horse for three 
quarters of its original price. What did I give for the horse ? 
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Ue Abe aH yea, w=2+e and z—y=2, find the values of 


Ly Yo 2, W 

8. A man has three sons A, Band C whose united ages just equal 
his own. Five years ago he was three times as old as A, two years 
ago he was three times as old as B, and one year ago he was four 
times as old as GC. Find the present ages of father and sons. 


12. (To § 91.) 
1. The equations to the sides BC, CA, AB of a triangle are 
Qy—x=2, x+y=16, 2v—-—y=2. 
Find graphically the coordinates of the vertices, and explain how to 


verify the results. If the unit of length is 0-1 in., calculate the area 
of the triangle in square inches. 


2. Simplify the following : 


(i) a?(b—c)—b*(a— ¢) , (ii) (a+ ie = Lee +a)? + 36a! | 
ab—c(a+b) — 3ax + 2a? : 
(iii) (38a +26)? —(Qa+b)? , (iv) (20a? — foes 21y?) (6x? — 5.ary — 4y") 


(7a — 2b) — (2a —5b)’ 102? = 92y— Ty" 
3. If y+z=2a, 2+x=2b, w+y=2c, find x, y, z in terms of a, b, ¢, 
and prove that 
(a+b+c¢)cye=2b?C? + 20?a? + 2a7b? — at — bt — ct. 
4, Prove the following identities : 
(i) #8 =n(n—-1)(n—-2)4+38n(m—-1)+2; 
(ii) 6n? =4{(n +1)? +(n—1)3} —{(w+2P% +(n—2)8}. 
From (ii), it follows that the cubes of five consecutive numbers are 


connected by the following relation: “Six times the cube of the 
middle number increased by the sum of ...... ” Complete this 
statement. 


5. If v=3(a+b), y=2a+b, z=a4+2b, find the values of the 
following in terms of a and 6: 
(i) @-y)(@-2)(y+2)+(ayz)s (hi) Vya(e-y+a(@+y-2). 
6. What value of w will make the sum of the expressions ~—%. 
2(a—by 
a2+5b 
3(a+6) 
Find the value of each of the expressions when has this value. 


equal to 2? 
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7. A square lawn is surrounded by a path 6 feet wide ; the area of 
the path is 1008 square feet. Find the area of the lawn. 

8. The hold of a ship contained 442 gallons of water. This was 
emptied by two buckets, the greater of which, holding twice as much 
as the other, was emptied twice in 3 minutes, and the less three times 
in 2 minutes. If the whole time of emptying was 12 minutes, find 
the size of each bucket. 


13. (To § 105.) 


1. If a, 6 stand for natural numbers, (i) explain why it is not 
possible to find the value of a+(—6) by a process of counting. 

(ii) Explain the method by which a meaning is assigned to a+(—6). 

2. Assuming the laws of addition and subtraction for positive 
numbers, and the definitions of addition and subtraction for negative 
numbers, prove that a+(b+c)=a+b+c in the case when a and ¢ are 
positive and b, (b+ c) are negative. 

3. Simplify the following : 

(i) a—[38b-{a—4(e—b)+3e-(2a—b+c)}]; 
(ii) 12(8a — 4b) — 3[¢ - 4{2a -b+ce-5(a—b+2c)}]; 
(iii) a—6[a—4{3a—(Qa—1—a)}]. 
4, Add together 5(a—2b)+b{3-—5(e-2)}, 
5(b—2)(e—3) and (a+8)(c—4)—(a—2)(c+1). 
5. Solve the following equations, and verify the solutions : 
(i) 1 (52+3)+2(132+8)—2(7a#—-11)=0; 
(ii) 4v+5y+z2=6, 2+7y+2z2=10, 54—3y—62=16 ; 
(iii) v+-y+z2=2a, w-—y-—z=2b, y—z=atb, 

where w, y, z are the unknowns. 

6. If ax —by=2(a?+b?)=2(a—b)x—2(at+b)y, find the values of « 
and y in terms of a and b, and prove that v?+?=5(a? +0?) 


7. When w and y have in succession the following values : 
(i) #=10, y=2; Gi) ¢=2, y=3; (ill) c=8, y=7; 
the corresponding values of the expression w?+y?+2gv+2/y+e are 
216, 71, 259. Find the values of g, /, ¢. 

8. If the number of men employed to doa piece of work is increased 
by 3, the time required for the work will be diminished by 2 days ; 
if the number of men is increased by 12, the time will be diminished 
by 5days. Find the number of men employed, and the time required. 
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14, (To § 122.) 


1. (i) The definition of “multiplication by a natural number” 
assigns no meaning to such an expression as 3 x (~ 4): explain this. 

(ii) How is the operation of multiplying by a negative number 
defined? Explain why the operation is defined in this way. 

2. Explain the following statements : 

(i) “To speak of (—5) sovereigns is absurd.” 

(ii) “If a gain of £5 is denoted by (+5), then a loss of £5 may be 
denoted by (—5).” 

3. Deduce the expanded form of (w—2y—5z)? from that of 

(at+b+c). 

Explain and justify the process. Check your result by putting 
e=1,47=1, z= —1. 

4, Solve the following equations, and verify the solutions : 

(i) 4 (5x —2)+4(8x—5)—}(B0-+1)— }(5a-+1)=0; 
(ii) (v7+1)(@—2) -—Lv(w+3) -3(w-3)(~—-5) =0; 
(iii) 20 — 4y | But dy _ et2y _ ah 
13 3 7 
5. Prove the identity 
(b+¢)(c+a)(a+b)=a?(b+c)+62(c+a)+c?(a+b)+2abe, 

and deduce the expansion of (v—2y)(w — 32z)(2y +32). 

6. Obtain the expanded form of (7+«a)(v+6)(~+c), and deduce the 
expansion of (1 —a@)(1 + 2a)(1 — 3a). 

7. If a=—2, b=-—1, c= —5, find the values of 


-, a2(b—c)+62(c— e(a— 
Qe bone nao ), (ii) \(@+2P+ (B — 9F + F(a + bP. 


8. A and B are travelling in the same direction along the same 
road, A at w miles an hour and B at v miles an hour, where w>v. 
At noon B is @ miles in front of 4. When does A overtake B? 

State questions of the same kind whose solutions are obtained by 
putting (i)a=14, w=4, v= —3; (11) a=2, u=3, v= 4. 

Give the answers to these questions and the necessary explanations. 


15. (To § 125.) 
1. If a=2, b= -—1, c=0, find the values of 
(i) (4@+3b — 2c)? — (a? +36? — 2c?) ; 
(ii) (6—¢)8+(c—a)>+(a— bY -—3(6-c)(e—a)(a—b). 
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2. Find the u.c.F. of 
(i) 1522-607”, 32?—3xy—18y?, 6x? +2ry —20y? ; 
(ii) 162—15(1+2%)(1—~2), (8¢+1)?-4(a-2)?, 5a3 — 3x? -10r+6. 

3. Find the t.c.m. of 

(i) 12¥7+8x2-15, 62?+7e%—3, 1822-2Qlx+5; 
(ii) {2a?—w(a—2b)—ab}?, 1624- 82a? + a4, vt — 20°? + 54. 

4, Find the square root of the following expressions and verify 
each result by putting v=1, y=1: 

(i) 49x77? —112zy + 64 ; 
(ii) (2x? — 8y*)(8x? + 2lxy + 10y*)(16a? — 22.xy - 20y*) ; 
(iii) 25x? — 302y + 9y? — 20" + 12y +4. 
5. Solve the following equations and verify the solutions : 
(i) (c+ 4)(y—-3)=ay+11, (v7-3)(y—-4)=2y+1; 
(il) 44 -—3y—-—z=—-1, 274+2y=z4+18, »4+2y=11—-z2. 
6. Find wv and y in terms of a and b from the equations 
ax + by=a?, by—x=b., 
If a and } are connected by a certain relation, these equations become 
identical. What is this relation ? 

7. A person bought 80 yards of cloth for £20. 11s. 8d., some at 
6s. 3d. a yard and the rest at 5s. 5d. a yard. How many yards of 
each kind did he buy ? 

8. A man buys two horses for £90. By selling one for four-fifths 
of its cost price, and the other for five-fourths of its cost price, he 
makes a profit of £9 on the whole transaction. Find the cost price 
of each horse. 


16. (To § 134.) 


1, Expand the following products and verify the results when v=1: 
(i) (4a2?-—7a+1)(v+1)?; Gi) @r—-2)?(2r+3)?; (ili) (w+ 4)(7-1)4 

2. (i) By substituting 1 for w and 1 for a, show that the sum of 
the coefficients in the expansion of (w+a)? is 25, 

(ii) Show that the sum of the coefficients in the expansion of (7 +«)§ 
is twice the sum of the coefficients in the expansion of (w+<a)’. 

3. If I arrange a certain collection of articles in 13 heaps I shall 
have 7 over, and if in 14 heaps then I shall have 3 over. In each 
case there is the same number of articles in a AAD how many 
articles are there ? 
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4, Obtain two identities by dividing 102°+3x1-2e°-7x?—40+4 
by 5a®—w#+ 2, arranging the terms of each expression (i) in descending 
powers of 2, (ii) in ascending powers, and obtaining in each case a 
quotient of 4 terms. Also check each result by putting #=1. 

5. Find the coefficient of w* in the expansion of each of the following: 
(i) Q@+3x+ 42% +52°)(3 — 49 —52?+623); (i) 1+¢+a7+2°+ 24). 

6. When a certain number is divided by 11 the remainder is 4, 
and when the number is divided by 13 the remainder is 1, also the 
quotient in the first case exceeds by 3 the quotient in the second 
case. Find the number. 


7. Prove the identity 
(at+b+cy—(b+e—a) —(e+a—b)3—(a+b—c)>=24abe. 
By putting a=2, b=9, c=4 in this identity, prove that the sum of 
the cubes of the numbers 3, (—7), (—11), 15 is a perfect cube. 

8. In an action between two battleships, d and B, A fired three 
times as many shells as B. The total number of misses was 7 times 
the total number of hits. The number of 6’s misses was 357, but 
Bs hits exceed A’s hits by 66. What was the number of. shells 
fired and the number of hits made by each ? 


17. (To § 146.) 
a 
6 

(ii) Explain how ordinal rank is assigned to fractions (7.e. how a 
place is assigned to a given fraction in the scale with integers and 
other fractions). (111) Explain why every identity, which is true when 
the letters stand for natural numbers, is also true for all rational 
values of the letters. 


1. (i) Define the meaning of [ when a is not exactly divisible by 5. 


2. Simplify the following : 
» MH 12 py (@ = 22 parry BPD? _ GD) 
@) w+ —20’ ye A — 92’ =~ B+ Bu" — 4a —12’ 
(Es LEE BTL Ee ( wy ) 
x 4+ Qaey +y?~ vary t+y?* \(@? =P Bl 
3. When a certain polynomial WV is divided by (#+3) the quotient 
is Q and the remainder (—10); when @ is divided by (+4) the 
remainder is (+1): 
(i) Find the remainder when W is divided by (#+7a+12). 
(ii) Prove that when w=7, WN is exactly divisible by 110. 
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4, Simplify the pis ; 


1 9y? + 2? 
oe = Quy + 67? © ay (9y? — x)’ 
4x —5 3-22 2x 


(i) #—Te+10' = Bate xg? —82+15 
5. If 8 men do a piece of work in 10 days working # hours a day, 
and 12 men do the same amount in 8 days working y hours a day, 
prove that 5v=6y. 
6. eae the following equations and verify the solutions : 


@ 1 Nl . psy ©-42 4-32 Hl 37-5), 
(i) J 4 10 3(3- 5)= s(+4 ) 3 EP ss Rare. 2 if 


(iii) 20 2=* =20, 3y-—— tT 40 ; 


(iv) 4v—-2y+2=5, 34+4y—7z=11, 5¢+62= —7. 
7. Find « in terms of @ and b from the equation 
= 0-O%. 
1+b l+a_ 
If a and + are connected by a certain relation, the equation becomes 
an identity. What is this relation ? 


8. Ina regiment the number of officers was ,% of the whole number 
of officers and privates ; but after an Rae etackt in which 6 officers 
and 42 privates were killed, the officers formed {3 of the whole number. 

Find the original number of officers. 


18. (To § 150.) 
1. (i) Why is it necessary to define the operations of addition, 
pe multiplication and division for fractions ? 


ane ke' ; is a fraction, prove that = r 


2. Ti 3x=4, 2y=5, 6z= —7, find the values of 


i) Stare Ci) MGot yt tA Oy+4e4D) 
oF sap tl the following : 
a pre. Ci AL On 
0 —5xt+4 ~ x*- 20-48 ° a +50-6’ 
<s ee 47-1 4 ae 
@) 52—Y246 Ga? 1846+ 3a%—044? “MY 


@) (ee, = ‘ (aes ae 1-2 


L—-—O gt) w—a «-—b 
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4, If (m—n)x=1, (m?—n*)y=1, (m+n)z=1, find in terms of m 
and ” the values of 
. 2m(m— 2) 
CON xe onyeee 
wy +2 
5. Prove the following identities : 
. tile eles eee 5742+ 340-23 , 
V oe agin 2 a 8 itn) lens oe 
+s 1+. 5-68 ot Leese Ie 
CU yagi gh) et Oe ea 
6. Employ the identities of Ex. 5 to find the approximate values of 
eel 
207+ 322-1 
result correct to one place of decimals and the others correct to three 
places. 


(ii) /(2x? + 8inny? + 22”). 


when w has the values 46, 0:1, 0:001, giving the first 


7. Employ the process of long division to show that (a+b+e) is 
a factor of a3(b—c)+b3(c—a)+c%(a—b). State the identity which 
results from the division and show that 

a3(b—c)+b3(c—a)+(a—b)= —(b—c)(e—a)(a—b)(at+b+e). 

8. One-fourth of the subscribers to a certain fund gave a sovereign 
apiece, one-fourth of the remainder gave half-a-sovereign apiece and 
the rest each gave a florin. If the three sets of subscribers raised 
their subscriptions to a guinea, half-a-guinea and half-a-crown respec- 
tively, the total increase in the subscriptions would be £2. 10s. 
How many subscribers were there and what was the total amount 
‘subscribed ? 


. 19, (To § 158.) 
1. If the fractions ~, x 2 are unequal, show that ETYTe ties 
Oh G a+b+e 
between the greatest and least of the given fractions. 


Show also that ores? does not necessarily lie between the greatest 
amd. least. Ais 


2. By eliminating two letters in succession, show that 
(i) if v+2y+3z2=0 and 3¢+4y+5z=0, then 2v=-—y=2z2; 


(1) if aw+by+ez=0 then ear 
and #+y+z2=0, b=c e-a a—b 
(iii) if av+by+ez=0 L y Zz 
‘ then — a OE : 
and lv+my+nz=0, bn—cem cl—an am-—bl 
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A SS 2 ne , prove that Dia gs el at JBL GES 
b+ce cta atb a b c 


4. Regarding a fraction as a measure, (i) How is the fraction % 


SyPeis) 


defined? (ii) Explain why ; of ; of an inch is equal to ee of an 


inch. (11) How is the product of the fractions ; and ~ defined ? 
4 


5. A man takes £a to France, spends £6 on the journey, and then 
changes the rest into French money at 25 francs the £. 
(i) How long will it last him, at c francs a week ? 
(i) How much longer would the money have lasted if he had only 
spent c—1 francs a week ? 


6. Simplify the following : 


© {er} (t5)-@-)e-a)} + Grae) 


oe 1 3a ) 4a? + 4ab +b? 
ara A Qa—b 40—b? Ja—b 


7. (i) Substitute — for w and 54 Fag for y in ia and reduce 


x 
the result to its simplest form. 


ra il 1 1 
(ii) Prove that atin, we ees 
ROE CAD): 
2¢-4- 1 — 243 


8. Three men, 4, B, and C, working separately, can do a piece of 
work in a, b, and ¢ days respectively. 
(i) In how many days can they do it when they work together ? 
-(ii) If A works by himself for m days, and then, with the help of 
B and OC, finishes the work in xv days more, find w in terms of a, b, c, m. 


20. (To § 163.) 
1. (i) Find w and y in terms of c and & from the equations 
pe Beye 
c c 


(ii) Under what circumstances do the equations become (a) incon- 
sistent, (8) not independent ? 
(iii) Find the values of w and y in the following cases : 
(a) k=1, c=6001; (8) k=0:00001, c=6-001. 
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2. Search for a solution of the equation 
i 1 1a+9 
3(s5+a—s) ~1=@7-3)(8r+2) 
Substitute in the given equation any value which you may obtain 
for x, and if the value is not a solution explain why this is the case. 
3. Simplify the following : 
; 1 1 1 
@) @—bat6 | w—4at3 w—B0+2 
+, 


26? f 2 1 Ve pa zy; 
Tile i) ol eee 
2 


DA Gadde aac gles) 
a Cae Wyte aty a y @ 


4, (i) A runs wv miles in y minutes; B walks y miles in « hours. 
How much start can A give B in a mile race, in which A runs and 
B walks? 

(ii) If @ men can reap 6 acres in ¢ days, in how many days will 
x men, with the assistance of p extra men during the last g days, 
reap y acres ? 


5. Solve for w the following equations : 


(i) 2@=38_ 27-5 Gin La a eee 


+2 ¢-1 18 6\a 
2a _ 3b 2h 38@4+2 84-27 1 2e+5 Tet 
G OP Nea Oe yy g+1 ge eo FR EG re 3) 
6 33 


6, Prove the following identity : 
a —3(a+b)?+3(a+ 2b) —(a+3b)?=0. 
Deduce a theorem relating to (i) four consecutive odd numbers, 
(ii) four consecutive even numbers. 
7. Find in its simplest form the value of 
ja ee when pee Pega) 
a-ytl ab+V ab+1 
8, A steamer takes 4 hours less to travel down stream from A to B 
than from B to A. The steamer travels in still water at 15 miles an 


hour, and the stream runs at 3% miles an hour. Find the time of 
each journey and the distance from A to B. 
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21. (To § 177.) 


1. (@) If the product «yz is zero, prove that one of the factors a, y 
or z is zero. 

(ii) When are two equations said to be equivalent? Explain why 
the equations v=3 and #?=9 are not equivalent. 


2. Solve the following equations : 

(i) 84?+12%7-227-3=0; (ii) #*(v+1)(e@—2)=9(44+1)(@7-2) ; 
(iii) 15%?-687+60=0 ; (iv) (Qa—1)?=7,(2e-1)4+4. 
3. Find equations whose roots are the following, in each case giving 
the result in its expanded form and free from fractions : 
(i) 2, 3, =. (ii) > > = (11) ia —— 
4, Given that (7+2)(27—1) is a factor of 
2444 + 220° — 65x42 -—16x”+ 20, 
express the given polynomial as the product of four factors, and find 
all the roots of the equation 24a*+ 22.73 — 6527 —-167+20=0. 

5. Find in terms of y the value of 2x°-—3x%7-—3xv—5 when (y +3) is 
substituted for «. Hence show that for all values of w which are not 
less than 3, 22° > 327+30+5. 

6. A boatman can row at the rate of a miles an hour in still water. 
He rows a distance of 7 miles down a river which flows at the rate of 
6 miles an hour, and back again. (i) How long does he take? (ii) 
Show that the time taken is longer than that which he would re- 
quire in order to row 2x miles in still water. 


7. Reduce to their simplest forms 
x+y aL a+b a—b 
ae _ ea 1—-av /~i+ab 
8. Two men A and 6 cycle north from P, each travelling at a 
uniform speed. A starts at 1 p.m. and B at 2 p.m. B passes A at 
4 p.m., and at 5 p.m. A increases his speed by 5 miles an hour and 
passes Bat 7 p.m. Find the speeds with which A and B commence 
the journey. 


, where v= 


22. (To § 182.) 
1. Solve the following equations : 
(i) #—607=5184; (ii) 7(1'8—x)=0°7776 ; 
(iii) 4(@—1)(@ +3) —8(@—3)(w+ 5) +9(w—5)(w+1)=0. 
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2, Find two values of a such that the equation 
(a —a)(2v%+a)=(#—2a)(w -— a) -51 
may be satisfied when #=2: find also the other values of « which 
satisfy the given equation when a has these values in succession. 


3. Find two values of x for which 2a*—2a?+3ax—9.x? is exactly 
divisible by a—2: find also the quotients when w has these values in 
succession, 

4, An officer can form his men in a solid square, and also in a hollow 
square three deep, the number of men in the front row of the hollow 
square being three more than that in the front row of the solid 
square. Find the number of men. 


5. Simplify the following : 


o-1 g—14 “2-17 
UE See P4+Oe=8* P4ha—12 
(ii) - — an —%0" x2+2bx—5ex~—10be x7+2c 


ve aie Ben — bac’ a®—9ae+200—4ac £120 


anh Buy Be+y ) fee ) 
cH) (s ty —y? 20+ 3a0y+y" * ay * os 


6. sek for « the following paces : 


8 oa 3 6x k 
© ane < ee = tie —2 ~ (@—5)(5a—2)’ 


4 "8 : 
(iii) a(4 etry poeta, (iv) pq(aa®+b)+(p'a+q*b)x=0. 


7. ABC is a right-angled triangle of which the hypotenuse BC 
exceeds the side AC by 8 inches, and AC exceeds 24 B by 5 inches. 
Find the lengths of the sides. 


8. A and B ride along the same road, starting together, at 8 and 
10 miles an hour respectively. A quarter of an hour later, C pursues 


them and catches B 26 minutes after catching A. At what rate was 
C riding ? 


a VHS Baw! 


23. (Graphs.) 

1. Plot the points A (4, 35), B(60, 2), C(24, 50), taking one-tenth of 
an inch as the unit of length along OX and OY. Find by calculation 
the lengths of BC, CA, AB, and prove that AOB is a right-angle. 

2. Plot the points A(5, 4), B(14, 7), C(8, 15). Find by calculation 
(i) the area of the triangle ABC; (ii) the length of BC’; (iii) the length 
of the perpendicular from A to BC. 
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3. Plot the points A(12, 16), B(8, 11), C2, 3). 
(i) Find the equations to AB, BC. 


(ii) Find the equations to the straight lines CD, AD drawn 
through Cand A respectively parallel to Bd and BC. 


(ii) By solving the equations obtained in (ii), find the coordinates 
of D, and verify the result by completing the parallelogram 
ABCD. 


4. The average yearly price in pounds per ton of copper for the 
years 1885 to 1895 is given in the following table : 


= ea 87 |'88 89 ‘90 | 91 ‘04 | 95 


‘92 |'93 


'85 | '86 


49 | 45 | 48 | 80 | 56 | 62 


57 | 50 | 18 44 | 47 


Price in pounds per ton 


Exhibit the results graphically, and explain the reason for the 
following statement :—“ If the price for the year 1888 were not given, 
the rest of the information would not enable us to estimate the 
probable price for that year.” 


5. The average yearly price in pounds per ton of pig iron and coal 
for various years is given below : 


ice of Pig Iro Price of Coal 
went. op Ee ge per on 
1882 Raps wd aol 5s. 8d. 
1887 £1. 128. Ld. 4s. 11d. 
1889 Hl, W338, 2d, 6s. 3d. 
1890 £2. 7s. 8d. 8s. 1d. 
1894 £1. 15s. 3d. 5s. 11d. 
1897 £2. Os. 1d. 5s. 11d. 
1900 au3y tele IGE, 10s. 6d. 
1902 £2. 68. 10d. 8s. Id. 


Draw graphs referred to the same axes to show the variation in 
price of pig iron and coal. 


6. If the rate of exchange between England and the United States 
is 67 dollars to 279 shillings, draw a graph to show the equivalent in 
dollars of any sum of English. money up to £5. Read off (i) the value 
in English money (correct to 6d.) of 9 dollars 40 cents, (ii) the 
value in American money (correct to 10 cents) of £3, 12s. 
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7. The time 7’ seconds of the vibration of a pendulum of length Z 
inches, for various values of Z, is given in the following table : 


z | 6 | 12 | 18 | 2 | 30 | 36 | 4 


1 | 0-39 0-68 | 078 0-88 | 0-96 | Vl 


0:55 


Plot the points which represent corresponding values of Z and 7, 
and draw a smooth curve through the points. Estimate to the 
nearest inch the length of a pendulum which beats seconds. 


24. (Graphs.) 
1. Plot the points P(7, 4), @(-5, —2), &(—3, —8), S(9, —2). 
(i) What kind of figure is obtained by joining PY, YR, RS, SP? 
(ii) Find the coordinates of the middle points of P2 and QS. 
(iii) State a geometrical theorem of which the result in Gi) is a 
verification. 

2. If O is the intersection of the diagonals of the parallelogram 
PQRS of Ex. 1, calculate the areas of the triangles POG, QOR, ROS, 
SOP. 

3. Plot the points P(2, 5), @(—6, -1), R(—2, 7). 

(i) Find the equations to the perpendicular bisectors of QR, 
RP, PQ. 
(ii) By means of the equations obtained in (i), prove that the 


perpendicular bisectors meet in a point QO, and find its 
coordinates. 


(iii) Calculate the lengths of OP, 0Q, OR. 


4, Plot the points in which the lines whose equations are 
307+ 4y=60, 342+ 4y=24, 
cut the axes, and draw the lines. 

(i) Prove that the points P(—12, 15), Q(4, 3), R(16, —6) all 
lie on the second line, and verify by plotting the points. 

(u) If the first line cuts OX, OY respectively in A, B, calculate 
the areas of the triangles PAB, GAB, RAB. 

(iii) State a geometrical theorem of which the result in (ii) is a 
verification. 
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5. The freezing and boiling points of water are marked 0° and 100° 
Centigrade, and 32° and 212° Fahrenheit. Find the temperature for 
which the readings on the Centigrade and Fahrenheit scales are the 
same, and illustrate graphically. 

6. The total cost to a refreshment contractor of providing a three- 
shilling dinner is found to be £(a+6N), where a and 0 are constants 
and J is the number of guests. 

(i) Prove that if £P is the total profit for V guests, then P 
and WV are connected by a linear relation. 
(ii) If the profits and numbers of guests on two days are as below : 


| 
; " e12, 10s. | £37. 10s. 


Number of guests 2500 | 3500 


Profits 


plot the graph which represents the relation between V 
and P. 

(iii) How many guests are necessary just to pay expenses? What 
profit will be made on 4500 guests? What is the value of a ? 
7. A burglar, having broken into a house, is interrupted and makes 
off at 4 a.m. towards a town 15 miles away, alternately running for 
quarter of an hour and walking for quarter of an hour, at the rates 
of 10 and 4 miles respectively. The owner of the house, having 
ascertained the direction in which the thief had gone, pursued him 
on a bicycle, at the rate of 15 miles an hour, starting at 4.50 a.m. 
Was the burglar caught before reaching the town ; if so, at what time 

and how far from the house ? 


25. (Graphs,) 
1. Plot the points P(2, 7), Q@(—5, 13), A(—3, —2). 
(i) Find the coordinates of D, #, F, the middle points QA, RP, 
PQ respectively. 

(ii) Find the equations to PD, QE, RF. 

(iii) By considering the equations to PD, QE, RF, prove that 
these lines meet in a point (G@), and find the coordinates 
of this point. 

(iv) State a geometrical theorem of which the result in (iii) is 


an instance, 
N.A. I. Xi 
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2. Plot the points P(8, 1), 9(—2, 7), R(-8, —8). 
(i) Find the coordinates of S, 7, the middle points of PQ, PR 
respectively. 

(ii) Find the equations to S7, QR. 

(iii) By means of the equations to S7 and QR, prove that these 
lines are parallel. 

(iv) State a geometrical theorem of which the result in (ili) is 
an instance. 

3. Plot the points A(10, 10), B(6, —9), C(—15, 5). 
(i) Find the equations to BC, CA, AB. 

(ii) Find the equations to the straight lines through A, 5, 0 
respectively perpendicular to BC, C/A, AB. 

(iii) By means of the equations to the perpendiculars in (ii), 
prove that these three lines meet in a point, and find its 
coordinates. 

(iv) State a geometrical theorem of which the result in (ii) is 
an instance. 


4, Draw graphs of the functions 


ll ; LO ee 
23(4-17) and ayes 


Read off, to one place of decimals, the value of « for which the 
functions have equal values. 


5. Draw, as a “ Ready Reckoner,” on as large a scale as possible, a 
graph showing the relation between pence per pint and francs per 
litre: given that 25 francs=£1 and 1 litre=1# pints. Read off from 
the graph (i) the French equivalent of (a) 44d. a pint, (b) 1s. 10d. a 
gallon ; (ii) the English equivalent of 3 firs. per litre. 

6. Approximate values of a quantity y, corresponding to certain 


values of another quantity x, are found by experiment to be as shown 
in the following table : 


| 1, | 182) 28 (239 | 


51 | 6-0 


ly | 0-223 | 0327 | 0-525 | 0730 | 0-910 | 1-095 


Plot points to represent the pairs of values of w and y. Assuming 
that w and y are connected by an equation of the form y=mr+p, 
where m and are constants, find the most probable values of m and p. 
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7. (i) Find the coordinates of the point (P) of intersection of 
the lines whose equations are 
v+2y=3; x4+(2+h)y=4. 
(ii) If & diminishes and approaches zero, what happens to the 
coordinates of P? 
(iii) Illustrate by drawing the lines when & has successively the 
. values 0°2, 0°1. 


(iv) What kind of lines are represented by inconsistent linear 
equations ? 


Abscissa - : ee 
Algebraical Difference 
Expression - 
Area of triangle - 
Arithmetical progression 
Ascending Order - 3 
AssocraTIvE Law 
16; 31,43. 1072) toz, 


Axes of Coordinates 1S, 
Binomial > : 

powers of - 2 
Brackets - - 16, 20, 26, 


Cardinal property of alee 
Choice of scales 
Coefficient 6, 49, 
Common Factor (or orem e) - 
CommutTaTIVE Law 

15, 30, 43, 106, 151, 
Constant : = : 
Continuous Variation 
Converse Theorems - 
Coordinates - : 2 
Cube 5 “ : 2 2 
Cube Root (see Roots) - - 


Degree - ~ < - 
Descending Onder - - : 
Detached Coefficients 
Difference of Cubes : 

Squares - 
Digit - 2 S 2 
Dimension - 
DISTRIBUTIVE ve 
Dividend - 
Division rPranitostiationt 
Divisor - 


20, “43, 52, 
202, 


PAGE 


168 
159 

6 
128 


INDEX 


PAGE 
Elimination - - . - 88 
Equalities, Rules for 

34, 46, 116, 150, 183, 239 
Equation to straight line 138 
Equations and Identities eel 
Equations and Problems 37, 78, 246 
Equations with literal Coefficients 79 
Equivalent sets of Reeabions 91, 277 


Evolution S : = 126 
Exponents — - - - - 45 
Expression — - - - - 6 
Factors - < - 9, 10, 62, 187 
Fractions = 118, 207, 233 
Formula - - : : - 6 
G.C.M. - 49, 191 
Geometrical Forutlee - S18 
Gradient of a line - - - 262 
Graph of an equation - 138 
Graphical representation 131, 167 
H.C.R. - : : = 50191 


Homogeneous Expressions 49, 195 
Identity - - - - ee ell 
Inconsistent Equations - 102, 253 
Independent, Equations not - 102 
InpEx Laws 46, 109, 176, 210 
Inequalities, Rules for 

36, 116, 150, 183, 239 
Infinite values - - - 253 
Intercepts —- - 262 
Interpolation, Graphical - 145 
Inverse Operations - 25, cH 105, 107 
Involution — - - 45 
Irrational Numbers = 126 
Irrelevant Roots - 295 


Irreversible Steps. - 247, 278, 288 
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PAGE 


Hi CMEC = 51, 191 

Laws of Addition 15, 22,151, 158, 209 

Division 105, 178, 209 
Multiplication 

20, 48, 174, 209 


eR ON. ol; 151, 158, 209 | 


Like terms” - =) 23 
Linear Equation = 137,260 
Function - - - 141 
Literal Coefficients - 49, 79 
Long Division - 200, 227 
Long Multiplication 194, 225 
Minuend - - - =D) 
Monomial - = = eee ret OC) 
Multiple - - - 26 
Multiplier, Multiplicand - 9 
Negative Divisor - - - 178 
Multiplier - - 174 

Numbers - - - 149 

Sign, in problems 164, 295 
Numerical Difference - - 159 


rdinal property of Bs 150 


Jrdinate 132, 168 
Origin - - - - 132, 168 
Perfect Powers - - - 126 
Permanence of Form - 184, 210 
Plotting - - - - SMBs 
Polynomial — - - - - 160 
Powers. - - - - 45, 176 

of a binomial — - - 197 
Prime Number - - - 49 
Product - - - - - 9, 10 
Quadratic Bae - - 28] 


Quantity - - - 130 


PAGE 

Quotient - = : : - »26 
Radical Sign - - : - 126 
Rational Scale - - - 208 
Reciprocal —- - - - 207 
Remainder - - - = AS 
Reversible Steps 37, 87 
Root of a number ae 180 
of an equation - 277 

of an expression - - 181 
RULE OF SIGNS - - == 75 
Rules for Equations - - 38 
Series - - Ele wily/ 
Simultaneous Equations- 86, 100 
Graphical Solution 140 

Solution of an pavation - 11, 37 
Square - - - LO) 
Square Root (see Reotey 126, 180 
Substitution 46, 87 
Subtrahend - - . - 25 
Sum - - - 5, 159 
of cubes - - - - 76 
Surds” - - - - - 126 


Terms of an expression 
6, 27, 79, 118, 159 
- J adlyl 


of a series 
Trinomial - - - - 160 
Unitary Method - - - 121 
Unknown - - - =. 1h 
Value of a letter - - - 2D 
Variables - - - - 49 
Vinculum 127, 162 
Zero 149, 173 
Zero products - - : - 276 


Koa in 


iW 


p. 8. 


p. 12. 


EXERCISE I. 
1, 35. 2. 12. Bi 1. 4, 17. 5. 23. 6. 35. 
Th Bs 8. 4. sh [8. 10. 7. Lia 12. 27. 
13. 20+2. 14. +20. 15. «#+y. 
16:8. ty eae 18, 14) 
19. 104+6+4+w or 16+ miles. 20. #+y+4 miles. 
21. x+y+zmiles. 22. 37+27+.2 or 6x miles. 23, 5. 
24, 5. 25. 5 miles. 26. 20=17+4+3. 
27. s=atb. 28. 3a feet, 36a inches. 29. 1760xyards. 
30. 8 half-crowns, 10x florins, 40x sixpences. 
31. 127+6y pence. 32. 307+ 24 pence. 
33. 3a eggs. 34, 36 eggs. 35. 16. 
36. a+bapples. 37. a+a+b or 2a+6 apples. 
38. v=2a+b. 39. a+6 years. 40. a+y years. 
41, w years hence. 42. «+7 years. 
43, v+7+3 or v+10 years. 44, w+7+y or v+y+4+7 years. 
45, 2v+y years. 46. 7+2, 7+3, v4+4. 
47. Qe+1. 48. 22. 
49, An even number. 50. An odd number. 
51. 2n, 2n+2, 2n+4. 52. 2n+1, 2n+8, 2n+5. 
53. 20, 4. 
54. If to five times a certain number the number 2 is added, 
the sum is 22: what is the number ? 
55. 50+ pounds, 50+ 10x pounds. 56. 5. 
EXERCISE IL. 
1, w+e. OA Se 3. #+a+a. ADD Ts 
5. v+a? or UXGXL+UXUX 2. 


ANSWERS. 


e+arte? or eX H+axe+uxe. 
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p. 12. 


p. 14. 


p. 19. 


ANSWERS 


7. 2, 4. Sy, alls 4h GC) eG. LO wens: 
iil, 2 IG. 12 S12: 13. ab+ab. 

14. Multiply « by 6, then multiply the product by e. 
LDNG: 16.76: We hep 18.) £8; 
iis, We. 20. 20x pence. 21. ar pence. 

22. 112% pence. 23, 112ax pence. 24. ax+by pence. 
25. 3v miles, vt miles. 26. s=00. 

27. If aand bd stand for any numbers, then ax b=6bx a. 
28. 6. 29. 3. 30. 3. 

31. 13. 32. 35. 33. 15. 34, 45. 
35, 225. 36. 10. S15 28. 38. 1. 
39. 3. 40. 11. 41. 125. 42. 5. 
43, (i) 4” miles, (ii) 7. 44, (i) 4v=3y, (ii) 6, (iii) 12. 
45. (i) 880, Gi) 44, (iii) 6. 

46. (i) 16, 144, 1600 feet; (ii) 4, 2; (iii) 5 seconds. 

47. (i) 323, Gi) 16, (ii) 25. 


48. (i) w sq. ft., Gi) wsq.ft., (iii) 21a sq. ft, (iv) ph sq. ft. 
(v) 70h sq. ft., (vi) 22h+2b/ sq. ft. 

49. G) 7, Gi) 4, (ii) 1. XI, (ay, (Ga) Si Gnnd)y 1. 

SY Ws Il a Gy ie Sk Bie Bh bo Bip: aly ay): 

54. #=3, y=4 and #=4, y=3. 

55. G) 8, Gi) 4. 56. 2y=27; w=3, y=9 and v=9; yoe 

57. 5 and 6. 58. 3 and 8. 59. 2 and 9. 

EXERCISE III. 

1 1, 2. Qi. 3. 15. 4. 44. 5, 21. 

6. 10. te 29. 8. 40. 9. 40. 10. 25. 

11. 94. 12. 34. 13. 64. 14. 99. 15.) Dos 

18. #=2a+3b+4 4c. 19. (i) 31, (i) 49. 

20. r=4a+3b4+26; 125 miles. 


. ©=2a+4b+2ce+d; 1450 pounds. 
. ©=a44+2b4+3c4+d+5; 95 runs. 


. 42 years. 24. 48% shillings ; 2 shillings. 
. 6y+75 shillings; £1.10s. 26. 10a+15b+5c¢ feet; 5. 

. 17¢ feet, 16¢ feet ; 160 seconds. 

» (i) a+1ld, a+19d; (ii) 23, 39; (iii) 24, 40; (iv) 35, 59. 
9, 1999: 30. (i) 4, Gi)'2. ~ $1. @ 615-Gi) 43, Gi) 102! 
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EXERCISE IV. 


p. 23. 1. 9. 2. 14. 3. 10. 4, 14. 5. 300. 
6. 200. te So) 8. 2300. 9.20. Liesl 
de 20: 12. 14. 1S SS: 14, 36. eee 
16. 100. 17. x(@+1). 18. y(v?+2). 
19. c(b+a+3). 20. w(a@?+e+1). 21, c(ad+c?). 
22. (w@+y)(w+y) or (w+y). 23. («+y)(w#+y+1). 
24. (v+1)(@+3). 25. (v+2y)(a+y). 26. (7+ 27"). 
27. 15a. 28. 4a. 29. 16a. 30. 38a+6. 31. 30440. 
82. 5a+8b4+8¢. 33. v+4y. 34. 67467492. 
35. 2r7+12. 36. 10a°+9. 37. 102. 
38. 5x+5y. 39. 40+5y+6z. 40. 27+ 2y +22. 
41, 4r+4y+42z. 42. 27+4y422. 43, lla+10y+ 2z. 
p. 24. 44. 742+9b4+2c. 45. 4a+5b+6c. 
56. (i) be+a, (ii) (a+b)(c+d). Bima os 
58. 6. 59. #=7, y=1. 


60. (i) v=175, s=475; (ii) w=10, s=174; (iii) t=2; s=88; 
(iv) 276 ft. 

61. (i) 4z=axr+by; (ii) 6; (iii) 14d., Za., 3d., fd. each. 

62. (i) 24=wxt+yt; (ii) 4 p.m. 


EXERCISE V. 


Dei. tL, 3. Yds Bh ee Wl AST: Oumele 6. 10. 
the “U Sra Oaths LO ele ih Ab LO ee 
ifs vf 14. 10. 153: 16325: eee 
18. 5. 195: 20. 8. VANS O. Da 13 
2a: 24, 15. ay DATE 26. 3. Pale, AMG} 


p. 28. 29. (i) ax(b+c); (i) ax(ce—b); (iii) a+b+c; (iv) a+(cb); 
(v) a+(c+d). : 
43. w-20 years. 44, 40-r years, 45, y—w years. 
46. 5. 47. 100—azv miles; 14 miles an hour. 
48, 240v+12y—z pence. 49, w=ut—vt; 40 yds. 
p. 29. 50. (i) v=2680, s=28,400; — (ii) ¢= 62, s=62,496; 
(il) w= 2277, S=S1,01 1); (iv) 85 seconds, 139,400 feet. 
51. (i) 11, 15, 19; (ii) 13, 14; 15; (iii) 6; (iv) 3. 
52. (i) 3a—4y miles ; Gi) 32=47=5+ (aii) 11, 15, 19°; 
(iv) 16, 19, 22; (v) 3. 
53. (i) at—yt=3a; 15. 
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p. 32. 


p. 33. 


p. 39. 


p. 40. 


ANSWERS 


EXERCISE VI. 


i, Dez Ws. GR. See 4, 2a. 5. 20a 
6. a?—2ab+ b?. 7. 4a-6. 8. a*—2ab— 6? 
9. 3a—5b. 10. a—5. Leo: 12. a—b. 
13. n-4. 14, n-2. ils, 16. 2n-2. 
17. n+2. 18. n-12. 19. a. 20. a—2b0. 
21. 2a—b. 22, 0. 23. 4u. 24, 2n+2y. 
25. Rises 400 ft., rises 500 ft., sinks 800 ft. 


. (a) spend 12d., earn 6d., spend 3d. ; 


(6) spend 12d., spend 3d., earn 6d. ; 
(c) spend 3d., spend 12d., earn 6d.: 5d. must be borrowed. 


27. 100—ax —by miles. 28. w—(b—c) feet, a—b+c feet. 
29. 60—ax— by pence. 

30. Gi) w-1, vw, v+1; Gi) y-2, y-], ». 

31.. (i) 22-3, 2n-1, 2n+1; (ii) 2-7, 2-5, 2Zn-3. 

32. 62. 33. 32-3. 34, 37 ~6. 

35. 5a2—5b24+ 3a — 3b. 36. 3c—2a—-6. 

37. 20° +24? +27 —10. 38. a+b-2c; bt+e. 

39. 4v+6y—7z; 2xe+7y—z. 


21. 


22. 


. 8849+ ry? +37 5 3x? — 20274 Bary? + 3. 


EXERCISE VII. 


A is as tall as C. 2. Y=z. 

Subtract 3 from each side; 7. 4 Art. 24, Rule5. 5. 3. 

If 5 is added to twice a certain number the sum is 11. 

b: tah, Gy Gh 

If three is added to a certain number, and the sum 
multiplied by 2, the product is 12. 

16., ih, 2 UNC), 13. 3. 14. 7. 

iil Ge} Lise. Sei: 

(1) Associative Law ; (2) Commutative Law ; (3) Art. 24, 
Rule 3; (4) Art. 24, Rule 5. 

The sum of three consecutive numbers is 93; find the 
numbers. 


(i) 38, (ii) 60, (ili) (v-1), (iv) 99-2, (v) there are as 
many numbers before the middle term as after it: 
hence we equate the results obtained in (iii) and (iv). 

(1) w is added to each side ; (2) 1 is added to each side. 


p. 41. 


p. 42. 


p. 47. 


p. 48. 


23. 78: show that as many of the given numbers come 
before 78 as after it. 
24, 4 and 5. 
25. As many of the given numbers come before w—1 as 
follow 2. 

26. 101; 100, 101. 27. bu. 

28. (i) £(y—2x); (ii) L(y+2x); (iii) L5y. 

ma (i) 24s a= 8, y= 7, 30. GQ) 88 vail, 7=7. 

31. (i) v=11, y+z=10; (ii) y=8, z=2. 

$2. (i) #+-y=8, e—y=2; (ii) v=5, y=3. 

Bes CG, bso. Se ee Sue LS G. (i) 3, 22 2-3. 

34. (i) 10”#—(21—x%)=56; r=7, y=2. 

35. (i) p=2(1+b); (ii) 22; (iii) 24; (iv) 100. ; 
36. 27, 66. 37. 65, 38. 38. 9,38 39. 4 £133, BES. 
40. A £79, B £21. 41. 4n+2a years; n=2a. 

42. 48, 49. 43. 6n+9. 44, 109, 111, 113. 
45. (i) 89. (ii) A, £1. 23. 3d.; B, 14s, 10d.3 ©, 7s. 5d. 

46. (i) 227 shillings ; 30 shillings. 

47, (i) £27, £e—6); (ii) £(4x—6); (iii) £15. 

48.86.37.  °49, 21,)21.- 50, 10. Bl. y=5e. 

EXERCISE VIII. 

bala 2. 3x”. 3. 3xyZ. 4, x y32', 

5. yz ayet+ vy2. 6. a2, 7. 35212, 

8. 6°54, 9. 302°, 10. abict. Lov: 

12. 2°. 13, :<°. 14, #, 15. 8x8. 

16,7 934. 17. Sta. 18. 64x12. 19, 24%, 

20. 2”. 21. 67497. 22. 8a°+20a7b. 

23, ab+ab’. 24, wb? + a*b°, 25. 62°+ 20. 

26. 122°y?+90y, 27. 1074+150°+2007, 28. xv? +2Qay+y. 
29. a(v+1). 30. 22?(7+1). 31. 3x (0? +2). 

32. ab(a+b). 33, ayz(a+ytz). 84 wy(ayt+1). 

35. 5x*y2(Qyt+.x). 36. (vty)\(vt+y). 37. (w@t+y)\(e@+y+)). 
38. (v+1)(v+2). 39. (~w+y)(~+2y). 40. (7 +2y)(7+2y). 
41. 200. 42. 2000. 43, 25000. 44, 4000000. 
46. Quvy+2Qyz+ 22. 47. Say + 5yz+ dev. 

48, (i) vat+ya+ub+yb. 

49, (i) 16v?+40ny+ 25x"; (ii) 404+ 12027? + 97/4. 
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p. 48. - 


p. 51. 


p. 53. 


ANSWERS 


50. (i) w+27+1; (ii) w?+6074+9; (il) #7? + 10a+4 25 ; 
(iv) 40? +47+1; (v) 16”?+8r+1; (vi) 40?+12749; 


(vil) 9v? + 24a +16 ; (viii) 25%? + 60xy + 367? ; 
(ix) 49x? + 112vy + 647? ; (x) a+ 2a*y?+y! ; 
(xi) 404+ 1227y?+ 9y? ; (xii) 26+ 2a3y3 + 7/8, 

51. (i) +62? +12r+8 ; Gi) 2743 +274? +9n-+1 ; 


(iii) 82° + 60024 + 150xy? + 1257? ; 
(iv) 7+ 30ty? + 302y4 + 98; (v) vy3 + 12x?y2z* + 48ny24 + 6426. 
52. (i) a+7v+12; Gi) #+1174+30; (il) #4+227+4120; 
(iv) 10%?+7a2+1; (v) 84?+2274+15; (vi) 354?+82xr+4 48; 
(vii) w+4+20?+2v7+1; (viii) 403+ 6e%y + bay? + 97°. 
53. v+ 403+ 62? + 4a+1. 
54, (1) 4v?4+127+9; (11) 8724+ 247?4247+8. 


EXERCISE IX. 


Ll. () ay, y2, 20 5 (iia ay. 2, (i) ay, 72, xy2; (hi) a, wa 
Sh Gy Ob Lee 4, abc?. 5. 2a. 
6. ay. GB. 8. 3a*be. 
9, 12ac. 10. ‘abi. ll. 6xyz. 
12. py. 13. 3(a+6). 14. a+206. 
15. a+0. 16, abe. 17. 1l2abxy. 
18. a*b®nyz. 19.° a*b%c* 20. 1222922". 
21 pegkat 22. 168a2b2x2y2*. 23. 2402min°. 
24, 5a%(a-b)(a+b). 25. 6(a+b)*. 26. c?(a+b)?. 


27. H.c.F.=a'd?; L.c.m. =a. 

28. H.c.F.=a3b2c? ; L.c.Mm.=5184a4h%8, 
29. H.c.F.=aSt®; Lom. =al2hl, 

30; Hor=2; Lom. = 27229, 


EXERCISE X. 


1. 700. 2. 390. Ch Mille 

4, 300. 5. 320. 6. 7(14+22). 

7. 5(2x7-y). 8. a(2a— 5). 9. a*(a—1). 
10. 2a%(a—1). 11. 3ab(1+a0). 12. ab(a+b). 
13, 5a?b*(a —d). 14. 7ab(b—2). 15. 3x°(8x - 1). 
16. 3v(8c-1). 17. ay32%(v? +2"). 18. ay?2(2—2). 
19. a(a+b+c). 20, 27(42?+ #7 — 2). 


Zl. xy2(x2y + yz — we"). 22. 5xy (a —2Qa%y + Qvy" — y°), 
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23, (a+b\(e+d). 24. (a—bY(e-d). 25. (w—b)(w-+a). 
26. (w7t+y-z)(at+b). 27. (w-2)(a?+1). 28, (#2+1)(e+1). 
29. (a—1)(b+1). 30. (w-1)(a-8). 31. (a-b)(a—b-0). 


32. (a—b)(a-b-1). 33. vty. 34. 8v—7y. 
35. 3xz. 36. yztert wy. 37, x22 + yx? + zy", 


p. 54. 38. 4a+17b-8e. 39. 9b-1le. 
40. 2a?-36?+c?; a?+6?+c2% 41. 6axv—6b. 
42. (i) av+ay—bx—by; (ii) aw—ay—be+by. 


EXERCISE XI. 


p. 56. 1. «?+77+10. 2. «*—Txr+10. 3. «22-37-10. 
4, #?+3x2—10. 5. 1l5v?+8r+1. 6. 15%?-8e#+1. 
7. 1527+292—1. 8. 1522-27 -1. 9, a?+2ab+b?. 
10. a?—2ab+ b?. 11. 2027+9xy+y?. 12. 202?-9ay+ y?. 
13. 202? + ay — y?. 14, 20x? — xy —y. 
15. 847+ 26x27 +217. 16, 8x? —26xy+21y”. 
17, 8x?—Qaxy — 217". 18, 8477+ 2xvy —21y?. 
19, «4327-40. 20. 6a?y? —3xy — 30. 
21. Tat — xy? — 8y4. 22,00 — lh 23, 2-1. 
24. 8x°—-1. 25. 272° +1. 
26. a+3ab+ 3ab? +b’. 27. a — 6°. 28, a? +b, 
p. 57. 29. 6x7?-12x?- 107 +20. 30. #°-7x-6. 
31. 2-16. 32, «430° 74-270 — 18. 


83, 624-172? —106x?+ 217% — 60. 
34, at+4a%b+ 6a2b? + 4ab? + bt. 
35. at —4a3b + 6a2b? —4ab?+b4. 36. at—2a7b?+ 61. 


EXERCISE XII. 


p. 59. 1. (i) Qv4+1)?=40?+4r4+1, Qe—1)?=40?-4r+1; 
(ii) (60+ 3y) =2527 + B0xy + Oy’, 
(54 — 8y)? = 2547 — 30xy + 9y? ; 
(iii) (+7 P=at+20%P+y', (?-—y*)=a4 — 2a + yt ; 
(iv) (823 +4)? =92° + 6x53 + y8, (30° - 7°)? = 9x8 — 60373 + 9 ; 
(v) [w+ 2) P= 02+ 0ly —2) + (y—2)% 
[o—(y—a)P= 02 2r(y 2) +(y-2)*5 
(vi) [2a+(3y —5z) P= 40? + 40 (By — 52) + By — 52), 
[20 — (By — 5z) P= 42? — 4x (By — 52) + (By — 52)’, 
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p. 59, 2. (i) 2?-2e4+1; (ii) w-8r4+16; (iii) 2?+10r%+25; 


m (iv) 9a?-6a+1; (v) 9x?—12a%+4 ; 
(vi) 2547+ 40xy +167? ; (vii) 362? — 8427+ 497? ; 
(viii) 4922+ 112xy + 64,7? ; (ix) 49x?y? —28ay +4 ; 
(x) 9(25a? + 70xy + 49) = 225.47 + 630ry + 441 ; 
(xi) vt — 2a? +41 ; (xii) 3626 —122°+1. © 
3. (i) 2v+5; (ii) 3v-2; (iii) 4r—y ; 
(iv) 2a?-y ; (v) 6x3 + 57? ; (vi) 27+4+5y—1. 
4, (i) #?-1; (ii) 7-25 ; (iii) 4x?-9 ; 
(iv) 16x? —25 ; (v) 2527 — 367? ; (vi) ct-7; 
(vii) 9° — 78 ; (vill) a*b-—4 ; (ix) a&—B8, 


5. G) +a? +2 — Qary — Qaz+ yz ; 
(ii) a +y?+2? —Qay 4+ 202 — Qyz. 
6. (i) 4074+ 97? +2 + lday — 4x2 — 6yz ; 
(ii) 407+ 9y? + 162? — 12vy — 1622+ 24yz ; 
(iii) w+ 4y? + 252? + day + 1022+ 20yz ; 
(iv) v*+ 16y* +24 — 8724? + 2072? — 8722? ; 
(v) et4+20%4+30?+4+274+1; (vi) 4a*-120°+52?+6r4+1; 

(vii) 9a? — 2443 + 46a? — 40” + 25 ; 

(viii) 7®+ 205 — «4 — 408 — 42 42¢+4+1, 


p. 60. 7. (i) Qve4+1)=82? + 12v? + 6r+1, 
(Qa —1)? =823 —124%°+6x—-1; 
(ii) (50 +3y)? = 12523 + 225.u?y + 1352y? + 27%, 
(5x — 3y)? = 12503 — 225x%y + 135xy? — 27y? ; 
(iii) (2+ y= a8 + Barly? + Bap + 
(x2 — 92)? = «8 — Baty? + Bary! — 98 ; 
(iv) (3823 +4°)? = 2729 + 272%y3 +. 9x3 y8 + 9, 
(323 — y3)? = 2729 — 27 xy? + 9x3 y6 — 99, 
8. (Gi) #—3a?+3e2—-1; (ii) a —122?+ 484-64; 
(iii) v3 + 1542+ 7524125; (iv) 27a3—274a24+9r—-1; 
(v) 272° — 5402+ 36x —8 ; 
(vi) 12543 + 300x°y + 24022 + 649 ; 
(vii) 21623 — 756x*y + 882.xy? — 34323. 
9. (i) 8a +1=(Qe+1)(402-2041), 
803 —1=(2v —1)(40?+2e+1); 
(ii) 12543 + 27y3=(5x + 3y) (25.2 — lday +97), 
12543 — 274° =(5x — By)(25x" + 1lbxy + Oy”) ; 
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(iii) 29+ y= (2+ y")(ot — ay? +4), 
a8 — y= (a2 — 92) (at + ay? +9) ; 
(iv) 2748 + 48 = (32? + y?)(9at — 322? + 74), 
2748 — 8 = (Ba? — y)(9at + 3x?y? +. 4). 
10. (i) (7+3)?=100; (ii) (7—6)?=1; (iii) (8+2)8=1000; 
(iv) (9+1)?=1000; (v) (65—4)=1. 


ll. #4+2?+1. 12. a®x?-2a®x+a?—4. 

13. a4 —7ax?y? +2. 14. «1 — xy? + 4ay3 — 4y'. 
15. a+ 4b. 16, v®— 424 — 423 — 9x? + 16. 
17. wv — ax? — bx? + ab. 18. v'-—327+9. 

19. «° — 8047+ 140°y? + 9a7y? — 6xy'. 20, 28+ arty4 +78. 
Ze Vs 22. 4y?. 23. 42°. 24. 167’. 
25. 7°. 26. 270° +81x?y + 81lxvy?+ 277°. 

p. 61. 27. 2-1. 28, x®— 7%. 29. 2 —y8. 30. 3v7+7. 
Sl, bay: BA NOMEN 33. 4av-—a, 34, 8xry. 
35. (a+b). 36. 10%. 39, 4a7b?, 

40. (a—6)(b—6) sq. ft. 41. 4b(3a+5). 


42. (i) 6a7-12a+8; (ii) 2(be+ca+ab)—4(a+b+c)+8. 
43, (i) 6a? ; 2(be+ca+ab) ; 
(ii) 6a? -— 244424; 2(be+ca+ab)—8(a+b+c)+24. 


EXERCISE XIII. 
p. 63. 1. (6+c)(a+e). 2. (b+c)(a—c). 3. (b-c)(a—e). 
4, (a+b)(a+2). 5. (a@+y)(7-3). 6, (8-22)(7-y). 
7. (w-1)(y+2). 8. («-3)(y—5). 9. («+5a)(2y - 3a). 
10. (v+a)(v+b). 11. (w+a)(~—b). 12. (@-a)(w—-5). 
13. (y—x)(y+9). 14. (a—1)(a?-1). 15. (w@+y)(a?+y?). 


16, (w—y)(w+y +2). 17. (av+y)(w+ay). 

18. (al+bm)(bl+am). 19. (4+b)(a+6+ 2c). 

20. (a+b)(a—b+ 2c). 21. (a—b)(a+b—2c). 

22. (y—ax)(y + bv”). 23, (ax+by)(at+y+2). 

24. (5+b)(y— az). 25. (5 —ax)(b—az). 

26. (a+b+c)(ab+be+ca). 27. (Quy +32)(302+ 4y). 

28. (a—b)(a+b+c). 29. w(vw+a)(w+b+e). 

30. (a+2b)(a+ 2b —c). 81. (8a — 2b)*(8a — 2b — 2). 

EXERCISE XIV. 
p. 65. 1. 2?+37+2. 2. «?-8x+15. 3. «?— 129+ 35. 

4. v?+17r7+60. 5. v?—11474+28. 6. 25+102+ 2. 
7. «x — bay +6y". 8. 2? + 1lay+30y?, 9, 420?+132y+y2 
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p. 65. 


p. 67. 
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10. 80%2-18%y+y2 11. 2*—100?+24. 12, 2®—1503+56, 
13. (2+1)+3). 14. (e-2)@-3).  15.-@=)@-4,. 
16. (v7+2)". ‘17. (@=2)(@-4).- 18. @—1)(—8). 
19. (w+3). 20. (v+1)(v@+9). 21. (@+2)(@+8). 
22. (v@+3)(e+7). 23. (w+4)(@+6). 24 (+5). 

25. (a#—5y)(a#—6y). 26. (x—4y)(«@—Ty). 

27. (w—3y)(«— 8y). 28. (w—2y)(a@—9y). 

29. (~—y)(v—10y). 30. (v+y)(20r+y). 

31. (2e+y)(107+y). 32. (4v+y)(524+y). 

33. (1+.27)(284 2). 34. (2+.27)(14+.27). 

35. (44+.?)(7+2"). 36. (wy —1) (ay — 24). 

37. (ay — 2)(wy — 12). 38. (wy —3)(xy —8). 

39. (xy —4)(vy - 6). 40. (2° +1)(a°+ 40). 

41. (v°+2)(xv? +20). 42. (#3 +4)(#+ 10). 

43, (a +5)(a°+8). 44, (v?+y)(a“?+30y). 

45. (w+ 2y) (a+ 157). 46. (a? +3y)(2" + 10y). 

47. (a? +5y)(a?+6y). 48. (a*+10)% 

49, (vwt+y—z)(at+y—5z). 50. (¢—x—y)(z- 5a —5y). 
5l. (w—y —2z)(x@—y — 52). 52. (2-2a+2y)(2—5x+ 5y). 


~ (e+24)(e—-1). 
. (7@+6)(e—4). 


EXERCISE XV. 


e+e — 2. oe 
wv? — 4a —2),. bs 
a — 5x? — 24, 8. 
(7+3)(¢—1). ile 
(@—4)(@+1). 14, 


(w+ 12)(@—-1). 
(7+6)(a—2). 


1%. 
20. 
23. 


(a—9)(a@+2). 
(w@+40y)(@—y). 


. (w—10y)(a+ 4y). 


(«3 — 28) (a3 +1). 


. (08 +7)(x? — 4). 

. (@7—15) (a7 + 2). 

. (¢?+6)(v? — 5). 
 (w@+20),x — 12). 

. (@—30y?)(7 + 107"). 


wv — 42-2. 
xe? — Quy — 
18 + 5a? — 
(v@+4)(x—2). 
(@—5)(@+2). 
(@—12)(@+1). 
(a@+4)(@-3). 
(a —12)(a+-2). 
26. 


3. v2? +4a—- 21. 
48y2, 6, w+ Sey —50y?. 
36. 9. xy? + 4xvy — 96. 


12. 
15. 


(@+5)(@ — 3). 
(@—6)(v7+3). 
18. (@—6)(#+2). 
21. (v@—4)(v+ 3). 
24, (7—8)(4+2) 
(w+18)(@—-1). 
(@—6)(@+3). 

(a — 207) (w+ 2y). 

(a+ 8y)(w — 5y). 


. (a —14)(2? +2). 
. (22 —30)(a2 +1). 
. (#?+10)(@?—3). 
. (v=15)(7 +10). 
. (v—35)(v+7). 


(a —24y) (a + 15y). 
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. (v7 +28)(a—- 8). 
. (w-16)(v+15). 
p. 68. 49. 
. (@-27y)(v@+ 15y). 
. 4(80+5y)(x—y). 
» (wt+y+5z)(v+y). 


(@+ 14y) (a —8y). 
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. (w@+24)(w— 22). 

. (@—24y")(v + 20y'), 
. («—21y®)(v+ 15y®), 
. (54 —3y)(By—~2). 

. 4y(152— 27). 

. (a+yt52)(a+y). 


EXERCISE XVI. 


Diet Oe le) 2a74-5a-3: 2. 2x? 4-74 +3. 3. 327+13¢+4, 
4, 327+8r+4, 5. 327+7¢@+4. 6. 52?-31xr+6. 
7. 52?-l7z+6. 8. 52?-13¢+6. 9, 5x27-11x+6. 
10. 6v?+137+6. 11. 6v*+13274+5. 12. 67*+172?+5. 
13. 62'+3127+5. 14. 62t4+1127+5, 15, 102?-29xy+21y?. 
16. 10x? —41ay+21y?. 17. 102? —73xy + 21y?. 
18. 102?-37xy+21y?. 19. 10#?—107xy+21y?. 
20. 10x? —47xy+21y?. 21, ax?+(a+b)r+b. 
22. ax®+(ab+1)x+6. 23, 2axn?-—(a+2b)x+b. 
24, 2Qax?—(ab+2)u+b. 25. 6aca?+(2Qad + 3bc)a + bd. 
26. (v+1)(82+2). 27. (w-1)(Bc-2). 28. (w7-2)8a—-1). 
29. 3(7+1)(v+2). 30. (8v74+1)(v+6). 31. (v74+3)(Br42). 
32. (v+3)(Qr+1). 33. (7+1)(2a+3). 34, (w—2)(Qx-3). 
35. («—6)(Q27—-1). 36. (w+2)(874+2). 37. (vw+1)(Br+4+4). 
p. 71. 38. (~7+4)(8v+1). 39. (vw—1)(5e—-3). 40. (~w—3)(5e—1). 
41, (~—3)(8x—5). 42. (v—15)(8%-1). 43, (w—2)(8x—5). 
44, («@—5)(87—2). 45, (w-10)(8a-1). 46. (w@—1)(8%-10). 
47, (v+3)(5e+2). 48. (vw+2)(57+3). 49. (v+1)(5”+6). 
50. («+6)(5e+1). 51. (2¢+1)(384+7). 
52. (v+7)(6x+1). 53. (38a —2y)(7x—y). 
54. (x—y)(2lv—2y). 55. (5u+y)(8a+7y). 
56. (v+7y)(152+y). 57, (2Qv—1)(5a—7). 
58. (v7 —7)(10#—1). 59. (2v—1)(2x—5). 
60. (#?—1)(4x? - 5). 61. (Quy —3)(5ay —6). 
62. (wy —6)(10xy —3). 63, (27+3)(52+7). 
64, (v+3)(107+7). 65. 5(v+2)(6r (1). 
66. 3(3v—2)(7x —3). 67. 4(8v7+5)( v+4). 
68. (4”+5)(5x+6). 69. (77—8)(2a— 7). 
70. (2v—1)(8x-—3). 71. (7v+1)(14v+5). 
72. (6¢—1)(12% —5). 73, (lla —2)(22«—3). 
74, (207+9)(30x +7). 75. (9 —2)(187—5). 
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74. 


1. 22? +2-3. 7, 

4, 2x72 -—5ax —3. 5. 

7. 32°+a"-4, 8. 
10. 62?+1llz—-10. 11. 
13. 6at+2942-5. 14, 
16. 82°y?+6xy-—5. 17. 
19. (v—1)(3v+2). 20. 
22. (w~—5)(2Qe+1). 23. 
25. (w~+6y)(Bv—y). 26. 
28. (w+2)(87—4). 29. 


i) 


com > 
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EXERCISE XVII. 


. («-6)(52+1). 

. (c-y) (152+ 2y). 
. (@+7) (7x? —-1). 
(w@+2)(5” —6). 

. (2e—1)(8B0+7). 


. (@-3)(5e+7). 


. (&@+6y) (Bx —2y). 

. (4¢—5)(5r+4). 

» (3a? + 7y) (52 — ¥). 
(Qa —5) (32+ 4). 
. (4a+5)(6x —5). 

. (2@—3)(5c+7). 

(x +10)(4a— 3). 


» (7e#+8)(2xe —7). 


. (97+4)(18e —5). 
. 8(2c+y)(8x— 2y). 


Qn? — x —3. 3. 247 +5x—-3. 
3a? — lla —4. 6. 32?+47—4. 
6x? + 5a —6. 9. 64?-—Tx—-5. 
2a" —3xey—5y%, 12, 327+ 14ay—5y”. 
7a®+192°-—6. 15. 10x”?-29x%—-21. 
7x4 -19a7y - 6y?. 18. 120—47—-21. 


(@+1)(3¢—2). 21. 


(~+2)(3e—1). 


(w@+1)Qx2—5). 24. (w7-3y)(8x+4+ 27). 


(@ --3)(2v+1). 


27. (a+1)(2x-3). 


(e@+1)(8x-8). 30. (@+2)(5x-3). 


» (Ba+2y)(Sa-y). 
. (+7) (5a —2). 
. (222 +1)(3x — 10). 


(v7—1){(52+12). 
(~—2)(14%+1). 


. (e@-21)62+1). 


(x -+12)(3a—1). 


. (@—12)127+1). 
. 3(v7+1)Qx—5). 


(2u+5)(32 —7). 
(40 —7)(8” +2). 


. (2x+7)(4x —5), 
. (4¢—-1)(824+3). 
. (Te +2)(149%—3). 


(5 —6)(107+7). 


. (6v+35y)(w—7y). 


EXERCISE XVIII. 


(i) 4a?-1=(247+1)(2v—1); 


(il) 252? — 9y?=(5a2+ 3y)(5x — 3y) ; 
(iii) at —yt=(a?+y") (a? —¥) ; 
(iv) &-YP=@+y)(e—y) ; 

(v) (e+yP-162=(e@+y+4+ 42)(a@+y— 42); 
(vi) 22 (y-2?=(e+y—2)(w-y +2). 


. (@+1)(e-1). 
. (10+ab)(10 — ab). 


. (94+ ay") (9x4 — ay?). 


» AP +y')(408—y"). 


3. 
5. 


(7+2)(7-2). 
(6ab + 5ed)(6ab — Sed). 


7. (2aa* + 3b?y)(2ax? — 3b7y). 


o 


(11a +8a®)(11e — 842). 


p. 75. 


p. 76. 


. (17a —16)(132 — 4). 


ANSWERS 


(x? +6) (a> —6). 
(w+ 4y®)(o+ 2y')(- 2g). 
(a+b+c)(a+b—-c). 


. (a—b+e)(a—b-e). 
. (a-b+u-y)(a-b-x+y). 
. (8a+b+c)(3a—b-c). 


(5a + 2b —2e) (5a - 26+ 2c), 


. (@—y+1)\(e@-y-1). 
. (Q2+x—-Qy)(Q2— x4 2y). 


3a(@+3)(x —3). 
Pda? + y")(5a2 — ¥*). 


. ab(a+b)(a—b). 
| 1345(20e-+1)(20 - 1). 


(at +b) (a2 + b2)(a +b) (a -b). 


. (4a? + 967)(2a+ 3b) (2a — 3d). 
. aa? + 257) (a+ 5b) (a — 5d). 
. 2xe(4e?+1)(Qe+1)(2e — 1). 
. ab(a?+9b?)(a+3b)(a = 2b). 


339 


. (62° +3)(5x° = 3). 

. (ab4+ 7x") (ab — 72), 

. (4+b+0)\(a-—b-c). 

. (a+b-c)(a—b+e). 

. (a+b+a+y)(atb—2-4). 
. (44+36438c)(a—3b —3c). 

. (6a +7b—7c)(6a—7b+7e). 
» (@+2y +22) (w+ Qy — 22), 

. 2(2¢+1)(Qe—-1). 

. 2(x? + yz) (a? — yz). 

. «2(12y+x)(12y —2). 

. &b(a+b)(a—b). 

35. 


(a? + b?)(a+b)(a—b). 


40. w(a?+1)(v+1)(~-1). 
42, 3(@+y—2)(@-y+t2). 


EXERCISE XIX. 


(w+y+4)(o+y —4). 

(a — 2y +2) (a — 2y —z). 
(w+ 8y+7)(v—3y +7). 
(2u + 3y+2)(2a+3y —z). 
(Qe+y+7)(24—y+7). 


(w+ytylaty 2). 


. (wat+y—2)(e-y+2). 


(2 + 3y —1)(2a —3y+1). 
(42 + 3y — 22)(4a@ - By + 22). 
(a+ 5y —32)(@ — 5y +32). 


. (a+b+e-d)(a-b+e4+d). 


(3a —1)(#@+5). 


(a? +a2+1)(a?-—a2+1). 


2. 
4, 
6. 


. (a2 + Qay + 4y?) (a? — Qavy + 4y”). 
. (@4+3e4+1)(2?—3a+1). 


(+ Bay — y?)(a* — Bay — y’). 


» (a? tary + 2y") (a? — ay + 2y’). 


(7+ 2y—1)(7—2y—-1). 

(wv — 5y + 32) (4 — By — 32). 
(a — 6y + 5z)(a — By — 5z). 
(3% — 5y + 22)(8a — By — 22). 
(w-y +2) -y—2). 

(2a — 5y +2) (2a —5y —2z). 


, (vty +1e—y-1). 


(8a +5y +z)(80 —5y —2z). 
(77+ 3y+7)(7x— 34-7). 


. (at+b+ce+d)(at+b—c-—d). 


(5a —1)(@+5). 


, (lv +3)(a+15). 
. (11a —14)(72— 22), 


p. 77. 


p. 80. 


p. 81. 
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(2? +20 + 2)(av? — 20 +2). 


. (2 + day + By?) (x? — dary + By”). 
. 5(e+1)\(6x2—-7)(@2+1). 35. (w+ 1)(v+2)(w4+-3)(@4+ 4). 


A(wv -1)(@+1)(@ -—2)(@4+ 8). 


. 12(¢+2)(2e+1)(274+3)(30—-1). 
. 24(e—2)(~-5)(2e+1)(8e +4 4). 


EXERCISE XX. 


1. (v+1)(a?-v+1). 2. (v—-1)(a?+xr+1). 

3. (1+2x)(1 — 204 40"). 4, (82—1)(9x?+ 3a +1). 

5. (80 -—y)(9u?+30y+ 7’). 6. (v+4y) (a? — 4a0y + 16y’). 

7. (6x2—y)(86x? + 6vy +47). 8. (Be —2y) (9x? + bry + 4y”). 

9, (7#+1)(492? — 7x +1). 10. (vy +2) (vy? — vyz+2). 
ll. (vy -10)(x?y?+10xy + 100). 12. (8+.2)(64-82+4+w"). 
13. (wy — 22) (vy? + Qayz+4e7). 14. (Ta-2y)(49x? + l4ay + 47"). 
15. (2e+5y)(40?-10xy+ 25y”). 16. (1+10x)(1 — 10x + 1002’). 


Qu(2e+1)(402-2e+4+1). 18. xy(e—y)(e?+ayt+y’). 


19. wy?(w@+2y)(v?—- 2ny + 4y?). 20. 50(2+5x)(4— 10x + 252°). 
21. 2(xcyz—2)(w7y?2? + Qaye+4). 22. (2? +3y)(ct— 3x2y + Oy’). 
23. 9x%(w+2)(a? —27+4). 24, (a? +y?)(2t — vy? +3). 
25, (e?+1)(#*— 2? +1). 


. 40-30. 24) 5a: 208 
B Cliath 9 PAN io EN Hla, Bu aI, BO ey SIA. 
» OL 34. a+6+1. 35. a+b. 36. a+4. 37. a—b. 
. @+ab+b? 39. a?-3a4+9. 40. a+b. 41. b-a. 


. (+1) @—1)(e? +041) (a2 -42+1). 

. (wv? +4) (a — 4a? + 16). 

. (@+2)(7—2)(u? + 20 + 4)(v? — 204 4). 

. (0? + 9?) (a? - 9x24? + 81y4). 

. (w+ 8y) (x — 3y)(v? + Bay + Oy?) (a? — Bxy + Oy"). 

. Maety)\(e+acyt+y’). 32, 2(2v+y)(B1v? + 40xy + 13y”). 
. 220 —y) (Ble? — 40xy + 137”). 34, y(27a? —-9xy+y"). 


EXERCISE XXI. 


5 Dao: Be 4, 12. eo? (ey & 
ie i, 2 iS hihats LOnaa ele 1A OD, 
8. area: ly 2B 16. 4. le @, 
10. I 83, PAN), de, Zo: OA, BY. 
2b. 26. a. He BY), 


p. 84. 


p. 89. 


p. 92. 
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EXERCISE XXII. 


1. n(v+y-—2z) shillings. 

2. (i) s=n(v+y—2z); Gi) 20 days. 3. 67,27. 4. 24, 25. 

Big Ge Gh, eeeiveseh 1h Sta eh IOS We ti niae al ell 
ll. dA has £150, B has £250. 12S elon Oo: 
14. 8. 15. 36. 16. 37 sovereigns, 92 shillings. 

17. A, 23: B, 17. 18. 2; £6. 10s. 19. 4, 5, 6. 
20. 4 sovereigns ; 16 half-crowns ; 6 shillings. 
Palle, Zby eAsi0)5 Js 2S (CLES R iO) 22. 300. 
23. 5 engravings, 10 books. 24. 22 ft. 
25. 27 miles from the starting-point of the slower coaches. 
26. 636. 27. 14, 28. 28. 12, 24, 36, 48. 
29. 15, 26, 37, 48, 59. 36. 5n—2; 41. Sia 
OSs ees 39. 5. 

EXERCISE XXIII. 

Wea ae Py, IOS OX Bi Ones 4, 12, 3. 

5. 2, 8. 6. 10, 4. Tena re 8. 6, 21. 

9.. 10,76: 10. 2, 8. 11. 6, 2. IA Bh Sd, 
yon on oe Os TE 32 lle — p72 epee wl ls 
long 9—a3 7b, 13) 1G. 41, 44,475 17, ¢--0=8 7 6, Ue 
18. r=4a-3b, y=8a—-26; a=8, b=9. 19. 40. 

EXERCISE XXIV. 

1.80,.32; -24-9,.7. ltd ee e108, 6. 98 

G) v4: ea AT BBs Bi. 10h. G0 0; 13.4 10.00 
LP 10pS.— 212. 8,2. 13, 2, 3. 

16. 7+2y cannot be equal to both 3 and 2 at the same time. 
Tied 486-702. 10, 0 18. 2, 2. 19. 5, 3. 
20..4,:3, 21. 11,7: 22.0atba—. 23. a+, a+2b. 
24. a+b, a-—b. 25. 2a+b—c, a+2b—2¢., 26. a-—1, a. 
27. a+b, a+b. 28. 0b, a. 29. a-1, a’. 
30. 6, a. 31. a?+a4+1,a%. 32. a+, a. 
33. 2a+1,2b-1. 34. a 4+1,a3-1. 35. a+b, a—-b. 
EXERCISE XXV. 
Les: 2, 259. 3. a—65. 4, v+8y. ti pal ATi po. 
6. 3 shillings. 7. 28 crowns 92 shillings. 


p. 98. 


p. 99. 


p. 102. 


p. 103. 


p. 104. 
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8. 25s. 4d, 12s. 9. 18 ft., 12 ft. 
10. Tea, 2s. 4d.; coffee, 1s. 8d. aig Mk. 1259! 
13. 48, 39. 14. 36 yds. at 3s. 6d.; 50 yds. at 4s. 6d. 
15. 42 lbs. at 2s. 4d.; 48 lbs. at 1s. 10d. 
16. A has 28 shillings and 7 pence; B has 12 shillings and 
4 pence. 
7a Cloth, 523) 0silk, oil7 
18. Widow, £7250 ; son, £3100; daughters, £1550 each. 
19, 1800 tons. 20. 2v=a—b; a=43, b=23. 
21. Ww=b-a—4; b=94. 22. 300 acres. 24. 720 miles. 
25. 68 inches, 86 inches. f 
26. Small type, 11 pages ; large type, 13 pages. 
27. A,17 miles; B,12 miles. 28. £2.5s. 29. 21 Ibs., 14 Ibs. 
30. 4A, 5s. 10d.; B, 6s. 3d. (five shillings and 15 pennies). 
31. £158. 8s. 
32. X, 32 m.p.h.; Y, 21 m.p.h. BS} A, Hse J Pil, 
34. 20 ft., 15 ft. 35. 3000 men. 
36. (ii) 1, 24; 2,12; 3,8; 4,6: (iii) 3,8 37. w=6,y=5. 
38. 24 ft. long, 18 ft. wide. 39. 25 chairs. 
EXERCISE XXVI. 
I, a, Yea, 2 ee 94, WAS, P=}, BEN) 
3 P=8), PSG, Aah 
Ab PSN aby, Oke DRG Oe 
(OS 78h, Gath etsy lo B= iy TSS Bil 
i, Way Pah, = Tn By esi, opesileh Pea lly, 
10. 2=5,y=5,2=5. 1. v=4,y=5,2=3. 12, 5. 
13. The equations are inconsistent, for 7—z cannot stand for 
both 5 and 10. 
14. (it) 5,22 407), 739) 12 si eT), 2 Sey 7h) bes Oe mae 
15. (ii) 8,1; 12,4;°16,7: (iii) 8, 1,7; 12, 4,14; 16,7, 21: 
(iv) the number is unlimited. 
Niels Aly eedlOae Woy asi) (64 ASI) 18. 7 miles. 
19. 660 yds. 20. 473. 21. a=7, b=6, o=5. 
1 22. 


a=5, b= ) O==8}, 23. a=b=1 : c=. 
2hsn Tiss bes. 25. Sheep, 45s ; lamb, 17s. 3 pig, 34s, 


p. 111. 


p. 112. 


p. 115. 
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EXERCISE XXVII. 


La 2, ae 3, By 4, b. 
278 53 20%? — 2(b+0) 
5. 3 6. 3q25? tk 30° 8. oer 
9, ety) 39, 2@rt+y) 4, a 12, 20 
ae aa) vty jee 
dye 3b dab . 
13. 2 14, as 15. ee 16. vy4+ay?+2. 
17. (v-1). 18. ab. 19 ab 20. 
21. 207-1. 22. x4. 23, v—y¥. 24. v+yt+2 
25. (1) ad+be; (ii) 6v+4y-32; (iii) 2bex+Bacy —4abz ; 
(iv) 5at+6y4; (v) ets 
ae. Obs a) sa oe yy BOs v) a a ee ») Se vi) < rain 
; Die — (G1) HoH), (iii) a Gy) @=13; (@) 2; 
(vi) eae 3 (vii) ab(a+b); (viii) 834-20; (x) G ae aa 
(x) (By — 22). 
28. (i) ane (ii) oe 3; Gu) 3(4+6)?; (iv) 2; (v) 26. 
2 Gyaee” S; di) bots 5 Gay eel ~ = 
30. (i) 20; (ii) 2ab; (ii) 167?-1227+4 97? ; oe fis - 
@y er. a1. (i) a i) Be 
a 
EXERCISE XXVIII. 
1, 248 g, we-b g 2ayt+8 4, Batt 
. m . . Birt ° ” y ce ue 
5. 3a +12 6. aoy — by + oa 7. a —30+9 
Tie cy Ge 
g 4a Qa + af? g, but4y—3e 10, 222 


L ; ; 124 
Why ee Ope a 
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p. 115. 


p. 116. 


p. 119. 


p. 120. 


p. 121. 


15. 


ls). 


23. 


27. 


31. 
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22a — 3b 16, 1947-2” 47 59y— 69x yg 24a t+ 25y 


128 ; ea : 14 ao 
5a —7 286 —27e a 2 
ae 20 alam DA Zz 22. = 
25a a 5a xe 
ae fe doesent a : 26. 
12(@-1) ae 4a + 8y ae 4ua+4 (~—3y)" 
a a b 4b? 
Beh a a 
6a +15 go, Iai 16af _4(Ba—4) 
(a+1) * @-2F+aL (a—-1P 
xe be 8 
— ay +y" ae L-y oa 4a? — Qab +b? 
0) a Pena Oe oo: 
Dr res Si Gah 38. 20+ 2b? — 4dabl[ =2(a — b)?). 
2 40. xy(7+y7). 41. v(v—-y). 
ey. 43, 90? +4, 44, - 45. ty. 
(8a + 2b)(4a4+ 3b) — Co-Bar nea, b) 
; 3(a+b) any : 
EXERCISE XXIX. 
ab 3¢ 5a, Ta 
= Bs He C= cy 3. gg ry 4 § "Ge 
a(b—c) 6 _ ae a2) 7 _ ida ¢ pe, 
Cc Cc 6-—a G 
18 LO: il, SB 12. 19 Wey, 7 
5 tHe, ls 16. 13 1, ie Uy ill 
8 20S: Dal, i, 
32 Wey, Ab Ml sy, ah PAs, ts, 
24, 98 165" 99.3, Si" 30!" 90! 30, Sier ons. 
. 52, 14 B81, 8. 340) we 35s 10,4) hae eae 
. 11,0, \ "387, Om 80780! 
OZ Tay 742). nddy) bea 4s ea sie Oe 
Qa b+1 
ab. 46. 2a-b. 47. a+b. 48. ab—a—b 49. a+b. 


; , Zh r ig 2 _ 712 
. atbte. dl. eee 52. (a+1)2, (4-1). 
. a—c, 2(b-c). 54, h(a? -3ab+-6*), k(a?+8ab+4+ 6%). 
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EXERCISE XXX. 
p. 122. 1. (i) 5x2 pence; (ii) 5 pence. 


2. (i) 2407 apples ; (ii) shillings. 
12y 

3: (1) = ee (ii) @ hours. 

3 y 
p. 123. 4. (i) 2 m.p.h. ; (ii) 1ity yds. 5: = yds. per min, 
45y BLE 4 ty 
6. on te By dwt. 8. days. 
mee, earn 11; ube feet. 
ab an 1449 


12. (i) wy hours; (ii) oY hours. iby, Say 


1 . yards ; (11) a shillings. 


UE Gy} Se sq. yds. ; (ii) 2h ee Bee shillings. 
16. ood acres. 
ac 

p. 124. 17. 7=2y. 18. £12. 19, £24. 20. 24 feet. 
21. 68, 57. 22. 107. 23, 25, 30, 45. 
24, 150 acres. 25. 654. 26. £23. 
27. £50. 28. 24,18.% 29. £450, £400. 

p. 125. 30. 217, 403. 31. 96. 32. 17 shillings. 
33. 60 shillings, 50 francs. O45 £4 19s) £2. 8s. 
35. 5 miles uphill, 6 miles on level, 7 miles downhill. 
36. 1400. 31. 330. 38. 1920. 

EXERCISE XXXI, 

1Oyy IPAS a Dy BUG Snaas: #, -b27, 5. aya. 
67 ay". Vemeeae: Sra 8ue2 oreo LO ae Ps 
1 ne 12a Maat Ad, ee Loses 
16. 14. Liferee le 18. 22, 19. 104. 20, 12. 
21. 15. Dik, whey 23. 2c? 24, 5a’. 25. 7. 
26. 4. Die 4o% 28, 30. 29. 84. 30. 38. 
31. 6. 32. 4. 33. 4. 


34, (i) 23.-Gi) 35 Gii) 3. 35. (@) 40; (ii) 45 (iii) 25. 
36. (i) 336 sq. in.; (ii) 144 sq. in.; (iii) 840 sq. in. - 
(iv) 1008 sq. in. 37. 3696 sq. in. 


346 


p. 136. 


p. 137. 


p. 142. 


p. 143. 


p. 146. 


p. 147. 


p. 152. 


ft 
SD CoeaN 
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EXERCISE XXXII. 


. (i) Parallelogram ; (ii) rectangle; (111) rhombus ; 


(iv) square; (v) square. 


. (i) 40; Gi) 28. 3: G@) 16; (ii) 12; (iii) 21; (iv) 9 
. (i) 30; (ii) 20; (iii) 45; (iv) 30. 

. (i) 81; Gi) 17; ii) 22. 

. (i) 18; (ii) 13; (ii) 17; (iv) 24. 

. (i) 44; (ii) 72; (iii) 138; (iv) 58; (v) 80; (vi) 83; 


(vii) 78. 8. 15, 26, 34, 50. 
. @) 5; (Gi) 10; (iii) 13; (iv) 17. 10. 65. 
5 IDS eee ie 13. (w—a)?+(y—bP =r. 


. If O is the origin, P the point [24, 7], Q@ the point [12, 16], 


OP=25, 0Q=20, PQ=15. 


. The squares on the sides are respectively 100, 125, 25. 


EXERCISE XXXIII. 


1(c). (i) [6, 6}, [15, 15]; (ii) [6, 9}, [10, 15] ; (iii) [6, 13, [4, 15]; 


(iv) [6, 9], [12, 15] 3 (v) [6, 15], [6, 15] 5 (vi) [6, 4; [28, 15]; 


(vii) [6, 13], [2, 15]; (viii) [6, 12], (8, 15]; (ix) [6, 12], [6, 15]. 
5 P=6. 3. y=8. Ce Oe 5, G=3y. 

. w+y=15. 7. Rectangle; 16 units of area. 

he OF oe [1020y 10. [12,16]. 1, [20,428 
Keay aE 13. [12,13] 14. [13, 15). 15, [123 tee 
ro al Wie abe 18. 2. 


EXERCISE XXXIV. 


. (i) 10°] ft.; (Gi) between 70 yds. from firing. point and 


760 yds. from firing point, ze. a distance of 690 yds. 


. 10°1 ft. ; 43°7 ft. 6. (i) 92, 6°7, 5°8; (ii) 13-3, 30. 
. 0°67, 0°73, 0°87, 0°93 ft. 

. (i) 1350, 450 ; (ii) 2°7, 7-5, 3°75. 9. 7°5, 11°7. 

. (i) £ too high when C=7, 2, 05, 02 ; (ii) £ too low when 


C=8; (iii) # correct when C=5, 1°5, 1. 


EXERCISE XXXV. 


—3. YA 1183, 3. — 15a. 4. —4a. 
4a. ay). 7. —4Gg +6; 8. 2a. 
ool 10. —2a. L936 — bar 14, XO} 


Qn. 14. —12x. 1b. —2a, 16. —5ai 17. 2a 


p. 153. 


p. 155. 


p. 156. 


18. 
22. 
26. 
30. 
34, 
38. 
47. 
49, 


il; 
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a 19. —5. DOM Te: 21. 2+. 
—8. 23. 2—n. 24. 0. AS PDs 
+4, 27. 3442. 28. «10. 29. —4a-3. 
4, 31. —14. oy St 33. — 23. 
—3. 35. b—2a. 36. 1. 375100 3 
— 20. 39. — 28. 40. 0. 41. —20. 
—x+8, —#+18. 48. a+5, —a-—2b—5. 
2@-— Md 0 be. 

EXERCISE XXXVI. 
(1) £(a—5); Gli) £(b-a). =. (i) E(a—-4); (ii) L(H-). 


3. (i) £(—62); (ii) £62). 4. (i) £(—2x) ; (ii) £20. 


5. 
6 


. (i) A is w miles south of B; (ii) A is two metres below 


ow © =I 


a 


ULL 


13. 


15. 


98 degrees. 


sea-level ; (ili) a train is moving northwards at the 


rate of 30 miles an hour; (iv) B owes A £10; (v) A 
is placed wv yds. behind scratch. 


. A, (4+) yds. ; B, (a—y) yds. 

. (a—b—c+d) ft.; (—a+b+c-a) ft. 

eh sme AIG 

. (i) —10a+5b+4c—11d feet ; (ii) 10a—5b—4c4+11d feet ; 


(iii) 14; (iv) a= —22, ze. road falls a feet per mile 
for first 10 miles. 

(i) -144+10=-4; (ii) -124+20=8; (iii) +5+10=15; 
(iv) 5—20= —15. 12. (—2) ounces. 

(i) v= —24 (ve. stone is moving with a velocity of 
24 ft./sec. downwards), s=16; (11) v= —56 (velocity of 
56 ft./sec. downwards), s= —24 (stone is 24 ft. below 
point of projection); (111) v=32, s=384; (iv) v=0 
(stone at its highest point, momentarily at rest), 
s=400; (v) v=0, s=1176; (vi) v= —160 (velocity of 
160 ft.-sec. downwards), s=O (stone has returned to 
point of projection). 

(i) 2 seconds ; (ii) after 3 seconds, at a height of 96 ft. 
above point of projection ; (iii) 5 seconds. 


EXERCISE XX XVII. 


Ge ee 2508. By te 4, —2. 5. —15. 


+15. (Note that —5(—3) is not the same expression as 
(—5)(—3), which at present is meaningless.) 
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p. 160. 7. 2. 8. 4. 9. -8. 10. 0. 11. —12. 
12, 0. 13; =8. 14, 2. 15,0: 16. 6. 
Wi tk 18. —3a. 19. lla. 20. 7a. 21. c—b. 
22. 2(c—b). 23. 2. . 24. 2a4+b+<. 25. a+2b—c. 
26. a-b-—4c. 27. -—b-c. 28, —2c. 29. 2y. 30, —2y. 
Bl Oe 32. —7. 33. 7a. 34. a. 35. a+4. 
By, ath, BY ah 38. 4a—6. 39, 11. 40. 3. 
41 Wd: 42, -15. 43. 6. 44, —1. 45. 1. 
46. 1. ATalae: 48. 12. 49. 5. 50. —1. 

EXERCISE XXXVIII. 

p.163. 7. 4. 8. 8a. 9, 3a—66+3c¢. 10. —a. 
ll. (i) —2a—76+18¢; Gi) a+4b+38e 12. 4r—3y—5z. 
13. 4r+y—2. 14. 2v—2y+32. 15. —a—b+c-d. 
16. 0. 17. —a@+6-+2e. 18. —2c. 
19. 2a —2e. 20. —47+2a. 21. atb+e. 
22. —237r+5y+282. 23. 2ca—Qx. 24. —47+107—2. 


25. —4a—4b, c+4a. 26. —w—2; x+y -2. 
p. 164. 27. «?-3av+a’, ax. 
28. 2a? + 2a7b+2ab?+ 263, 2a? + 4ab?2 + 26%. 


29. 627+ 9x?+ 6x —15. 30. 17a+9b — 26c. 
31. 6ab. Se! 33. — 70. 34. 7a. 
35. ba — by. 36. —3a. SiO: 38. 4a+4+6e. 


39, 3b?—2c?, 40. 73-24. 41. llw-—9y7+11z. 


EXERCISE XXXIX. 


p.165. 2. Y,4(b-a); Y, 4\@b-a); Z, 1(3b—a); X, 150 ft. above ; 
Y, 100 ft. below; Z, 225 ft. below. 


p.166. 3. 2v=a+b+e. 4. (i) 4; (ii) 0; (iii) 2; (iv) 0. 
5. 3(3b-a); A’s age will be three times B’s age tn 5 years’ time. 


6. z=a-—b. Tho 16 

8. y=xc+a+b; A will be born in 8 years’ time. 

9. «=b—a; B pays (a—6) shillings to A. 

0. «=3(8¢+2b-—a); B pays £50 to A. 

1. =}(a+c-—2b), y=4(a+b—2c); A pays £20 to Band 
A pays £170 to C. 

12. w=}(a+b-3¢c), y=}(a—b-—c); B pays £150 to C and 

A pays £200 to B, 


p. 171. 


p. 172. 


Deke te 


p. 180. 


p. 182. 


iced fier 


10. 
ihe 


15 
14. 


ANSWERS 349 


EXERCISE XL. 


ah e2S ee GL) e278 (iia) coisas (hy) 78. 
CL) 00s; Ul) a iS Gil) sO Oley.) al 20: 
. Two sides of a right-angled triangle are greater than the 


hypotenuse. 
CG) LOSI (Gi) reas a Gat) Lives (Lv) 329) 


. (i) 25; (ii) 20; (aii) 37. 


(i) [5, 5]; Gi) [5, —4]; Gii) [-2, 0]; Gv) [-1, -4] 

(i) [16, 0}, [0, 15]; (ii) (12, 0}, [0, — 9]; (ii) [— 12, 0}, [0, 8]; 
(iv) [ -—21, 0], [0, —12}. 

Bee os CISA 28 20. 15, P86 26) 16 oe 

This is the locus of points which are equidistant from 
(a, b), (a, 6’); its equation is therefore (a —a)?+(y—b)? 
=(r2—a’)?+(y -b'). This reduces to 

2a(a—a)+2y(b— W)=a@—a? +b? —b”. 


EXERCISE XLI. 


— YZ, Dan Ore 3. — 827. 4, 82". Bee: 
— x4, 7. -1. Saal: Oy WE LOs50; 
6. 12.. 0. TSR Gm) — ls (aii!) all 


(i) 8; (ii) 72; (iii) -180; (iv) 36000; (v) 250000; 


(vi) = 3 (val) oUA (vill) Oi (ix)! O15) (Ge) 0: 


EXERCISE XLII. 


aes 2. —4. BGO, 4, sien > 5, v@—y. 
b e2-2 7 
a (aT A es RR ee ee 
a—b 
i22 Th onto Ds 13, 2228, 
a@—b C0 
Cc b ; 
ae iis, ee 16. «—4. 17. 4-2. 
b C 
ay—2n). 19. 3y—22. 20. —37—4y. 21. 2. 
125. 2300 = 25; Wal By "25. —9. 
0. 27. -3. O8r aol: Jie), 2. 
EXERCISE XLIIT. 
—2a. 2. 3a? 3. —2a?: 4. a’. 
— qa*, 6. —28. fig eoliise 8. —84. 


350. ANSWERS 


ays ap anyr 
p. 182. 9. —105. 10. =. I. =. 12 =. - 
hy laa. 14. a+b and —a—b. 
p. 183. 15, 27-3. 16. 57+8y. 17. 4x?—7. 18. 2x°—-9yz. 
19, (w—1)(@—-2)(v—3). 20. (v+1)(7—3)(8%-1). 
21. (w~-1)(2e—3)(5x+6). 22. 20 —y+52. 
23, 30+ 2y+ 42. 24, w—-Qy+1. 25. 3x?+5y?—2. 
26. vy+3y42. 27. +a, —a. 28. —a+b, —a—b. 
29° 5, 0. 30. 6, —1. 31. —2, -4. 
32, +2, —2. 33. +3, —3. 34, +1, -1. 
39. —2. 36. —a—3b. of. -a@. . 39. =1 


EXERCISE XLIV. 
p.185. 1. (i) @#4+0?+0c?—2ab+2ac—2be ; 
(ii) a?+ b?+ 0? — 2ab — 2ac+ 2be ; 
(iti) 4a?+ 6? + 9c? — 4ab—12ac+4+ bc ; 
(iv) 9a?+16b? + 25c? + 24ab — 30ac — 40bc ; 
(v) a?+6?+ 0? +d? —2ab+ 2ac—2ad — 2be+ 2bd — Lcd ; 
(vi) a?+6?+0?+ d?— 2ab — 2ac — 2ad + 2be + Bhd + 2cd ; 
(vil) a?+4b?+ 25¢? + d?— 4ab - 10ac+ 2ad + 20be — 4bd — 10cd ; 
(vill) a+ 4b?4 9c?+ 16d?— 4ab —-6ac + 8ad + 12bc -16bd — 24ed. 
p.186. 2. (i) e—42°+2e?+47+1; 
(i) v— 6x4 — 84° + 9x? + 240 +16 ; 
(iii) 26 — 40> — 274+ 20x — Tx? -—244+16 ; 
(iv) v®-—275 —-9x4+ 407+ 310?+300+4+9 ; 
(v) vt + 2ax + (a? — 2b)? —Qabs+ b? ; 
(vi) a —Qax5 + axt — 2b23 + Qabu? + b. 
3. (1) O; (il) 4(w?+y?4+2*). 
4, (i) e+y;3 (il) 2(y—-2); (iii) 2(b-c). 6. w-y+l1. 


EXERCISE XLV. 
A. 
p. 188. 1. 9x¢(r-2). 2. «(ax+b). 3. 2y3( pamy — qn>x). 
4, (a—1)(b-38). 5. (a+b)(c+d). 6. (a—b)(c—a). 
7. (at+e)(a—b). 8. (a+b)(c+2d). 9. (w+3y)(2p4+q). 
10. (4r-+y)(8e 22). 11. (e-9)(y+4). 12. (p+ m)(p—n). 
13. (w—2)(e+a). 14, (v+y)(v? +). 
15, (227+ 3y7)(8x0+ 2y). 16. (3x? — 2y*)(Qxv — 3y). 
17.. (a+b)(a -6+1). 18. (a+2b)(a — 2b —3). 


p. 189. 


p. 190. 


. (pat 1\(o-p). 

. (a—b)(a+b+e). 

» (@ty)(atbto). 

. (@+1)(@4+2)(Qxe+3). 
. (a—c)(a+b)(a—b+e). 
. (i) +0? +e; (ii) be+ca+ab. 


. (@+17)(e@—-7). 

. (@—16yz)(x+ 15yz). 
. 5(@—9)(@+7). 14. 
. 3(6x—yz)(5x — 2). 
. (“7+a)(x7—b). 

. (e@+c)(v4+a+b). 

. (c—a—b)(e+0e). 

, (1—1la+116)(1+ 10a — 100). 


. (4e—3)(6 —5z), 

. (82 —5y) (52+ 3y). 
. v(62—5)(4¢4+3). 
. 6(82—2)(2r—1). 8. 
. (6x —Ty)(9x+ 2y). 

. (42+ 15y) (6x — 5y). 

» (w+ 8y)(9x —17y). 

. (62+ Ty) (182 — 257). 
. 2(8e-—Ty). 

. —(8¢—-10y)”. 

. —(8a—3b+ 5c). 
. (px+1)(a+q). 

. (@+1)(7+2)(2x- 1). 


ANSWERS 


C. 


18 


24 


D. 


. 16(2a—c)(4a—3b +4 2c), 2. 
. (4a—6+¢)(2a+ 36 — 5c). 
. (Y-22+a-4)(y—22-—4x+a4). 


22. 


4. 
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20. (w—y)(a+y-1). 
22. (a+b)(e—ad). 


. (a—b)(at+yt+z). 


26. (a—b)(a+c—a). 


. = (e-(y-)e-a) (e+ yy +242), 
B. 
. —(e—5y)?, 2. —(«#-138y)*. 
. (a?-14)(a@? +5). 4, (w—19)(v+17). 
. (a —24)(# +4). 6. (wy—11)(wy+7). 
. ab ab+5)(ab—4). 8. a*(«@—6a)(a~+ 5a). 


. (@—14)(e+13). 

. («—20)(7+17). 
—2(x—1l1y). 

. (a? —11yz)(a? — 17 yz). 

. («@—2a)(x— 4b). 

. (v—3)(v#—-a—2). 
(@—a—3)(av+2). 

24, (1—4a—4b)(1+a+6). 


. (34+ 5yz)(2x — 9yz). 

. (52+6)(4a —5), 

. (22+7)(9a—5). 

(7+8)(87+7). 

. (87+7)(8x —5). 

. (207+5)2, 

» ay (5a — ay), 

. (Bu —5y) (5a +3y). 
— (54 —9y). 


20. [2(a-+b) -(e+y)|la+b—3(e+y)] 
22. (pxet+q)(rx+8). 


. (pe—-1)(+9q). 
. (@+1)(e@+2)(e-3). 


12¢(a — 2b). 
(a+3b—c)(a—b6+3c). 
6. (v7+5)(v7+2)(v—2). 


p. 192. 


ANSWERS 


7. (w@—2)(x+2)(@+3). 8. (a—c)(a—2b+¢). 
9. 2b(a—). 10. (a+6)(a—6)(a? +4’). 
ll. (a+6)(a-b)(e@+y)(v7-y). 12. (a-—¢)(a+e— 26). 
13. (a+b)*(a— 6). 14. (1+y)\1-37—y). 
15. (@+1)(@—1)%. 16. (w+ 2y)(w—2y+a). 
17. (+Iw+2)(w-2). 18. (w—y)(w+y)(02+y/"). 
19. 8xry(x?+y”). 20. 4ay(a+y)?. 
Ql. (b-a)(b+ay(w-yw+y). 2 (e-yw+y(2—)(2+2). 
23. (~@—3)(v+3)(a? +4). 24. («@—3)*(#4+3). 
25. (~-2)(v+2)(v—3)(@4+3). 26. (@ -3)(v+3)(7—- 4)(7+4). 
27. (@+1)(22+1). 28. («—1)(@+2)(e—-1). 
29. (2v?-6x+9)(Qu?7+6xr+9). 30. (2 -2xv—7)(v?+ 20-7). 


. (a? —10%+1) (a? + 1027+1). 


(a? —10xy — y?)(a? + 10xy — y"). 


. (20? — Bary + 3y?)(2a? + 2ary + dy"). 
- (20? — xy — By?) (24? + wy — By’), 


35. (a+b+c)(b+ce—a)(e+a—b)(a+b—c). 
E. 
1. 4b(3a? +407). 2. 8(a+b)(19a?+ 26ab + 196). 
3. (By —x)(192? —9xy+3y?). 4. (wt+y)(a—6)(a?+ab +b). 
5. (c4t+y)(a+6)(@—-ab+b?). 6. (w—y)(a*+y*)( + ry +y"). 
T. (@-l(@+l(?-e4+1). 8 w-1P(et1LW?t+r4+1). 
9. (v—y)(P@tayty?+uv+y). 10. (@+y)’. 
Ll. (ety)? + 4ey+y’). 12. v(w-y)Qr+y). 
EXERCISE XLVI. 
Maile Py aes 3. 207-3. 4. 3-2. 
5. #+5. 6.-(e@-I(w-2)(¢+38). 7. a@?-4%*); cr. =a, 
8. (@+1)(¢-l(e-2); HoF=a—-1. 
9. 12ab(a+6)(a—2b) ; wor. =2a(at+b). 
10. ab(a+b)(a—5). ll. ab’ei*(a—y)> ; H.c.F. =6(¢—9). 
12. ab(a+b)(a—)(a? + ab +b?) (a? —ab+b?) or ab(a’—b%), 
13. 60a*D*(e—y)(w@+y) ; C.F. =2a7b(7+y). 


720a%b?c%(a + b)(a — b)*(a* + ab + 8?) 5 H.0.F. =6a2be(a — 6). 
lWw-y(wty)(e+y\er+ay+y) ; HOF. =2-y. 
120%y%(w-+9)(e —y)a2+ 42) 

216(7—3)(4+4); Hor =3. 

6a(@+5)(~—7)(v@—9); HOF. =x7(v+5). 

Quy Qe — 3y)*( Qe + By); H.C.F. =xv(2x —3y). 


p. 193. 


p. 198. 


20. 
. 2(@+1)(v7—2)(2r+4+3). 
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(a —2)(22+3)(82—1). 21. (w@—a)(a+2a)(2u+a). 


2a(2a — b)(2a —3b)(2a+3b)(4a —b). 


. @%a—2)(2x—3)(Bx-1). 25. ab(a2+b2)(a2+ 2b) (a2 — 202), 


2u*(a@ —1)(#—5)(2x%—1). 


. (54—1)(2e+3)(82—2)(@+3); Hor. =5e—-1. 

. (2%—3y) (20+ 3y) (Bx —2Qy)(Bx+2y). 

. 2(a@—1)(@+1)(e—2)(38x2—-1)(a—7). 

. (w+at+b)(e—a+b)(@+a—b); Har=r+a—b, 
. 4abe(a—c)(b—c). 

. (22—3)(@+1)(@-1)\(7-3); HoR=r+1. 

. (v—1)(e@+1)(7—2)(@4+2). 

. (et+yt+2)(@-y-2)(y—-—42-2)(2-#-y); HOR =xv+y+2. 
. (a+b4+e)(a+b—c)(a—b+ec); Hor. =atbte. 

. (7—1)(e@4+1)(4r-1)(82? +1); Bor=x7-1. 

. (v—a)(e@+a)(2? +a’). 

. (wy+a*) (20+ 3y) (22 —38y); HOF. =xy+a% 

. (@—2)(8x2+1)(40? +3). 

. (w-y)aty(e+y)(a tay tye —ay ty’). 

. (@-1)\(@+1)(@? +041) (@?-2+1). 

. (24+3y) (20 — 3y)(4a* + Bay + 97") (4x? — Bry +97"). 
. B(a—1)(a@+1)(a*+a4+1)(2?-2+1). 

. (a—b)Xa+b)*(a? + ab +b?) (a? — ab+ b?). 

. Te+a—b. 46. (w—1)(2u—3), 

. (w@—a)(a+a)(v—2b)(a@4+ 2b). 


EXERCISE XLVII. 
3a4 — 26a°b + 37a7b? — 14ab%. 
a — a3 + 1lxe—15. 3. 2Qa4 — a —4y?+4 444-21. 
— Bat + 2a8y — 54a%y? + 46.ry? — 167". 
1424 —332°+4387—-24. 6. 2®—aa®—aat+ate?4+ ax — a’, 
ah — @b3 + ab® — ab’. 8. 2° —5a*— 5a +417? -— 447412. 
5a — 20a4y + 14.037? — 302y3 + 25a0y* — 21°. 
3° + 6a* — 723 + 20x” — 8. 


. 20° —15a* — 8027 + 4327+ 352 —15. 


w+ 10a? + 35a0?+ 50x 4+ 24. 
12024 — 2623 —111#?+147+4 24. 
3604 — 13222+15722—6624+9. 15. 625—xt -—82°-7x+10. 
25a°b — 440°? + 16ab°. 17. 1—52*+ 425. 
ZL 
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p. 198. 


p. 199. 


p. 205. 


p. 206. 


18. 
20. 


ANSWERS 


a8 —1. 19. 2°—64. 
1 —Qa3 +1. 21. 2—52%3 +325. 
. 248 — 545 +250 — 33. 23. 6-47-1527? + 43+ 1944 — 252%. 


10x§ — 11a? — 2x4 — 262° + 54? +4435. 


. abe+(ab—ac+be)a+(b-—¢c—a)xz? —x°. 


26. #8 -y—2- Bayz. 27. 822 —27y3+2+ 18axyz. 
28. # —(a+1)at+(a—b-1)e+(atb+o)e?+(b-c)x-e. 
29. «*—4a34+622—4e¢+1. 30. 1—54¢+102"— 1023+ 524-288 
31. 2 — 6x'y + 15aty? — 2023 y? + 150774 — Bry? +8. 
32. 1624+ 3203+ 2472+ 8x+1. 
33. 32 —240x2+ 72027 — 1080x? + 81024 — 243.7%. 
34, 141274 60x?+ 16023 + 240x + 1922° + 647%, 
35, — 42. 36. 64. 
37. (i) —28; (ii) -210; (ii) -2; (iv) 7; (v) 20. 
38. 25. 39. 2ab. 40. —30. 
EXERCISE XLVIIL. 
1. #+5. on oe 3. 2-8. 4, 20+. 
5. 32-8. 6. 7x-9y. 7. #®-xv+1. 8. #-—x?+7-1. 
9. #t—#+2?-#+1. 10. #4 = 242+. 7. 
ll. «+e yta%yPtcy ty. 12. 9x?+ 6x42. 
13. 227+8. 14, x?-3x—-5. 15. «?-34¢+2. 
16. 24+ 2°y +07? +y°. 17. 423 — 3x24 — Qxy? + 5y°. 
18. 2°+2%+43. 19. xv?-2x-3. 20. #?—32—-5. 
21. 92?+6ar+4. 22. 227+ xy —3y*. 23, 427-6x—-1. 
24, «“?-4¢+1. 25. x?+5x7—2. 26. 52?+11¢7+11. 
27. 2x —wvy+3y*. 28. 403—622+52+7. 
29. 8a3+5u?— 44-2. 30. 2° —2u?+ 4x -8. 
31. 223+ 3x? - 2-3. 32. 32° — 477+ 6xv—12. 
oo. = 3: 34. 2. 35. 6. 36. —2. 
37, 37+5. 38. —2v-7. 39. 6x—-2. 


. 2-3. 41, —397+59. 
. 2e*+a4+5, 2v+35; -2-5xr—7Tx, 547427 x4 


4u2+4+30-2, — 400-25; 34+80+322, —130?+42xt. 


. (v7—2)(@—3)(a#+7). 45. (~—1)(w%—-2)(x-8). 

. (7—5)(@+3)(4 - 4). 47, (387+5)(27—7)(Qe+1). 

. (80@+4)(~—-2)(24+3)(@-1). 

. (4¢4+3)(% —2)(504+1)B8c-1). 50. (#+1)%(«—1)*. 
. (v—1)(#— 2)(e+5)(22 -3)Bx+4 2). 


p. 211. 


p. 212. 


p. 213. 


p. 214. 


p. 216. 
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EXERCISE XLIX: 


1,3. 2 (i) 81}; Gi) -3. 3. (a) 28; (0) -4; 8. 
Ase: - (i) —3; (ii) #2. 

6. (a) —) 3 (0) -25; ©? 7. (@) 43 ©) 

8. (i) $3 wo ‘e- —-% (i) wits Gt) HB. 10. (i) 15 Gi) 2. 
M1. @) ~ays Gi) 4 é 12. (i) 38; (ii) —2. 

1656 ~ HE (ii) 5 14. 2. 15. 8°686. 

16. (i) i=; (ii) 0°815. 


EXERCISE L. 


72 1 2044 Dee 
i 2e. 2. ao eae Gera 
tel ge a U2) gv ah n glee 

72-1 2y— 2 5y+x ay 

Qe —y Yt2b (a—1)? (@=1)(@+1) 
OM eee ana 
ee ee ip rel) 

ar . ria 4 Wn? 

x —3r+1 “+5 380+1) sak! 
NEES reeset i tty Me ADT CT Sah ga EATEN: 
21 “—4 99, Une 23 2a—c¢ 94. 1 

. +2 . ate ° 90e— a a af 

“-l (b-e)(b+e) GEgae 
25. 2—=. 26. 1. 1. aah 

2+ a—2 wi 
29. Ge. 30. iL 31. @—a+l 32. “+3 
332 1. iggeal 30: F+6, 

“—1 
EXERCISE LI. 
A= AGe 1 GoD 16x 
: parece: ae ; : 4, 9 

gi g a+2b 2 a+b 1-2 
5 : : ; 


* (@+1)(a+3) “s (@—2)(@ —8)(@+8) t (@-+1)(7—2) 


i ba 


10 


* (@—2)(#—3) * oF * C+x 
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p. 216. 11. 


p. 217. 


p. 218. 


p. 219. 


14. 


17. 


20. 


23. 


25. 


28. 


3l. 


34. 


36. 


15. 


ANSWERS 


cetths Met 1 P+a+1 3 3a — 2a 
rIKarBy eer) Aa 
13 2 
(4x —9)(10x — 29) Ls (2 —2a)(2x—a)(2e2+a) 1c 
L+C sar a, 6am a 
(2—a)(a—b) 18. ep) Ig). (e— Ba) Sa 


5 2a4—9 
GaNeas Palle, Gan: DGie ai 22, <0, 


4b(b—-a) | 
(a—1)(v— 2)(a—8)(@—4) * (a? — 462) (4a? — By 
2 1 a 
(@—3)(a@—4)(@—5) aC 2(“%—1) al: 2(a@—4) 

5 4(b+e)(a—b—c) 3 2 
a(a— 2) " (a—b+c)(a+b—c) " P+ayt+y™ 
Ocal 1 
CC C= Ca) ee se 

3a — 2 35 1572+2 
(Qa —3)(@—1) "  (@ =v — 2S(@ +8) 
4 B= Ik Oe 
aaa 37. at 38. GE 1)@en3y 


EXERCISE LILI. 
1 6b if 
a—b a+2 :. 1—a? s 62 — a? 2: 1-92” 
2a? 
* (a? — a) 

2 6 
See ad 0, Sel — 6 
u(a@+1)\(e+2) (@+2)(w+38)(~7+4)(~7+5) 
ec ied 14, sc 
(a—2)? “(a —2)(v7+2)(~7+4) 
ae ane 164 gee” 
a(a—a)(a%—b) * (@—8)(@+5)(@—7) 

Ln 1925 20 —3 
(w@—1)(#—-2) " @+1)@—1)@ar+3) 
2 5a at + bt 
(w—1)(w— 2)(a—38) “a a + 4b at at — bf 
8 6 1 
ie “ay ™ se-ne@esy 


i=) 
a 
= 
jo) 


Ss}; Oh 
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2 2 1 
oti 2a—T ra (a—1)(2a—1)(2a —3) aie 47 —3 
22 142? 
28); : 2S), : 
(@—1)(~7—4)(@+4) (v+1)(w—2)Qe41) . 
EXERCISE LITI. 
a(2—3) v—1 
p.221. 1. 1 74s al 3. 0: 4, oa 5. ae: 
ie w+y as 
he ge ie a 8. TE ae <a hcean 
10. ae Vi 12 Saks), 13.0518) 141 
1 L-z a(b?— a) 
| 15. ssa 16. con EGF Seay 1S 
v+1 2— x2 Fae 
ifs) ae 20. 5 21. a atin 22, 2 
4a —27b -(@+t1). ps, 5-@ a 
p. 222. 23. oan" 24. (i) ee (ii) Sg ET" 25. [a 
EXERCISE LIV. 
1 Ay? Fao 3 3(a@+2b) 
* d-2 * e+3 * (a+b)(2a—by 
4¢+1 4 2(v4+y) 
= 2(a% —1)(2Qa —1) Pe gL : LY be 
Somalis oat 10. 2. reals 
ie 13, 1 14. 1. Loe 
a “a—4 
- a@tb 1 ab 4.x? ie 
p. 223. 16. = ai Wife Zz 18. Pee 19. (EE ey py 
5(@7+a) a+b 
20. (oe —2a)¥ tl Bx 22, —— ; 23. Via (da+35) 
i 
v4. b : 26. —4(a?+ 6°). 
24. v—a 25 Gta t+eta) (a? + 6°) 
a 1 1 
Die =i 28. z 29. aa: 30. ear 
a+b Y-a ells 
31. 2: 32. a 33. rea 34 a 
L+Y Ca ee cis 
p. 224. 35. ip 36. Walt ayy) 37. Rp 
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p. 224. 38. 


42. 


p. 226. 1. 


p. 227. 15. 
17. 


19. 


p. 231. 1, 


10. 


ANSWERS 


sh 30,2 40, ab. Ate 

vy C ; a 

Be ee eee 
EXERCISE LV. 

5 t50T Re a + leg tape 

(eee 3 = 6. e+ oe 

a! 3, po 4 5 

ae 


oe ee. 7 é “) & 
2, 2 2 = = nas = 
w+y +24( Oe aa taray ade 


C 


+ ay +508 gy? 18. Sip + B+ Baye 

aay ep ML, 
EXERCISE LVI. 

wots 2, seta as 3 nat Se : 

steal 5 ee 6. a 

#21, 2g et eee 

xe teas. 11. oe — a8 = 


ANSWERS 359 


12. a? Bab +502 eee ie era rt 

DP. 232. 14. wy—-2v+2. 15. 40?4+2x0(y—1)+e2+y4+1. 
16. «?—(8a-1)v+9a?+3a+4+1. 17. l+y—ay— x7. 
18. 3v?+2vy—y+4. 19. 4a?—(5a+3b)a + 2ab. 
20. 3(4—6)?+4(a—6){e—d)+12(a—b)(e—d)?+16(c—dy3. 
21. a—2b+e. 22. «t-av+. 


EXERCISE LVII. 


p. 237. 1. (i) 7; (ii) 0; (iii) ae (iv) — =. 


2. (3; Giy 3; Git) 75 Gy U 
3. oe (ii) 3; (iii) = ; (iv) 


p. 238. 4. (i) 2; (ii)3; pa (iv) 5. (i) 5; (ii) . 
15 10 cp 
1. @) Tag OD gp gy Gi) -L 4, - SP. 
te ES 33 b+c—2a, 
12, 225 8,7. 13. 14, Aho te 


EXERCISE LVIII. 


p. 244. 1. pen shillings. 2 (P+) hours. 
AL | ax E 202 
3. PEs rear pence. 4, ai 
Lz vy SN oe 
5. wit hours. 6. FEL 7. b(w-y) 
ap tai ess eee Pq 
p. 245. 8. £(12a—730); (ii) rar 9; Cac 
0, AT ie se malas 
—b G 
12. 5 aun 2) pence per dozen. 13. et ah 
14 12(a+b)—ap—bq Rarer 100 {12(a +6) — ap—bg} 
; 12 : ap +bq 


ae ab, 100(5¢e—3d) 
ae WeoG= aD. 
15. 73-20 3b e 


360 ANSWERS 
p. 245. 16, 2°°¢=5) weeks jf peated te 
Cc ab+be+ca 
18. <2 hours) 22 =) 19. n(m—p) hours. 
a LY m 
EXERCISE LIX. 
25 1 21 
p. 249. 1. a 2: 5" Se = 
4 10 3 12 
e ° . —~ . oe eee . ee . 7 . ——-, . gi. 
p. 250. 4. ~ 6-3 6-3 7 4 ee. 
10. fo ti) ae 2) Sa3ctNosolution 
ip 5 
22 , 4 , 
14. aa ub 1 iy 8%. lye a3 18. No solution. 
19. 14. 20. Satisfied by any value of x. 21. > 
99. 6. 93, ee 24, 8. 25, 24. 96. No solution. 
27. ~3. DS” 24) soos ea | Wien so.ae es geet 
gon sae3 Ott.) wey 05 ee beer enG 
5 ? oe : 
p. 251. 37. No.solution. 38. 2ab 39. ab : 
a+b a+b 
40. 2a 4}. cs 42. No solution. 
3 a+b 
ab—cd abe 
43, sagt 44, PoP Le 45, atbte. 
EXERCISE LX. 
So De Ao 2 2 
p. 253. 1. 5 5° 2. 5 5. 3. —8, —16. 4, aimee 
3 ie 4 
5. 5 0. 6. 5 —5- (Roary & 
1 ie 2 
8 =, -1. 9. 5-3. 10. =, 4 
23 Oe 19 3 Sek6 16 
° 254. igh. aaa, So te oo Paty ly — 5 
p 7°78 Laer ay) apna yet nay Netra 


p. 258. 


p. 259. 


p. 265. 


p. 266. 


p. 267. 
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EXERCISE LXI. 
Bg eaUR RS 2. £=2;° £568 3. 32 miles. 4, 20 
PAT AS aera ae See: preset: 
5. 60 lbs. 6, 24 lbs. at 1s. 8d. a lb., 48 lbs. at 1s. 6d. a lb. 
7. 32 miles per hour. 
8. 2600 yds. 9. 885 miles. 10. 46 miles from the start. 
11. 123 miles from the start. 
12. Rode 1$ hours; walked 33 hours. 


oat. 14. +. 15. 22. 16. 4 

Ly Ges 18. #3. 19. 58 miles. 20. 2340. 
21. 235 yds. per min. 22. 21 ft. 10% in. 
23. £11 each. 24, £150. 25. £3600. 
26. 25 shillings. 27. A, 123 acres; B, 112 acres. 
28. 14 miles per hour. 29. £400 at 80; £450 at 90. 
30. Labour, £4. 16s. ; materials, £7. 4s. 31. £31, £60. 
32. 37. 33. £342. 10s. at 31 %; £657. 10s. at 5 %. 
34. £1060. 35. 332 %. 

EXERCISE LXII. 
EG hae (ii) a=0; (iii) af+bgy=c; (iv) b=0; (v)a=c=0. 
Pe (i =: (ii) aw +by=0 ; (iil) aw —f) + b(y-g)=0. 
¢ 6 ds Ua 
3. See 5 4, (ii) <+9 1 
aber BOE eo ae. Cs 
5. = Pra Aw tae +7=1; 7 aoe b 1 


8. (i) o_ ; (ii) aa’ +bb' = 
9, (1) 24—5y+14=0; (ii) 2r—5y+26=0 ; 
(iii) 5u +27 —20=0; (iv) 54+2y+40=0. 
10. (i) 22+y-5=0; chen ee 22=0; (iil) r—y+2=0; 
(iv) 87-2y+1=0; (v) 5¢—7y+21=0; (vi) 6v+7y+14=0. 
12. (i) y=2n-—2; (ii) e+ y=7; (iil) 8y-—x%-9=0; 
(iv) a(a—3)+b(y—4)=0. 
13. (i) v+2y+3=0; (ii) e—y—38=0; (ili) 87+y—-1=0; 
(iv) b(#—1)-—a(y+2)=0. 


14. (i) 210 ; (ii) 160. 15. (i) 174; (ii) 208. 
16. (i) —7°7; Gi) 268. 17. (i) 57; (ii) 211. 
18. —102. 19,.1:64,1:30. © © 20, = 9'8)'— 6:0; 


Q1. 4:2, —64. 22. 5:9, —6°6. 
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p. 273. 


p. 274. 


p. 275. 


p. 280. 


Ser ee eee 


ae 
wo No 


Deol 203: 3. OMA. 4, a, —b. 
Ree NG ie 7 ene eee 
CRM eRy vn ot Be 8) 

2 
9. <5) 4 10..01,-1 “IL 0,24,-6 1980 Se 
1 Ee ea | He 15 

ISS ©, sihoy ce we eal sy “7 PEE 

16: 0/40, = Glee 23: 1S a Ge onary teen 

20, 35, <5. Bh Bye 2. 23, -1, 3 =e 

OAM Swett 25. > 2, 9. 26. «?—5a+6=0. 

2. 2+2=6. 28. «?—x=6. 29. «?+57+6=0. 

30. 2?=a2. 31. w’+anx=0. 32. x? —8ax+15a?=0. 

33, 22—2ax=15a?. 34. 2? + 2ar=15a?. 

35. 2?+8axr+15a?=0. 36. #?—«(a+b+ec)+ab+ac=0. 

37. 2? +2(a—b+c)—ab+ac=0. 38, v?—2ax+a?=4b2. 

39. 1542?—8x2+1=0. 40. 8a?-27=3. 

41. cx?—-c(at+b)x+ab=0. 42. c?x?-Qcax+a?=b2, 

43. (a?— 6%) x? -2(a?+b?)¢+a?—b?=0. 

44, o—(a+b-—c)a*+(ab— be—ca)x+abe= 


ANSWERS 


EXERCISE LXITI. 


. 579 gallons ; 99 cu. ft. 2. 19 bs) ss30:baks: 
. (i) 12s. 7d. ; (ii) 14s. Thd. ; (iii) 144 Ibs. ; (iv) 152 lbs. 


y=tx; £411; 480 rupees. 


. 861%; 284%; £21. 18s. ; £29. 9s. 


seh teks (Oe 6 eed, 10S, aio, © £851. GE Estehen IMGk? 
y=te0 ; 3s. Téd. 5 5s. Bhd. ; 1s. 4d.; 4s. 1d. 


. 6 ft./sec. ; 73 ft./sec. ; 15 m./hr. ; 40 m./hr. 

) 12° R.; 64> R.; 845 F.; 149° BF. 10. 60; 87. 
. &@=3100, b=17; 4s. 23d. ; 61 guests. 

. £160 to £570; £600 to £645 ; £700 to £750. 

. P=(0'31)W+91. 


EXERCISE LXIV. 
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45. «3 —(a—b-—c)x?+(be—ca—ab)x —abe=0. 

46. #+(a+b+c)a?+(ab+be+ca)e+abe=0. 

47, 2 -10v?+31lr—30=0. 48. «—197+30=0. 

49, #°+6x27-—x-30=0. 50. 2°+10z?+317+30=0. 
51. 2x? -3xy—-6xv+9y=0. 

52. 2x? — Tay +5y?—132+31y+6=0. 

53, 3a? — xy —4y?—31v+39y+20=0. 

54. 12”? — 41 ay + 357? —5x+8y-—3=0. 


EXERCISE LXV. 


p. 282. 1. 0, 5. Cay Om ae RC eae, ae GER eae Tey ee 
1 ay 5 1 6 
Cie te aie ha ly reo 0,5 Oe le 
3} a ba 7 
16-5 12% (187,20 1h, 8 
15. 5-7. 16; 5,5 17, U1, #8) 18.210, 221 
p. 283. 19. 3, -3 Ope ee aot 2 22. 0, -%. 
i) ts 1 Ag 5 4 a 1 
23. 5,2 Mee 2 2 
2 Zz 5) 4 2 3 2) 
7. 7,2 98, 5-2, 9. 2-3, 80, 2, 
2 77 17 1 
31.5,-1 32 25 93, 8-5. 84. 11, —5. 
1 3 2 5 2 5 2 
oo: 3, a3; 36. 9? may 37. 9” DES 38. Be Gy 
3 5 1 3 1 
39. 5? =k 40. 1, mo: 41, 5, 9 42. 2, Oe 
eet Ag aC UPON As 5 5 
ato “a=6b 
TSG eae 47. 2a, 3a. 48, a, —b 
49. 2, 2. 50. 2, 2. Bl, a, b-a 
a a 
52. a+b, a—b. 53. 2b+a, 2b-a. 54. a, a—b 


Gh te, ab 


NAA ‘ Soro. 


ao 
=] 
= 
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p. 290. 
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EXERCISE LXVI. 


25 1 i 9 
. 16. Pr, 7A By Wig 4. 9° ‘3, 36° . o5° 
LN Raat 00a GM Cnr TVeO) (ee ee) 
4a? 4 
. (@—-12)(v7+2). 12. (#+8)(w—6). 
. (w7—12)(@ +8). 14. (v+22)(~—11). 
. (a@+2)(2x —1). 16. (~7—2)(8x+5). 
. (20+3y)(40—y). 18. (l0v+1ly)(7—y). 
. (w7+a)(v+). 20. (v—a)(x7—6). 
a 5 1 3 eee 
1, =; 22. 3, 5" 23. x —4 24. 7 ees 
it 2 38 0 yA if 4a 
3? 0) 26. 2 mG Al >” ee 28. 3” — 8a. 
30) 7a a a 
5 3 30. 24, ou 31. 3 b, 372 32. 2a+b, —6 
a+2,a-4. 34, 2a+5b, 2a-b. 35 a, oe 
EXERCISE LXVILI. 
8 2 7 5 UG) 
is 3 ee gaa: 
22 7 ee Fis 
a RaGiey oul ee 
1-7, —0°4, 8. 1:75, 0°95. 9. 0-04, — 2°04. 
1:12, 0:26 (or 0:27 approx.). 
, 0175, 0°56 (0°57 approx.). 
. — 93, 0:01571428 (or 0°016 approx.). 
2 4 11 6 
1; TSF 14. +3 15. 3, 9 16. I —. 
5 id 
3, — 5: 18, 2, —3 19. +5. 2084: = 
) 
2, —4 2A. (0), ae 23. 4, —7. 24, No solution. 
4 7 
Goal 26. 0, Bs Zs 5 28. 8, —9. 


p. 291. 


p. 297. 


p. 298. 


p. 299. 


29. 


32, 


35. 


38. 


42. 


45. 


48. 


51. 


54. 
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a ( =2is not a solution ) 30. 6-1. Sl, —2, -i 


Ay Ny 2) 13 
A 9 o1° 34, a I 30° 
1 ae 5 
5 @ is not a solution ). 36. 8, 3 Bie The 


dat 1 7 9 


Age Oh M62, 


a+3b a+5b 

Bien BG! 
a@ atl a—b a+b i a) 
Sar Ge a3. NS iy. 5S. Ray wee 
ah I a BG ee 


aD =e 


49, a+b, 2a—b. 50. 2a+c, —(a+2c). 


EXERCISE LXVIII. 
erik  BlBAG: S11h 12: 4. LOI ete 


5. 8.9. 6 9,1 7%. 389 o0r—37: 78 1 or — 14 


50 500 
11 or =: 10. 5, 45 or Bay peas aie 
7, 5 or —5, —7. 13. 365 (21 is inapplicable), 

13, 15. 15. 15, 36. 16. 20, 25 or —25, — 20. 


shee Pa) 


Ae: O. 1 Ie) 13: 18, 24 ft. by 4} ft. 
PeoOwn Z0neAL Lo days; 6, lOidavs; (0, 6 daysn 2110; 


. 15 ft., 16 ft. 23. 42 miles, 22 minutes. 24. 23 or 32. 
. 121 yds. 26. 9d. a dozen. 27. 44d. a dozen. 


yalisy, 29, 25 days. 

. 124 miles per hour. 31. 43 miles per hour, 
. 274 miles per hour. 33. 4s., 2s. 6d. 

. 80 sacks at 10s. each. 

. 224 miles per hour, 174 miles per hour. 

. 30 secs. 37, 18 miles, 12 miles. 
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TEST PAPERS. 
1. 
2. (i) 9; Gi) 49; Gii) 12. 3. 3a. 6. (i) 3v=4y; (ii) 4, 12 miles. 
7. v=ytzZ. 
2. 

2. (i) 2; (ii) 8,9. 4 (i) (v2? +5); Gi) (wt 2y) (w+ 2y+8); Gil) (w+y/P. 
5. 499. 7. [a—(b+ce)P; 8. 8. (i) 10000; 15(a+b+<¢). 
3. 

1. 12%+5y. 2. (i) 5x”; (ii) 5y—10. 3. xy —4xy?+ 47%, 9. 
BL, (@) Zhe Cup Gs 2 8, s?=377— 397+ p%. 
4. 
2. 30x74". 3. (i) 344+3b4+3¢; (ii) 9a+18b—27e. 
4, (i) 122?+”-6; (ii) 3027+71l7+42; (i) 40¢*— 3327+5. 
5. (i) 16a; (ii) 10ab ; (iii) 8b%. (.. HOB = 20709C4 1h... —8a-0°C". 
8. A, £300; B, £150. 
5. 
(i) 6; Gi) 18; (iii) 23. 2. 2 — 9y?-+ 16y — 14. 
8abe. 4, 12%? +134. 


pel SOO he 


6. 


(i) 2av-—2by ; (ii) 3a7b+3ab?; (iii) 4382u?; (iv) (w@+y)?. 
(a2? -—wv+1)(a+b+e). 


. (i) (v—5y)(@+3y); (ii) 22(7+.6)(e—4); (iii) (a—d)(a+b-0); 


(iv) 4(a+2b)?; (v) (e+a)(7-a)(v—b). 
6. 
(a? +b?) (a? +y"). 2. 4,471,740,000. 3. 2a7+6. 
(i) (7—15)(@+8); (ii) .(w—12y)(w@+8y); (ili) Qe+3y)(3x —2y) ; 
(iv) Ty(#—2y)(@+2y); (v) (a+2b4+3)(a—2b-3) ; 
(vi) 2(5 — 27)(25+ 10x +42”). 5. (a—6)(a—1)(6—1). 
() @-N@tNot2); (i) ay +yM(et—wpP ty); 
(ill) 4(a+1)(2a+3)(2a—1); (iv) vy?(Qu—y)Qa+y)(40? +7"). 
(i) (4@+1)\(@+a41); Gi) a(a-1)(a4+1)(e+a+1). 8. £(2bd). 
of fe 
(54 ~6)(8a+4+ 2). 2. (i) 10; (ii) 67; (iii) 4. 3. £33, £47. 
(i) w+ 7)(w—6) 9 (ii) (22-- 5y2) 20+ 8y2); (ii) @—p+g)w—p—4); 
(iv) 2(8a—6)(Bb— 2a); (v) (-5aey+y?)(a? + 5ay+y’). 
a 7. 59, 28, 17, 11, 7; 4. 8. £900. 
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8. 


» (i) 4(2a—3)(Bx%+4); Gi) (1+2e+y)(1-2u—y); (iii) 3(@—1)(e+1); 


(iv) ay(v—y)e+y)(e2—ay+yY)(a?+ay+y") ; (v) 3(@—-5)(1-2). 


3. (i) 7; Gi) 12; ii) 3, 8 
4, a+2b+c; the equation becomes an identity if a=2b. 
5. 74. 7. e=at+l, y=b-2. 8. w pence. 
9. 
1, (i) (7a—b—e)Bat+b+e); (ii) (@+9y)(7x+3y); (iii) 2a(w—8)(a? +3); 
(iv) #y*(3a—2y) (9x? + Gay + 4y?). 

Dea) 2; Gi)-3, 45.1. 3. (i) 2a8—7a?—-1la+16. 5. 16m —4n. 
7. A=a+2b+c, B=a-—c, C=a—-22bt+e. 8. 4c(6a+6b-—c). 
10. 

2. (i) a+b+exd; (ii) a—b-c+d. 
5b y8 ab(a+by , ae 
3. (i) SEs Gi) SEEM Gli) ot 20-24, 
4. (i) 9; (ii) 7,5; (iii) a@+26. 
sl—a#, 7-\ 3 9 3 
6. (i) 5" Gi) SED city SER); Gv) (@-8\(@-998 
G otb+e 7. Hee 8. A, £48; B, £39. 
11. 
2. 9837=966289, 9847=968256, 9852=970225. 
3. 1932570 ; 972158532361. 
5. (i) 13; (ii) 65; (iii) 65: 657=63?+ 167=33? + 56%, 
6. £80. Peso b98,.5. 8. 65; 25, 23, 17. 
12. 


Pepe 


AD 


. (6, 10), (2, 2), (10, 6); 0°24 sq. in. 
. (i) (a—b); (ii) (v+3a)(v+4a); (ili) a+b; (iv) (8e—4y)(4x4+ 3y). 


aw=b+c-—a, y=c+a—b, z=a+b-e. 
“  . . the cubes of the first and last is equal to 4 times the sum of 
the cubes of the remaining numbers.” 


. (i) 1; Gi) 2(2a+6)(a4+ 2b). 
. 8a—2b: each expression=1, when 7=3a— 2b. 
. 1296 sq. ft. 8. 26 gallons, 13 gallons. 
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GO Sl Se Su Se 


138. 
(i) 2a+2b—2c; (ii) —105¢; (iii) 24—5a. 4, —12b. 
(i) -2; (ii) —1, 3, —5; (iii) (@+6), a, —0. 6. 2a+6, a—2b. 
AV tas 8. 12 men, 10 days. 

14. 


a+ 4y? + 2522 —4ay—10vz4+20yz. 4. (i) —5; (ii) —21; (iil) 3, —5. 


. +2x?y + 3x72 — day? — 9x2? + 12yz+ 18y2? — 12xryz. 


w+(atb+e)x+(be+ca+ab)u+abe ; 1-2a—-5a*+ 6a’. 

(i) -1; (i) 19. 

—*_. (i) Aand Bare travelling in opposite directions along the 

pe road, A at 4 miles an hour, Bat 3 miles an hour. At noon 
they are 4 miles apart. When do they meet? Ans. At 2 p.m. 


(ii) A and B are travelling in the same direction along the same road, 


Sl EDS eal a Sed a 


A at 3 miles on hour, B at 4 miles an hour. At noon B is 
2 miles in front of A. When did B pass 4? Ans. At 10 a.m. 


15. 
(i) —6; (ii) 0. 2, (i) e+2y; (ii) 5¢-3. 
(i) (2a+3)(6x—5)(8x—1); (ii) (42? - a?)? (x? — BP. 
(i) Tay—8; (il) (w+ 2y)(a—2y)(8x+5y); (iii) 52-3y-2. 
Gy Iebi si) 35s, 
z=a-—b, I=5 : the equations become identical if a+b=0. 


39 yds. at 6s. 3d. a yd., 31 yds. at 5s. 5d. a yd. 8. £30, £60. 


16. 
(i) 405+ 54-823 -—140?-—4v+1; (ii) 36a4+6003— 47x? — 60x +36 ; 
(iii) 2° — 102? + 20x? -152+4. 3. 59 


(i) 102° +- 3x4 — 203 — 7.2? — 49 +4 
= (203 + x? — 7 —2)(5a? — 4 +2)+(—4x+8) ; 
Gi) 4-40 —7x? — 227 +32'+ 10x05 
=(2— a4 —- 9x? — 3x°)(2 — 2+ 5x?) + (4504 + 252%), 
(i) 22; (ii) 4, 6. 235. 
A, 1560 shells, 97 hits ; B, 520 shells, 163 hits, 


Oe 3! ( aap? G@r3ya—2)' 1 
Oo - 
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17. 


yee). 8 (jee 


Raye 8 ei 52 ; (iii) 9, 12. 


TICE (v—3)(#-5) 
7. —ab: the equation becomes an identity if a=b. 8. 24. 
18. 
2. G) 12%; (i) 8. 
: 4-4 SES, So Le HN CRE 
eal d)eles. (il) @e—3)(0—2)' (iii) l—#; (iv) ey 
4. (i) (m—n); (ii) — 6. 1024°6, —1:033, — 1-000. 
7. @(b—c)+b3(e—a)+cC(a—b) 
=[a?(b—c)+B2(e—a)+2(a—b)](atb+oe). 
8. 80, £32 
19. 
-. 25(a—b) . 43) 25(a—6) : 
Da) ee weeks ; (ii) eas weeks. 
-, Quy | 7, a(2a+b) -. 2a 
6. (i) PEP (ii) Ga BF te @) = 
: abe . ay be(a—m) 
a) be+ca+ab’ 2 be+ca+ab 


20. 


5 (Oe - y=: (ii) the equations are inconsistent if c=6 and 


6 
k is not zero; they are not independent if c=6 and /=0: 
Gili) (a) «= —y= — 36006 ; (6) v= —y= —0°36006. 


. The value < of w is not a solution. 


- (i) 


L ee aw? eis 
ms ee, 4, 
GaG=jG=)) Yea 
(i) eee yd. ; (ii) ce days. 
wa 


(i) 375 Gl)S 5 (am) aGa. aot (iv) — 


a. ‘ 8 6hrs,, 10 hrs. 1124 mi. 
NA. I. 2A 
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21. 
2. £55 <y) (ii) —1, 2, +3; (iti) 5 S oe (iv) § 


3. (i) #-19%+30=0; (ii) en 


(iii) (a? — 6?) v2 — 2acr+c?=0. 


4, (37+2)(4e —5)(w-+2)(2x—1) ; H _ ae! = 
5. 2y3+15y?+33y+4+ 13. 6. OF 73 hours. {é ia? 18 
8. 6% miles per hour, 10 miles per oe 

22. 
1. (i) 108, —48; (ii) 1°08, 0°72; 7, 4 

11 z leu : 
2. a=5 or aes the other values of w are — 12 and =z respectively. 
3. a5 or -; ; the quotients are 2a7+2a+8, 2a?+ 2a +2 respectively 
~ 1. ae 1. Gy 44 

4, 144. 5. (i) aoe Ge) Gin) Sree 
6. (i) 13, 35 Gi) —3 (6 is not a solution) 5 (ii) $ -35 (iv) 2 =. 
7. 36, 77, 85 inches. 8. 13 miles per hour. 

23. 
1, 6, 2°5, 6°5. 2. (1) 453 Gi) 10; (ui) 2 
3. (i) 9y—52=84, 8%—y=13 ; (ii) 9y—5v=17, 8% —y=80; (iii) 11, 8. 
6. (i) £1. 19s. 6d. ; (i) 17 dollars 10 cents. iesonins 

24. 
1. (i) A parallelogram ; (ii) (2, — 2), (2, —2); (iii) the diagonals of a 

parallelogram bisect one another. 
2. Area of each=21 units. 
3. (i) 7+2y—-2=0, 2v-y4+6=0, 4v+3y4+2=0; (ii) (—2, 2); 
(iii) OP=0Q=OR=5. 

4, (ii) Area of each=90 units; (iii) triangles on the same base and 


between the same parallels are equal in area. 
— 40° C, or —40° F. 
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1 @ The relation is P= Ne 6) —a; (ii) 2000 guests, £62. 10s, 


a=50. 
5 hrs. 36 mins. a.m. ; 114 miles. 


25. 


@ (-4-%) (-} 3) (-} 9): 


(ii) e—4y+26=0, 7v+3y—4=0, 82—y+22=0; G(-2, 6); 
(iv) the medians of a triangle meet in a point. 

(i) (3, 4, (0, -1) 5 (ii) 5e—2y—7=0, br—2y+24=0; (iv) the 
straight line bisecting two sides of a triangle is parallel to the 
third side. 

(i) 2a+3y+15=0, r—5y+40=0, 19%—4y—150=0; 

(ii) 3z—2y-—10=0, 5a+y—21=0, 4v+19y—35=0; (ili) (4, 1); 
(iv) the perpendiculars from the vertices of a triangle to the 
opposite sides meet in a point. 

2°4, 5. G) 08 and 0°5 fr. per litre ; (ii) ls. 2d. per pint. 


6. m=07174, p=0-036. 


(i) ie $35); (ii) they increase numerically, and by making 


k& small enough, they can be made as great, numerically, as we 
choose ; (iv) parallel straight lines. 
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AT EMMANUEL COLLEGE, CAMBRIDGE 


AND 


S Pesala) Gl lh I We Bae 5 Ha Wel sey es 


LECTURER IN MATHEMATICS, TECHNICAL COLLEGE, DERBY 
FORMERLY SCHOLAR OF JESUS COLLEGE, CAMBRIDGE 


A New Geometry for Schools, Wma sea: 


A New Geometry for Junior Forms, 2s. 6d. 
Being Parts I. and II. of a New Geometry. 


A New Geometry for Middle Forms, 3s. 6d. 
Being Parts I., II. and III. of a New Geometry. 


A New Geometry for Senior Forms, 3s. 6d. 
Being Parts III., 1V. and V. of a New Geometry. 


A New Geometry. Parts III., IV., 2s. 64. 
A New Geometry. Part lI, - - 1s. 6a 


LONDON: MACMILLAN AND CO. Ltp. 


Characteristics of the Series. 


Tue “New Geometry for Schools” published in 1908, closely follows 
the treatment of the subject advocated by the Mathematical Associa- 
tion and in the syllabus formulated by the University of Cambridge. 

The “New Geometry for Junior Forms” was prepared primarily 
as a text-book for the Junior Locals (Pass Examinations of Oxford 
and Cambridge. A supplement to it was issued shortly afterwards 
under the title of ““A New Geometry for Senior Forms.” The two 
volumes together form “a Course for Students who desire a com- 
petent knowledge of Geometry” (Plane and Solid) “without those 
higher parts usually called ‘Modern Geometry.’” 

To meet the requirements of various important examining bodies 
the “New Geometry for Junior Forms” has now been supplemented 
by two additional volumes, one taking the student to the end of 
Euclid, Book IV., the other to the end of Book VI. ; and a separate 
volume has been issued under the title of “A New Geometry for 
Middle Forms,” containing the equivalent of Euclid I.-IV. 

The “ New Geometry for Junior Forms” may be used with any 
of the other new issues: for although the course of work is divided 
differently in ‘‘ Middle Forms,” the numbering of sections, figures, 
experiments and theorems is the same throughout. The scope of 
each part of the “New Geometry” is as follows :— 


Part I. is equivalent to Euclid, Book I. 


pia i Be a Euclid III., 1-34, and the easy 
parts of IV. 
ay dU Euclid II., I11., 35-37, and the 


harder parts of IV. 
», LV. consists of an Algebraical treatment of Ratio and 
Proportion, and the equivalent of Euclid VI. 
» VY. Solid Geometry, including among other matters, 
the substance of Euclid, Book XJ. 


Parts I.-IV. in the new issues are now divided into two sections 
(a) practical, (b) theoretical, and followed by examination papers— 
which are the latest obtainable—demanding for their solution a 
knowledge of all the preceding parts. 


LONDON: MACMILLAN AND CO. Lrp. 


Crown 8vo. 515 pp. Price 4s. 6d. 


A NEW GEOMETRY FOR SCHOOLS. 


ConTainine the substance of Euclid, Books I.-VI. ; together with 
many additional propositions, and Sections on “Maxima and 
Minima,” “Pole and Polar,” “Centres of Similitude,” “Trigono- 
metrical Formulae,” ete. ; 

This volume includes three divisions :—(i) Introductory, (ii) 
Practical, (iii) Theoretical. The order of the theorems in division 
(iii) closely follows that of the Cambridge Syllabus. 


The volume will be found suitable for the following Examin 
ations :— 

Oxford and Cambridge Senior Locals. 

Oxford and Cambridge Higher Locals 

College of Preceptors, First Class. 

Matriculation Examination of most of the Non-residential 

British and Colonial Universities. 

Board of Education, Mathematics, Stages I.-ITT. 

Scotch Leaving Certificates. 

Central Welsh Board Certificates. 

Irish Intermediate Board Examinations. 

Public Examinations of the Indian and Australian Universities. 
Divisions (i) and (ii) alone form a treatise on Practical Plane 
Geometry, and should be useful to Physical and Engineering 
Students. 


Crown 8v0. 326 pp. Price 2s. 6d. 
A New Geometry for Junior Forms. 


Parts I. anv II. 


Conrarinine the substance of Euclid, Books I. and III. (1-34) 

together with the easy parts of Book IV. 
This volume is suitable for :— a4 

Oxford and Cambridge Locals, Preliminary and Junior (Pass). 

College of Preceptors, Second and Third Class Certificates. 


Board of Education. Mathematics, Stage I. and part of II. 


And other Examinations of similar scope. 


LONDON: MACMILLAN AND CO. Lrv. 


Crown 8vo. 420 fp. Price 3s. 6d. 


A New Geometry for Middle Forms. 
PARTS oI le Lu 
CORRESPONDING to “ Junior F ho ae “Part III.” together ; it 


contains the substance of Euclid I.-IV., and is suitable for the 
Examinations mentioned below under “A New Geometry,” Part III. 


Supplements to 
“A New Geometry for Junior Forms.” 


Crown 8vo. 333 pp. Price 35. 6d. 


A New Geometry for Senior Forms. 
PARTS IIe V AND AVG 


CONTAINING the equivalent of Baclias Books II., IIL., (35-37), the 
harder parts of Book IV., the Algebraical treatment of Ratio and 
Proportion for commensurable quantities, Book VI., the substance 
of Book XI., and other Solid Geometry. With “Junior Forms” 
it forms a complete School Treatise on Plane and Solid Geometry, 
without such parts as are usually named “Modern Geometry” ; 
and covers the ground of all ordinary School and Scholarship 
Examinations; it will also be found useful for the Intermediate 
Examinations of London University, and other Examinations of 
similar scope. 


Crown 8vo. Price 2s. 6d. 


A New Geometry, Parts IIl., iV. 


CONTAINING the equivalent of Euclid, Books II., III. (35-37), the 
harder parts of Book IV., the Algebraical treatment of Ratic and 
Proportion for commensurable quantities, and Book VI. With 
“Junior Forms,” this volume covers-the same ground as the “ New 
Geometry for Schools,” and is suitable for the same Examinations. 


Crown 8vo, Price ts. 6d. 


A New Geometry, Part III. 


CONTAINING the equivalent of Euclid, Books II., III. (35-37), and 
the harder parts of Book IV. With “Junior Forms,” this volume 
covers the ground required for the Matriculation Examination of 
London and other Universities, Stage I1. Mathematics, Board of 
Education, Central Welsh Board Certificates, Irish Intermediate 
Board Junior Certificate, Scotch Leaving Certificate Lower Grade, 
and other Examinations of the same scope. 


LONDON: MACMILLAN AND CO. Ltp. 
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